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Abstract

The triangular coordinate ¢ = s(1 — s) = —2T (s — 1) folds the two arguments s and 1 — s related by
the functional equation of the completed Riemann function ¢ into one, so {(s) = X(q) for a single entire
function X. The critical line becomes the ray q > i, and the real axis beyond s = 1 becomes the negative
axis. We sample X atq = —j forj = 0,1, 2, .., that is at the real points s; = (1 + /1 + 4j)/2, and take
finite differences. Every forward difference n,, is strictly positive, and the Newton series
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converges absolutely and locally uniformly on the whole complex plane. Its basis is the rising-simplex
hierarchy 1, q, T(q), ..., so the triangular polynomial appears both as the coordinate and in the basis.

Geometrically, the fold is a parabola. With /] = 2s — 1, the identity J2 = 8T (s — 1) + 1 is the square
of side J split into eight triangles around one centre, and ¢ = (1 — J2)/4. Real J carries the samples,
imaginary J carries the critical line, and the two branches meet at the vertex g = i.

The coefficients fall at the sharp rate n n,ll/n/(ln n)? - e/16, and the next two logarithmic corrections
are determined exactly. A contour remainder gives fully rational error bounds for every finite reconstruc-
tion. With 101 coefficients, the exact interpolating polynomial is within 107122 of X on the disk |g| < 201,
which contains the first zeta zero. An interval-certified polynomial with exact rational coefficients is
within 4.689 x 107123 on the same disk.

The same averaging rule that produces the basis also proves the positivity. It places the expansion in
a family with Taylor’s series, Euler-Maclaurin and a triangular Bernoulli family, which Burnol’s recent
framework makes precise. Coefficient positivity is unconditional. The determinant conditions equivalent
to the Riemann hypothesis are not touched, and we state exactly where they sit.
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1. Introduction

1.1 What is read, and from where

The completed Riemann function

£(s) = 5 s(s = DT ™/2T(s/2) {(s)

is entire and satisfies £(s) = £(1 — s). Its zeros are the nontrivial zeros of {. The Riemann hypothesis says
they all lie on the critical line Re s = %
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The symmetry suggests a coordinate that cannot tell s from 1—s. The triangular polynomial T (z) = z(z+1)/2

supplies one:

g=s(1—-5)=-2T(s—1) =

1—J?
4

1]

J=2s—1.



Reflection is ] = —J, which leaves q fixed. So £ descends to an entire function X with £(s) = X(q). Two
readings of £ now share one real line (Figure 1):

e The critical line becomes aray. If s = % +it,theng = i + t2. Every zero on the critical line is a real
pointq = %.

e The real axis past s = 1 becomes the negative axis. If s > 1 isreal, then g < 0. The value X(—j) ata
negative integer is £(s;), where

1+/1+4j _
Sj:f’ ]=2T(S]—1)
These are real points on the sheet s > 1, where ¢ is positive and easy to compute. The integers

s=2,3,4,..occuratj =2T(s—1) =2,6,12, ...

This paper reconstructs the whole function X, including its values on the critical-line ray, from the real
samples X(0), X(—1), X(—2), .... The reconstruction comes with a complete error bound.

The s-plane: samples s; (filled) and mirrors 1 - s; Folded line, q < 0: the samples q = —j, with j = 2T(s - 1) at integer s

30 + critical line's = 1/2 + it
s=6 sz 5 s=4 s=3 s=2

..l.........l.......i.....L...l/..

20 -

q=0:s=0o0r1
10 T T T T T T T
-30 -25 -20 -15 -10 -5 0
wv
i= 0 +Qooo000000-0-0—0 { S ..m
Folded line, q 2 1/4: the critical line, its first zeros, and the disks of §6
-10 - s=2 =3 s§5=4
j=2 j=6 j=12
zero 1 zero 2 zero 3 zero 4
q = 200.0 q=4422 q=16258 q=9259
X —x x—
|
q| < 201 |q] < 443 | < 626 g < 700
-30 4 critical strip 0 < Re s < 1
T T T T T T T T T T T T T 1
-3 -2 -1 0 1 2 3 4 0 200 400 600 800 1000
Re s q=5(1-5=-2T(s-1)

Figure 1: The fold. Left: the s-plane, with the real samples s; (filled), their mirror images 1 — s; (open) and
the first zeros on the critical line. Right: the folded line. The samples fill the negative integers g = —j, the
critical line becomes the ray g = %, and the zeros sitat g = % + t2. The disks |q| < Q used in §6 are marked.

1.2 The results in brief

Write x = —q = s(s — 1) and F(x) = X(—x) = E(% + E + x), so that F(j) = &(s;). Define the forward

differences n

— AT — —1\n—J TL> .
N = A"F(0) jéo( D <j $(s)-
Write g™ = q(q + 1) - (¢ + n — 1), with qa =1.

Theorem A (global Newton series). Every n,, is strictly positive, with o = % The series
X qr

_ — _ n
F(x) = E 77n<n>; X(q) = é (=", nl

nz0 nz0



converge absolutely and uniformly on every compact subset of C.

Theorem B (how fast the coefficients fall). With ; = Innand £, = Inlnn,

2nt, 2 n né’
Iny, = =1ty + 208, + (1=l 16)n = == + 2(In .- 1){)—1 + O(E)'

In particular n rﬁl "/(Inn)? - e/16.

Theorem C (finite reconstruction with a proved error). Let Py (x) = X _, 1n (fl) Then for Q > 0 and
R > max(K, Q),
QR+1)--(Q+K)

(R — K)K+1

F(R)

sup [X(q) — Px(=q)| =
mml | R-Q
For K = 100 this exact-interpolant bound is below 107122 on |q| < 201, a disk containing the first zeta zero.
A certified version of Py, with exact rational coefficients, is within 4.689 x 107123 there (§6).

All three theorems are unconditional; none uses information about where the zeros are. The Riemann
hypothesis is equivalent to a family of determinant inequalities for the Taylor coefficients of F, and §8
explains why positivity of single coefficients does not reach it.

1.3 How the paper is arranged

» §2 sets out the fold and its sampling nodes, and reads the fold geometrically as a square and a parabola.

e §3 introduces the rising-simplex basis and the averaging rule that turns it into Newton’s series.

e §4 proves Theorem A.

e §5 proves Theorem B.

¢ §6 derives Theorem C, its numerical table and the certified polynomial.

¢ §7 places the expansion in a family of four averaging rules: Taylor, Euler-Maclaurin, a triangular rule
and Newton. It ends with the entropy of the reciprocal-triangular law and of the fold’s two-outcome
case.

» §8 states what the expansion does not decide.

* §9 follows the same operator into Burnol’s digit-restricted harmonic sums and into the even zeta values
at the nodes.

» §10 lists the status of every result.

2. The fold

2.1 The coordinate

The triangular numbers begin with a discrete primitive, T,, — T,,_; = n, and continue as the polynomial
T(z)=z(z+1)/2.Atz=5—-1,

s(s—1) J*—-1
2 8’

T(s—1) = q=-2T(s—1) =5(1-5).

The map s = q is two-to-one. It identifies s with 1 — s, and its only critical point is the centre s = > where

q= %. The inverse branch used throughout is

Because £(s) = £(1 — s), the choice of square-root branch does not matter, and X(q) = £(s) is entire in q.

4



regionins image in q

critical line s = % + it ray q = % +t? > %
real segment0 <s <1 segment(0 < g < "
real s > 1 (and its mirror s < 0) negative axisq < 0
zero p = % + iy real point g, = % +y2

The first four zeros fold to g = 200.04, 442.18, 625.79 and 925.92.
2.2 The sampling nodes

The samples are takenatq = —jforj = 0,1, 2, .., thatisats; = %+ /% + j. Thefirstissy = 1, where &(1) =

1

2
Every later node lies on the real sheet s > 1. The node j is an integer s exactly whenj = s(s —1) = 2T (s — 1),
so the integers s = 2,3,4,5,6ssitatj = 2,6,12, 20, 30.

At the even integers the samples are Euler’s values, since {(2k) is a rational multiple of 7 2*:

nodej = 2T,y s =2k F(j)=E&2k)
2 2 /6

12 4 2 /15

30 6 2m3/63

56 8 41t /225

90 10 8m°/693

The remaining samples are evaluated numerically from the definition of £. Every sample is positive and can
be enclosed to any prescribed accuracy; §6.3 encloses the first 101.

2.3 The fold as a square and a parabola

The fold has a direct picture (Figure 2). Ring by ring, a square of side 2n + 1 splits into eight triangular blocks
of T,, sites around one centre site:

(2n+1)?2 =8T, + 1.
Eachring k = 1, ...,n gives k sites to every block. With n replaced by z = s — 1, the side 2z + 1 becomes
J=2s—1,s0
1—J?
4

The fold is this square’s area read as a parabola in J. The reflection s = 1 — s is J = —J, the half-turn of the
square about its centre, and it leaves every block, and so g, unchanged.

J2=8T(s—1)+1, q=-2T(s—1) =

The parabola has two branches, one over real / and one over imaginary J, and they carry the two readings of

§1:
¢ Real]j.
- |J| = 1 gives g < 0. The samples sitat] = +,/1 + 4j, where g = —j.
-J] < 1lgives0 < q < %. Splitting a square into two staircases, n? = T, + T,,_;, and putting
s =T,/n?gives] = 1/nand q = % — 1/(4n?). These points climb to the vertex.

e Imaginary / = 2it. This gives g = % + t2, the critical line. Its zeros sit at qp = % +y2

5



1 . 1
The two branches meet only at the vertex g = " the image of s = 7 Theorem A reconstructs X on the whole
g-plane from the values on the first branch.

Real J: the samples at q = —j Imaginary J: the critical line on q = 1/4
700

staircase points J = £1/n
(n® = T(n) + T(n=1))

Je -Jiss=1-5s

(2n+1)> = 8T(n) + 1: 81 =810 + 1

[ [T} | .
T 00
[ |
T #00-
L |
ENEEEE - o
EENEEEN o
ENNENNNE
EEEEEEEEE o

eight triangular blocks of T(4) = 10 sites around one centre —4 -

first zdyo, q = 200.04

-20  -10 0 10 20

J=2s -1, real t, with J = 2it (the critical line)

Figure 2: The fold as a square and a parabola. Left: the square of side 2n + 1 = 9 as eight triangular blocks
of T, = 10 sites around one centre, 81 = 8 - 10 + 1. Middle: ¢ = (1 —J?)/4 onreal ] = 2s — 1. The samples

q = —j sitat] = +,/1 + 4j; the staircase points ] = +1/n (orange) climb to the vertex g = %;] — —J is the

reflection s = 1 — 5. Right: the same parabola on imaginary J = 2it, which is the critical line g = % + t?,
with its first zeros.

The half index. At the vertex the side of the square is / = 0: the halfindexs — 1 = —%, where T(—%) = —%
and 8T(—%) + 1 = 0. Centred there, T(2) = u?/2 — % withu =z + % Atz =s—1thisisu=s5— %, so that

J=2uandgq = i — u2. The same point organizes the triangular product

o) = [ [a+in.
j=1

The coefficient of y* in I1,,(y) is a polynomial e; (n) of degree 2k in n, with e;(n) = T,. Evaluated at —%,
these polynomials take the values

1 1 5 21 399
8’ 128’ 1024’ 32768’ 262144’ "’

1,

the coefficients of the classical expansion

1
rt/y+-) 1
TR A N | WIS

ra/y+1 &

which governs the central binomial coefficients [13, §5.11]. Indeed I1,,(y) = y"T(n+1+1/y)/T(1+1/y) for
every integer n = 0. As y — 07 the right side has an asymptotic expansion in powers of y whose coefficients
are polynomials in n. They agree with ey (n) at every integer n = 0, so they agree at —% as well, where the
right side is the function above. Apart from the displacement u, which returns in §4.1, none of this is used
elsewhere in the paper.



3. The simplex basis and Newton’s differences

3.1 The basis

The rising-simplex polynomials are

z" z+n—1
pn(Z)=;= , po = 1.

Their first members are

z(z+1) zz+1)(z+2)

1, f T = ) ) .
Z (2) > A

the simplex numbers of every dimension, read as polynomials (Figure 3). With the backward difference
Vf(z) = f(z) — f(z — 1) they satisfy Vp,, = p,,_1. They vanish at 0, —1, ..., —(n — 1), which are exactly the
sampling nodes. Every polynomial f of degree at most K therefore has the exact expansion

K

@) =) V) pa().

n=0

The whole hierarchy is needed. Fixing the quadratic member T'(z) alone leaves the higher members free.

3.2 The averaging rule behind the differences

Let M, be the distribution of —(U; + --- 4+ U,) for independent uniform variables on [0, 1], with My = §,.
Integrating the fundamental theorem of calculus n times gives

0
V) = BfO(Uy == U) = [ FO@) dMa(2),
-n
The measures M,, are the normalized uniform B-splines on [—n, 0]: a box, a triangle, and then piecewise
polynomials of degree n — 1. The n-th difference is the average of the n-th derivative under the n-th spline.

The simplex shadow. Geometrically, M,, is the projection of the uniform measure on an n-simplex whose
vertices project to 0, —1, ..., —n (Figure 4). This holds for any such simplex: its shadow is the B-spline with
knots at the projected vertices (Curry and Schoenberg [16]). For n = 2 the shadow of every such triangle,
however lopsided, is the same isosceles triangle on [—2, 0], with apex 1 at —1. The square shows the same
profile in whole numbers. Reading an n X n array along its antidiagonals gives the counts 1, 2, ..., n, ..., 2,1,
an isosceles triangle, and its two halves are the staircases n? = T,, + T,,_; of §2.3.

The cube and the simplex give the same law. Sort the n uniforms as Ug;y < --- < Uy). Their spacings, together
with Uy and 1— Uy, are uniform on the standard n-simplex. The weighted sum of the spacings that recovers
— 2k Uy = — X Uk sends the vertices to 0, —1, ..., —n.

So the coefficient of the n-th simplex polynomial is the average of f™ over the shadow of an n-simplex.
Positivity is visible in the picture: a positive function averaged over a shadow stays positive.

The same identity, read forwards, is the key to positivity in §4:
A"F(0) = EFM™M U, + -+ + Uy).

A difference is an average of a derivative. If every derivative is positive, every difference is positive.



Rising-simplex basis (q)./n!: zeros at the sample nodes Their forms: V"f(0) = average of f™ under M,

- q —— Mson[-1,0]
207 —— T(q) = qlg+1)/2 1.0+ =— Mon[-2 0]
= q(q+1)(q+2)/ = M;on[-3,0]
q(q+1)(q+2)(g+3)/4! M. on [-4, 0]
1.5
0.8 -
1.0
0.6
0.5 -
0.4
0.0
0.2 -
-0.5
0.0 S
-4 -4 -3 -2 -1 0
q z

Figure 3: Left: the rising-simplex basis (q),,/n! for n = 1,...,4, whose zeros are the sampling nodes
0,—1,—2, ... All members pass through (1, 1). Right: the forms that produce the coefficients, namely the
B-spline shadows M,, of the uniform simplex on [—n, 0]. The coefficient of p,, is the average of f ™ under M,,.

A triangle’s shadow is the hat M, A tetrahedron's shadow is the quadratic spline M;

uniform tetrahedron (3-simplex)

uniform triangle (2-simplex)

its shadowt M,
| its shadow Ms |

-2 -1 0 -3 -2 -1 0
projection onto the line; vertices land at 0, -1, -2 vertices land at 0, =1, -2, -3 (depth drawn upward)

Figure 4: The simplex shadow. Left: a uniform triangle whose vertices project to 0, —1, —2 casts the hat M5,
an isosceles triangle of base 2, height 1 and area 1, whatever the shape of the triangle above it. Right: a
uniform tetrahedron with vertices over 0, —1, —2, —3 casts the quadratic spline M;. The projection is along
the vertical; depth is drawn upward. The same shadows arise as the laws of —(U; + U,) and —(U; + U, + U3).

3.3 Newton'’s series as a non-stationary Taylor expansion

Burnol has recently set Taylor’s formula and the Euler-Maclaurin formula under one roof [3, §§33-35]. Take
linear forms Ly, Ly, ... with L;j(1) = 1,and let [;3p = ¥ — L;(¥), where ¥ is any antiderivative of 1. Define



B, =n!li1; - I,(1). Then

LD 4 B (D,

£ =) L (F9)
=0

with an explicit remainder. When all L; equal the point mass at a, this is Taylor’s formula. When all L; equal
Lebesgue measure on [0, 1], it is the Euler-Maclaurin expansion in Bernoulli polynomials. When the L; are
point masses at varying points, the B,, are Goncharov’s polynomials.

The simplex basis is the case
Ly = &y, Lpyi =My,

in which B,,/n! = p,, and the coefficients become L, .1 (f ™) = V*£(0). The basis determines these forms
on polynomials, so the spline measures are forced by their polynomial moments. Among finite measures on
a fixed compact interval they are determined uniquely. Arbitrary unbounded extensions to all continuous
functions, which Burnol’s first proposition allows, are not determined by the basis.

Newton’s backward-difference series is therefore Burnol’s non-stationary Taylor-Euler-Maclaurin expansion,
driven by the simplex shadows. To apply his finite formula, replace his interval [0, 1] with one that contains
the knots —n, ..., 0 and the evaluation point.

An infinite Newton expansion needs more than the identity for polynomials. The function sin 7z vanishes at
every node without vanishing identically, so its Newton series is zero. When the series does converge to its
function, as for

e =) (1= ) p(2)

n=0

(the binomial series), a separate argument is needed. For the folded & that argument is Theorem A.

4. The global Newton theorem

4.1 The positive source

The completed function has a classical representation with a positive kernel. In Romik’s normalization [1,
(1.8), (1.11)],

CD(U) — 22(27.[2]-4691}/2 _ BﬂjZeSU/Z)e—n'jzezv,
=

and, withu = s — % asin §2.3,

[o0]

f(% +u)=2 fow ®(v) cosh(uv) dv = Z byu?*, by = %fo d(v) v**dv.
k=0

For v > 0 every summand of ® is positive, because 2mj2e?” > 2m > 3. The kernel decays faster than any
exponential as v = co. Hence every by, is positive; see also O’Sullivan [2, (7.1)].

4.2 Proof of Theorem A

Positivity. Since u? = (s — %)2 =x+ %, the expansion of §4.1 gives

F(x) = Z bk(x + %)k.

k=0



So F is entire, and it has positive Taylor coefficients about every real point x > -3 In particular every

derivative F(™ is positive on [—%, ), and by §3.2
Np = A"F(0) = EF™ (U, + -+ U,) > 0.

Positivity therefore holds at every order. A finite sign check adds nothing to it.

The remainder. Let w(x) = x(x — 1) --- (x — K). The interpolation polynomial Py at the nodes O, ..., K
satisfies the contour formula

1 F(w) w(x)
F(X)—PK(X)—ﬁfWFRde, x| <R, R > K.

On |w| = R the following bounds hold:

e |F(w)| £ F(R), because the Taylor coefficients at 0 are positive;
* low)| = (R = K)**;
e lwW—x|=R-0Q.

For |x| £ Q, |lw(x)| £ Q(Q + 1) - (Q + K). This gives Theorem C:

Fm%;?gay @1 =Q0Q+ D @Q+K). (41

F(x)— P <
sup [F(3) = P < 5

An explicit value of F(R). At R = 2a(2a — 1), for an integer a > 1, the folded argument is s = 2a, so
F(R) = &(2a). Then > 3 and {(2a) < 2a/(2a — 1) give

2a%(a —1)!

F(2a(2a—1)) =&(2a) < za

(4.2)

With (4.1), every bound is a rational number whenever @ is rational.

Convergence everywhere. Fix 1 < a < 2 and take integers ay ~ %K“/Z, so Ry = 2ax(2ag — 1) ~
K%. Then (4.2) gives In F(Rg) = o(KInK). Meanwhile the quotient of products in (4.1) has logarithm
—(a— 1+ 0(1))K InK. The remainder therefore tends to zero uniformly on every fixed disk, which proves
the expansion of F. Since X(q) = F(—q) and (_nq) = (=1)"q™/n!, the expansion of X follows. Absolute
convergence follows from the coefficient bounds in §5. [J

The growth that makes this work is modest: In F(R) = %\/ﬁln R+ O(VR). So F has order %, with infinite type
at that order since In F (R)/VR — . It also grows more slowly than any exponential, since In F(R)/R — 0.

5. How fast the coefficients fall

5.1 Two inequalities
Positivity and the derivative average give, for every R > n,

2n! n!F(R) @ on
nlb, = mlﬂ <y < m, I, =f0 d(w) v dv. (5.1)

The left side comes from the single term k = n of the positive expansion. The right side is Cauchy’s estimate
on circles centred in [0, n].

10



5.2 Therootscalee/16

Upper bound. Stirling’s formula gives In {(s) = % Ins — %(1 +In2n) + O(Ins)ass — oo,solnF(R) =

%\/ﬁlnR + O(WR). Take R,, = (4n/Inn)%. ThenInF(R,)) = 2n+ o(n) and In(R,, —n) = 2Inn — 2Inlnn +
In16 + o(1). WithInn! = nlnn —n + o(n), the right side of (5.1) gives

Inn, < —nlnn+2nlnlnn+ (1 —1In16)n + o(n).

Lower bound. Keep only the j = 1 term of @, which gives ®(v) = 2n(2m —3) e9/2¢=me*” for v > 0. Restrict
the moment integral to an interval starting at v, = %lnn — Inlnn, where e?”» = n/(Inn)2. This gives

Inl, = 2nInlnn — 2nln2 + o(n). With ln(n!/(Zn)!) = —nlnn+ (1 — 21In 2)n + o(n), the left side of (5.1)
matches the upper bound. Hence

nn,ll/n e
Inn, = —nlnn+2nlnlnn+ (1 —In16)n + o(n), nn)? T

The two factors of 4 in the 16 have separate sources:

« From the factorials: (n!/ (Zn)!)l/ "~ e/(4n).
¢ From the theta moment: I,ll/n ~ (In n)2/4, because the moment is concentrated near v =~ % Inn.
Their product is e(Inn)?/(16n).

The constant also depends on the unit sampling step. Fix any 1 > 0 and use unscaled differences, n,(1) =
A%F (0) with AjF (x) = F(x + ) — F(x). Then A"*n! b, < 1,,(1) < A*n!F(R)/(R —nA)" for R > n4, and the
same proof gives nn,,(1)/*/(Inn)? — Ae/16. No uniformity in A is claimed.

5.3 The next two corrections

Sharpening both bounds determines the next two terms. On the upper side, keep the same radius and retain
the n/#, terms of the Gamma growth. On the lower side, centre a short interval of length 1/¢; at

2n
Uy = %({’1 — ¢, +1n %), chosen so that me?Vn = —,
1
Both sides then agree, for each fixed 4 > 0:
2nt, 2 n nt’
Inn(A) = nind = néy +2nt; + (1= In16)n = == + 2(In - - 1){)—1 + 01(?). (5.2)

The coefficient of the first correction is —2, and the next constant is 2(In % —1) =—-2.9031654 .... These are
limits of logarithmic corrections; the leading root constant does not change.

This centre approximates the saddle point of the leading exponent. Maximizing 2nInv — me?" gives me?¥ =
n/v, thatis 2v e?¥ = 2n/m. So the exact saddle of that exponent is v, = %W(Zn/n), where W is the Lambert
function, and expanding,

vy = (£ — €, +1n2) + 0(£,/41).

The full integrand also carries the prefactor e°”/2 and the higher terms of ®, which move the true maximum

slightly but do not change the error order in (5.2). The 2 in In % comes from the e2? of the theta variable, and

the  from the Gaussian exponent j2e?¥. The proof of (5.2) does not need the saddle; it only explains why
that centre works.
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5.4 What the scale does not say

Define the residual
n'n,

nT ((nn)2/16)"

By (5.2),InG, = —2n#¥, /¢, + O(n/¢;) - —. So G,, — 0 while G,ll/n — 1. The factorial form

(G5

Mn

is correct, but e°™ cannot be replaced by 1 + 0(1), because here it tends to zero. Neither monotonicity nor
an onset index is claimed.

The approach to e/16 is very slow (Figure 5). The computed coefficients, all positive, are consistent with the
formula through n = 128, where the scaled root is 0.04361. Evaluating the two-correction formula, without
its remainder, gives 0.0466 atn = 102, 0.1453 atn = 1032 and 0.1642 atn = 10'°2. At large n these are
values of the asymptotic formula, not of coefficients. The constant was found by analysis; no fit of the finite
table would reveal it.

Newton coefficients, n < 128 (all positive) The root scale creeps toward e/16

0.175 A e/16 = 0.16989

50 - 0.150 -
%= 0.125
-100 - =
f: E 0.100 e computed, n < 128
o) = — . i
8 _150- = two-correction formula (large n)
~ < 0.075
~
o -
~200 1 0.050
’ ‘J
L]
e computed logion, °
-250 - ==+ leading terms -ninn+2nIninn+ (1 -1In16)n 0.025
- with the two corrections
T T T T T T T 0.000 T T T T T T T T
0 20 40 60 80 100 120 10 10 10*  10® 10" 10%% 10% 10%2
n n (log-of-log scale)

Figure 5: Left: the computed log, , 17, for n < 128 (360-digit arithmetic), with the leading terms of (5.2) and

with both corrections. Right: the root scale n r)rll/n/(ln n)2. The computed values reach 0.0436 at n = 128;
beyond that the curve is the two-correction formula, evaluated without its remainder, which reaches 0.164
atn = 10192 against the limite/16 = 0.16989.

6. A finite reconstruction with a rational error bound

6.1 The table

Take K = 100 (101 coefficients, indexed 0 to 100), a = 66 and R = 2a(2a — 1) = 17292 in (4.1) and (4.2).
Every quantity is then an integer or a rational number, and exact comparison gives:

12



largest t on the critical proved bound on

disk line covers [X(q) — P1oo(—q)]|

lq| < % t=0 centre s = % and the < 107206
segment) <s <1

lq| <201 14.169 first zero (g = 200.04) < 107122

lq| < 443 21.042 second zero <107%2
(q = 442.18)

lq| < 626 25.015 third zero (¢ = 625.79) < 10778

lql < 700 26.453 thelineuptot = 2645 < 10774

The base-10 logarithms of the exact bounds are approximately —206.49, —122.33, —92.49, —78.60 and
—74.04.

Figure 6 compares the bounds with the computed reconstruction error at sampled points of the critical line
(t =0,0.1, ...,32). At the last sampled point inside each disk, the computed error is about three orders of
magnitude below that disk’s proved truncation bound: 2.8, 3.1, 2.9, 2.8 and 3.0 orders. These are samples on
one line, not a measured maximum over a complex disk. Larger K extends the reach: the same construction
with more coefficients covers more zeros.

€ on the critical line, scaled to constant size Error of the reconstruction of degree K

“ [

e
,2 - E
o — k=25
g 8 5 g i
E E R 2 -200 - K =50
— o~ o~ m
5 1 n 0l " — K = 75
T — Gt G i I i K = 100
T T T T T T T I T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30

t t

Figure 6: Left: f(% + it), multiplied by e”t/‘*(% + t2)~7/8 to remove the leading Gamma envelope, with its
first four zeros. The remaining oscillation is not exactly constant in size. Right: the error [X(q) — Px(—q)|
along the critical line for K = 25,50, 75,100, computed in 360-digit arithmetic. Dashed steps: the proved
bounds for K = 100 on the disks of the table.

The exponent —. On the critical line put A(t) = ¢~ V4|15 + %)| /2, s0 that [X(q)] = A(t) [{(5 + it)]
exactly. Stirling’s formula [13, §5.11] gives

T\1/4
A® ~(3) " a7, o oo,

which is the envelope removed in Figure 6. The polynomial factor %s(s — 1) supplies the power q*, and the
Gamma factor supplies g~1/8.
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The same 1 — = is the constant in the smooth count of zeros. Let 0(t) = Imlog F(i + i;t) — % log 7, continuous
with 8(0) = 0, and let Ny (t) count the zeros with ordinate in (0, t], with multiplicity. Then

No(t)=1+?+5(t), 00 _ gt L 0(1),

=27 %8 8"

where S(t) =t~ targ {(% + it) is continued from arg {(2) = O along2 — 2 + it - % + it. At the ordinate of
a zero, Ny and S take the mean of their one-sided limits [13; 19, §2]. The +1 in the count also comes from
the polynomial factor: s(s — 1) turns through the angle = on the way from s = 2 to the critical line. So the
smooth constant is —. The amplitude and the count read the same completion, one by size and one by phase.
Neither says anything about where the zeros are.

6.2 From a truncation bound to a certified value

The table bounds the error of the exact interpolating polynomial. A computed evaluation also carries
coefficient error and arithmetic error. If |},, — | < &, then

K
P (=) = X(@| < Bueunc(@) + ) en|<_n">| + Eqrien(@).
n=0

On |q| < 201 the middle term is at most ), &n (202;'"). By the hockey-stick identity,

n<100
100
Z 200+n)\ (301 62270 .. x 10%1
0 n - 100 - . aan .
n=

So coefficient enclosures of width & contribute at most 5(28(1)) on that disk.

The plotted values in Figure 6 are high-precision evaluations, not certified values. The coefficients were
computed through n = 128 at 360 digits. They were compared through n = 120 with an independent
420-digit computation, with maximum relative discrepancy about 2.1 X 10776, Near a zero, a small absolute
error does not give a small relative error.

6.3 A certified polynomial

The coefficient enclosures have been computed for n < 100 [17]. Each node s, 1 < j < 100, was bracketed
by dyadic rationals from an integer square root. Each sample F(j) = ¢(s;) was then enclosed in interval

arithmetic at 1400 bits [21], with F(0) = % supplied exactly.

e The zeta factor. It is computed by Euler-Maclaurin summation with D = 300 terms and M = 250
corrections. The remainder obeys

4‘5512 l)l—S—ZAl

< .
|Eeml < Qn)2M  s+2M —1’

because the periodic Bernoulli function satisfies |Byy| < |Bay| < 4 (2M)!/(2m)?M [13, §§2.10, 24.9].
e The Gamma factor. It is computed by Stirling’s series after shifting the argument by 400. For real
arguments the remainder is bounded by the first omitted term [13, §5.11].

Each sample interval was then widened by a relative 27135°, The difference table was propagated in exact
rational arithmetic, and each coefficient was given an exact dyadic centre 7j,,. Every interval is strictly positive,
and uniformly in 0 <n < 100

|77n - ﬁnl
Nn

1 — | < 107378, < 107171,
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even at the smallest coefficient, ;9o = 1.10279 ... X 1072%5, Define the exact rational polynomial

) 100 7
Rioo@) = ) (=" 1.
n=0
Its error splits into the truncation bound of §6.1, 4.68854 ... x 107123, and the coefficient term of §6.2,
3.93 ... X 107295, Their exact rational sum is strictly below the target:

sup |X(q) — X100(q)| < 4.689 x 107123,
|q]=201

An independent verifier written with Python integers and fractions alone checks the following:

« the bracketing of every node;
« the signed propagationn, = Zj (=) (;.’)F(j) from the exported sample intervals;
« the centres and the whole error budget.

It accepts the certificate and rejects a copy with one coefficient’s sign changed. The trusted numerical input is
the interval enclosure of exp, log and 7 at the nodes. The analytic input is §4 and the two remainder bounds.

Three further checks support the enclosures:

¢ Recomputing every sample with different summation parameters gives intervals that overlap the
originals.

¢ Each pair of intervals contains an independent 460-digit value.

e Euler’s values £(2), ..., £(10) of §2.2 lie inside their sample intervals.

An earlier independent enclosure, made with Arb [18] at 1200 bits, reached the same final bound.

The statement concerns the polynomial with the full exact centres. It does not cover shortened decimal
coefficients, the plotted values of Figure 6, or a floating-point evaluation of X; oo, which needs its own rounding
bound. The earlier 360-digit computation was compared with the centres in two places. Its printed values of
Mo, ---, N7 agree to their 26 digits, and its stored logarithms of 1,, for n < 100 agree to double precision. It is
not used in the certificate.

The certificate, both programs, a parameter cross-check and the reproduction notes form the supplement to
this paper.

7. Four averaging rules

Burnol’s framework has a stationary case: one normalized form L used at every step [3, Proposition 18].
It produces the unique monic Appell sequence Ay = 1, A;, = n4,,_1, L(4,)) = 0 forn = 1, and the finite

expansion
K

) =) L(f)

Jj=0
where [ = ¥ — L(W) for an antiderivative W of .

A

jj(!Z) +Egi1(F)(@),  Exer(f) = LKD),

e Polynomials. The expansion is exact once K reaches the degree.

e Other functions. An infinite expansion holds only when the remainder tends to zero, and being
entire is not enough. For the uniform form on [0, 1] and f(z) = %™, every coefficient L(f)) =
Qriy fol e?™Z dz vanishes, yet f(0) = 1. Burnol’s convergent infinite expansion, his Theorem 4,
concerns his particular block-directed sequence of measures.
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e The folded ¢. Its Newton expansion converges by Theorem A, independently of this.

The form determines the polynomials. Four choices of form show where the simplex basis sits (Figure 7).

form L moments L(z™) degree-two member expansion

point mass &, on z2/2 Taylor

uniform on [0, 1] 1/(n+1) (z2—z+ %)/2 Euler-Maclaurin
(Bernoulli)

triangle 2(1 — z) on 1/Th41 (z% - %z + 118)/2 triangular Bernoulli

[0,1]

splines 8y, M1, M5, ... B-spline moments T(z)=z(z+1)/2 Newton / simplex

(non-stationary)

The triangle. The measure 2(1 —z) dz is the triangle of area one on [0, 1], and its moments are the reciprocal
triangular numbers:
2 1

1
z"2(1—-2)dz = = .
fo (m+D+2) Thy
Summing the moments means applying the form to the geometric series:

ZT Ll%m:z_

nz1

Thepoleof 1/(1—2z) atz = 1is exactly cancelled by the vanishing edge of the triangle. That is the whole reason
the reciprocal triangular numbers sum to 2. More generally, the simplex measure k(1 —z)*~'dz has moments
1/px(n + 1), with p,, the simplex polynomial of §3.1, and the same computation gives ). ., 1/py(n) =
k/(k—1)fork > 1.

The stationary Appell family of the triangle has generating function
erZW
A
Z "(Z) T2V —1-w)
n=0
It obeys Bernoulli’s recursion with the counting numbers replaced by triangular numbers:
n
n An—k(Z) _.n
— =2z"
£\l T

This gives4; =z — = Az z? — gz + 5% L and A (0) =1, - 318 9—10, —% . These are the hypergeometric

Bernoulli polynomlals of order 2, in the sense of Hassen and Nguyen [4, (1.5)-(1.9), Theorem 2.1]. The family
is classical; its place in the simplex ladder is what is read here.

Mean and variance. For any stationary form with mean a and variance v,
Ay(2) = (z — a)? —v.
1 ) . ) - 1
In Figure 7 each parabola’s vertex sits at the form’s mean, at depth —v /2. For the uniform form v = —, and

12’

for the triangle v = %.

A nondegenerate positive form has no positive inverse. The inverse of translation averaging has ex-
ponential coefficients a,, given by 1/L(e?") = ) a,w™/n!. For any probability measure with variance

v,
ay «
det{ ° 1) = —p.
a; oy
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For the triangle the coefficients are 1, —%, %, .. and the determinant is ——. When v > 0, as here, the
coefficients are not the moments of any positive measure. The condition v > 0 is needed: for a point mass 6§,
translation averaging is f (z) = f(z+a), and its inverse preserves positivity. The inverse of dilation averaging,
with reciprocal moments 1, 3, 6, .., fails in the same way, with determinant —3 [5, Dossier §103.2]. In both
cases the positivity of the reference measure does not pass to its inverse. §8 meets the same obstruction in a
sharper form.

Averaging rules L (each of total mass 1)

The degree-two member of each rule

500 - point mass at 0 (Taylor) = Taylor: 2°/2
=== uniform on [0, 1] (Euler-Maclaurin) —— Bernoulli: (22 - z + 1/6)/2
1754 = triangle 2(1 - z) (moments 1/T(n+1)) 0.8 - —— triangle: @ - 22/3 + 1/18)/2
spline M; on [-2, 0] (Newton, degree R) simplex: T(z) = z(z + 1)/2
1.50
0.6 -
1.25 &)
1.00 - 041
0.75
0.2+
0.50
0.25 - 001 TSt~
OOO L T T T T T T T 702 - T T T T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
z z

Figure 7: Left: four averaging rules, each of total mass one. Right: the degree-two member that each produces.
The stationary rules give A,(2)/2! = (z—a)?/2 —v/2, with vertex at the mean and depth set by the variance.
The simplex rule gives T'(z).

The discrete law and its entropy. Halving the reciprocal triangular numbers gives a probability law on the

positive integers,
1 1 1 1

#nzﬁzn(n+l)=g_n+1'

whose total mass telescopes to one. Its entropy in natural units is a sum over the even zeta values:

¢2k) — 1
H = _Z“n Ing, = —zz 7'(2k) = n2 + ZZ ST = 2.0462774528 ..,

n=1 k=1 k=1

that is 2.9521543 ... bits. For the first equality, write —p,, Iny,, = ln(n(n + 1))(% - ﬁ) and collect

. . . . 1 _ 1 _ . 1 _ .2k - 2Inj _

the coefficient of each Inj. Itis 1T T P and expanding T Yis1) gives ijz i
ji—2k 1 1 1 j+1 .

—2%,, {'(2k). For the second, )., ij—_l =3 artanh iy In j,Tl, and summation by parts returns the same

series in Inj.

This is the classical entropy of the Liiroth map, whose branches have lengths p,, [20]. The direct sum
converges like (In K) /K. The zeta form gains about 0.6 digits per term, since {(2k) — 1 ~ 4~ (Figure 8). The
law u,, lives on the integers. It is distinct from the continuous triangle 2(1 — z) dz above, whose moments
are the same reciprocals.

The fold carries the two-outcome case. On the real segment 0 < s < 1, the coordinate g = s(1 — s) is the
variance of a coin that shows heads with probability s. The coin’s entropy h(s) = —slns — (1 — s) In(1 — s)
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satisfies
1 1

A S R

0<s<1.

. . 1 -, .
[ts maximum, In 2, sits at the vertex g = " where the real branch of the fold meets the critical-line branch.

The fold as a coin's variance The reciprocal-triangular law Summing the entropy
h=1In2 at the vertex g =} 0.5 0+
. N ||
0.7 04 - -5 -
= 2 iy =
06 & || H= % np, <
~— ~
S — | r _ 4
0.5 - < 0.3 A =—25¢(2k) E 10
' T = 2.04627745 nats o
- — 2952154 bits )
04+ 5 s — 154
fe===="binary entropy h(s), nats S 0.2 1 éﬂ
031 II — = (4n2) g, the fold scaled I
02 ® staircase s=T,/n%n=2...8 =X II -20 -
' 1 1 1 \ 0.1 4
[ h'(s)=——"<=—=
0.1t s(1—s) q _o5 - direct sum over n
II II II even zeta values, k< K
0.0 ; ; ; ; . 0.0 - MU NN NE NS NE NN e ; . ; ; ;
0.0 0.2 0.4 0.6 08 1.0 1234567 8911112 100 101 102 103 10
s on the real segment 0 < s <1 n terms K

Figure 8: Left: on the real segment the fold g = s(1 — s) is a coin’s variance. The binary entropy h(s), in
nats, meets the scaled fold (4 1n 2) g at the vertex q = %, and h" = —1/q for 0 < s < 1. The staircase points

s = T, /n? of §2.3 are marked. Centre: the reciprocal-triangular law u, = 1/(2T,,) and its entropy. Right: the
error in H after K terms, for the direct sum over n and for the sum over the even zeta values.

8. What the expansion does not decide

8.1 Two coefficient systems

The Taylor coefficients in the normalization of [5, Reading Volume (12.9)] are

F(x) _1
%—Zrkxk, f(l)—z.

k=0
They are connected to the Newton coefficients by Stirling numbers:

n! k n|n

_ — _ -k an

=7 {n}rk' Tk =2 Z( D [k] n!’
kzn nzk

where {ﬁ} are the Stirling numbers of the second kind and [Z] those of the first kind, both nonnegative. Both

identities converge, and either sequence recovers the other. The forward map preserves positivity; the
inverse map has alternating signs.

8.2 The determinant criterion

. . . : . 1 .
Under the Riemann hypothesis, every zero of F lies on the negative real axis at x = —q, < —3 An entire
function of order below one with only negative zeros has Taylor coefficients forming a Pélya frequency

sequence. Conversely, such a sequence forces the zeros to be real and negative. Since ¢ has no real zeros in
(0, 1), this gives:
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RH holds if and only if every minor of the Toeplitz matrix [7;_;]; ;>0 (With 7, = 0 for k < 0)
is nonnegative [5, (12.9)], [15].

The word every matters. The leading sections det[t;_;]; j<x are lower triangular with unit diagonal, so they
all equal 1 and carry no information. The content lies in the other minors.

Theorem A gives n,, > 0, and the positive kernel gives 7;, > 0; neither reaches the minors. Small examples
show that no generic shortcut works:

* Positive Newton data, complex zeros. F(x) = 1+ 2x + 2x? has Newton coefficients (1,4, 4), a Pdlya
frequency sequence with generating polynomial (1 + 2w)2. Yet F has nonreal zeros (discriminant —4).

« Negative zeros, complex truncation. F(x) = (1 + x)3 has only negative zeros, but its degree-two
Newton interpolant is 1 + x + 6x2, with discriminant —23.

 All signs right, one minor wrong. X(q) = 2 + cos+/q has positive Taylor coefficients 3, % i, ?10,

for F(x) = 2 + cosh+/x, and so, by §3.2, every forward difference is positive. Yet it has nonreal zeros.

Rows 1-4 and columns 0-3 of its Toeplitz matrix give

23 0 0

det % % 51) 0 =—i.
T :f 4480
40320 E Z E

« Symmetry and positivity are not enough. For a > 0, multiply £(s) by H,(s)/H,(1), where H,(s) =
cosh(a/4) + cosh(a(s - %)) This keeps the reflection, conjugation symmetry, normalization and a

positive transform kernel. But it adds zeros on the lines Re s = i and %, at heights (2j + 1)rt/a.

These structural properties alone do not force the minors. The arithmetic source of ¢, the Gamma-prime
structure of the explicit formula, is the additional structure this program targets [5].

8.3 The same basis in other hands
The rising-simplex basis has carried ¢ before. Maslanka’s representation [6] reads
K
(=18 =) Aepe(1-3)  Ae= 2(—1)1‘@(21 +1)¢(2) +2)
k=0 j=0

Its coefficients are Newton differences of the even zeta values. Baez-Duarte proved that it converges for all s
[7]. For 1/, the analogous coefficients €}, = Zj(—l)f (’Jf)/{(Zj + 2) give Baez-Duarte’s criterion: RH holds if

and only if C, < k~3/4*¢ for every € > 0 [8]. The asymptotics of such differences are treated by Flajolet and
Vepstas [9].

These results and the present one share a basis but differ in variable and function. Maslanka’s series uses
the variable 1 — s/2 and samples at the even integers. The present series uses the fold g = s(1 — s), the
completed function and every integer node j.

Maslanka’s reconstruction of ¢ is unconditional. RH enters elsewhere in each setting:

e Baez-Duarte’s reciprocal-zeta criterion places it in a quantitative decay condition on the Cj,.
e The present ordinary-coefficient formulation places it in the full family of Toeplitz minors.

In neither does it lie in the signs of the coefficients.
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8.4 A boundary in the literature

A printed condition for ordinary Newton representations, order one and type below  [10, Corollary 2.1],
is not sufficient as stated. For f(z) = 2%, which has type In 2 < 7, every forward difference at 0 equals 1,
and the Newton terms at z = —1 are (—1)", which do not tend to zero. The series ), (fl) converges only for

Rez > —1. Theorem A does not rely on that condition: it uses its own contour remainder and the order-%
growth of F.

9, Around the fold

9.1 Burnol'’s other theorem: digit sums with modes 91, 991, 9991

Burnol’s paper [3], which supplies the averaging framework of §§3 and 7, is about something else: harmonic
sums over integers with a prescribed number of occurrences of a digit block. Kempner (1914) showed that
Y. 1/k over integers k with no digit 9 converges. Irwin (1916) treated exactly n nines. Let H,, be the sum of
1/k over integers whose decimal form has exactly n nines. Computing these sums to 40 digits gives:

e Hy =22.92067661926415034816 ..., Kempner’s sum, as computed by Baillie [11];
e H; =23.04428708074784831968 ..,;
e H, - 10In10 = 23.0258509 ... as n grows (Farhi [12]).

The gaps fall by 1/91. Burnol proves this structure [3, Theorems 1-2]. For everyn > 1,

a.
H, =101In10 —
n n +Z (10 — 9)n
j=2

absolutely convergent; in base g the moduli 10/ — 9 become g/ — g + 1. The case n = 0 needs a separate
expansion.

The moduli have a short source. If W counts the digits read through the next 9, then Pr(W = k) = 9%¥~1107*

and
1

10/ — 9
[3, (19)]. The first amplitudes a5, a3, a, are positive; they can be computed exactly from Burnol’s moment
recurrences. So, with D,, = H,, — 101In 10, D;, = D,, — 91D,,,4 and D,, = D;, — 991D, ,,

E10-U-DW =

D DI DII
T 591, T 991, oL

n+1 n+1 n+1

- 9991,

in agreement with the computed sums.

The eigenvectors in Burnol’s analysis are the Lebesgue measure and derivatives of singular measures. The
dual objects are eigenpolynomials, and the resulting modal expansion is the block-directed Euler-Maclaurin
formula of his Part 3, the family to which §7 belongs.

Why 101n 10. Let Y;,(2) be the decimal prefix of z € [0, 1) before its (n + 1)-st digit 9. For n = 1 Burnol’s

integral representation [3, (14)] reads
' dz

H, = 10f .
" 1/10 Y (2)
1

Here Y,(z) = % and Y,(2) T z for almost every z, so by dominated convergence H,, — 10 f1/10 dz/z =
101n 10. In words, the factor 10 is the waiting time for a 9, and In 10 is one decade of harmonic weight.
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Harmonic sums with exactly n digits 9 The first mode: ratio 91, then 991, 9991 (Burnol)

® logio|H. - 101n 10|
—— slope -log1o 91, 91 =10 -9

10 In 10 = 23.0259

-10 4

2298 1
22.96 - =151
22.94 7 n = 0: Kempner, 22.9207
_20 <
2292 1
—8— I 1/k over k with exactly n nines
2290 - T T T T T T T T T T T T T

0 2 4 6 8 10 12 2 4 6 8 10 12

Figure 9: Left: harmonic sums over integers with exactly n nines, from Kempner’s n = 0 to the limit 10 1n 10.
Right: log, ; |[H, — 101n 10| falls with slope —log, , 91, the first of Burnol’s modes 1/(10/ — 9).

9.2 The even nodes and the zeta ladder

The even-integer nodes of §2.2 carry the Bernoulli ladder {(2k) = |Byx|(2m)%*/(2(2k)!). Neighbouring
rungs divide to

((2k+2) (2m)? B2 |
(k) — Qk+ 1Rk +2)! By

One rung has a decimal face. At k = 4, |B1o/Bg| = (5/66)/(1/30) = 25/11, so before any cancellation

{(10)  (2-5-m?% _ (10m)? 10
78 9-10-11 990 99

2.

Each factor has a source:

the 2 is the 2 of Euler’s formula;

25 = 5-5, where one 5 is the numerator of B;; = 5/66 and the other is the prime 5 in the denominator
30 of Bg, by the von Staudt-Clausen rule (5 — 1 divides 8);

9-10 = 10!/8! comes from the factorials;

11 is the prime in the denominator 66 of B;y (11 — 1 divides 10), while the 2 - 3 shared by 30 and 66
cancels.

S0100/990 is the ratio as Euler’s formula delivers it, and 10/99 is what remains after the factorial’s 10 cancels
against 2 - 5. That cancellation belongs to this rung: the neighbouring ratios are 72/10 and 69172 /6825.
That 990 = 9 - 10 - 11 is also the triangular number T,, is a coincidence of a rarer kind. Among the products
n(n + 1)(n + 2) withn < 2 - 10°, only six are triangular: 6, 120, 210, 990, 185136 and 258474216. At this
rung the ladder’s own numbers are base ten’s 103 — 10. In particular

ml® 189
_—— = -10 -10 oee
550 = 5 $(10) = 945 +945(2710 + 3710 + ),

so the excess over 94.5 is exactly the scaled zeta tail, about 0.0939873. The scale is not unique: the primitive
pairis m19/99 = 945 (10) and 78/10 = 945 {(8).
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A neighbouring observation is numerical. The fraction 92711567/990 = 93648 + 47/990 = 93648.047 lies
within 1.34 x 1076 of 719, It is the best approximation to 7*?, in absolute error, among all denominators up
to 990: an intermediate fraction of its continued fraction [93648; 21, 15, 1,4, 2, ...], with 337 the runner-up.

How unusual is this? Take a uniform model for the fractional part, and fix in advance the denominator
d = 990 and the absolute tolerance ¢ = 7% — 92711567/990. The chance of lying within ¢ of some k/d
is then 2de = 1/380. Now search all denominators d < 1000 at the same tolerance. The chance becomes
about 0.687: the measure of the union of the e-intervals around all fractions with denominator at most 1000,
overlaps counted once. In that search a fraction this close is more likely than not. This is a model for one
declared finite search, not a distribution established for m. Fixing the product de instead would define a
different search. The identity with the scaled zeta tail rewrites the same fractional part and does not explain
why it is small. Nothing yet explains why 99071 lands so near an integer, and none of this is used elsewhere
in the paper.

10. Status of the results

statement status where
N, > 0 for every n; global proved §4
absolute convergence

contour remainder (4.1) and proved §4
rational bound (4.2)

the five disk bounds for K = 100  proved by exact rational §6.1
(exact interpolant) comparison

enclosures of ng, ..., N100; certified (interval sample §6.3
SuP|q|5201|X — X100l < enclosures, exact rational verifier)

4.689 x 107123

the fold as ¢ = (1 — J?)/4 with exact §2.3

J? =8T(s — 1) + 1; staircase
points q = % —1/(4n?)

M,, as the shadow of a uniform proved (classical) §3.2
n-simplex

m)}l/n/(ln n)? - e/16 for unit proved §5.2
step; Ae/16 for each fixed step

A>0

corrections —2n#, /£, and proved, two-sided §5.3
2(In = — )n/2;

G, -0, G%/n -1 proved §5.4
q’/® in the Gamma envelope; classical (Stirling; standard §6.1
smooth constant g in No(t) counting identity)

coefficients ng, ..., 112¢; sSampled computed throughn = 128 at 360 §§5-6
errors in Figure 6 digits; compared throughn = 120

at 420 digits (about 2.1 x 10779);
the plotted values are not certified

stationary averaging expansions finite, with remainder; infinite §7
only when the remainder vanishes
simplex basis as Burnol’s proved (classical ingredients) §3

non-stationary scheme with
spline forms
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statement status where

triangular Bernoulli family; proved; family as in §7
Y. 1/T,, = 2 from the triangle form Hassen-Nguyen
inverse-averaging determinants proved §7

—v (forv > 0) and —3

entropy of u,, = 1/(2T,) assums  proved; classical (Liiroth map) §7
over {'(2k) and {(2k);

H = 2.04627745 ...nats

h"(s) = —1/q for the binary exact §7

entropy, 0 <s <1

ex (—%) =1, —%, %, ... as the proved (classical ingredients) §2.3

expansion coefficients of
_ 1
y VAT(1/y +)/T(1/y + 1),

y— 0"

RH < all Toeplitz minors of (t;,) classical equivalence §8.2

nonnegative

those minors open §8.2

digit-sum modes 1/(10/ — 9) for ~ theorem of Burnol; our values §9.1

nx=1 computed to 40 digits

990710 near an integer observation; about 0.687 in the §9.2
declared search d < 1000; no
explanation

Acknowledgments and methods

The arguments were developed and cross-examined with several Al systems acting as independent reviewers:
ChatGPT (Astra Pro), OpenAl Codex agents, Anthropic’s Claude and Google’s Gemini. Each proof was read by
a second reviewer before it was accepted here. The computations behind the paper:

e Coefficient tables. Computed twice, independently, at 360 and 420 digits.

« Rational bounds. Checked in exact integer arithmetic.

¢ The certificate of §6.3. Produced with mpmath 1.3.0 interval arithmetic at 1400 bits, and checked by
a separate standard-library verifier, including on a deliberately corrupted copy. An earlier enclosure
with python-flint 0.9.0 (FLINT 3.6.0) at 1200 bits reached the same bound.

e Figures. Drawn from the 360-digit computation.

Every number in this paper was rechecked against those computations, and the claims of §§2, 6.1, 7, 8and 9
against a separate set of exact checks. Responsibility for the mathematics and its presentation is the author’s.
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