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Abstract

This Dossier supplies the proofs, finite certificates, countermodels, and separately marked
empirical material behind Triangular-n Postmaster, Volume I. The analytic coordinate is
qp = p(1 —p) = —2T,_1, indexed by reflection orbits [p] = {p, 1 — p} with multiplicity m,. An
off-line quartet contributes two conjugate folded nodes. This convention controls the canonical
product, resolvent, Widder and heat identities, and the Li sum. Conjugation is not silently
included in the quotient.

The chapters develop the triangular arithmetic, the completed source, finite positivity certifi-
cates, and exact obstructions to several proposed shortcuts. The inherited analytic source
result covers W7y; the v5.0 computer-assisted certificates cover Wo—Wjg on their stated domains.
The independent source proof at W7, the all-node matrix inequality, and the specified uniform
energy and arithmetic bounds remain open. This edition clarifies the interface and closes with
a local summary; it adds no RH implication and invokes no companion entropy paper.

The v5.0 certificate programs and receipts are retained unchanged as provenance. They have
not been re-executed for this editorial revision. The current receipt distinguishes preservation
and interface checks from those inherited mathematical certificates.



How to use this Dossier

This is the second of two documents. The Reading Volume carries the continuous argument
from the triangular primitive to the research boundary, in reader sections §R1-§R25. This
Dossier carries the proofs, the finite certificates, the countermodels, and the empirical context
that supports none of them.

A section number without an R is here. References of the form §34, §104 or §166C name
sections of this Dossier; references of the form §R12 or §R23 name sections of the Reading
Volume. Equation tags are shared: (33.1), (SW.4b) and (166C.25) name the same equations
in both documents, and the identifiers under which the proofs were derived have not been
renumbered.

The signed coefficient grid ¢ ; = (—1)j(l;) referred to throughout is printed in full, for
0 < k <17, as the coefficient-grid figure of the Reading Volume.

Chapters follow mathematical dependency, not reading order:

chapter subject supports

I-1I discrete primitives, factorial families, §§R1-R5E
the fractional grid, worked triangular
arithmetic (§§169-172)

111 centered geometry and operator §§R6-R8
models

v completion, folded support, the §§R9-R10B
Gamma source

V-VI flux geometry, rational witnesses, §§R11-R14
Widder source proofs

VII-VIII one-scale moment criteria, finite §§R14-R16
Loéwner certificates

IX-XI cyclic arithmetic, prime wave packets, §§R17-R17E
finite Weil models

XIT-XIV dilation, completion forms, completed §§R17F-R17H
Bernstein rows, prime cutoffs

XV remaining proof obligations and §§R22-R25
countermodels

Part E empirical context and historical nothing
transcriptions

Status tags in this Dossier use the single master key in the Reading Volume front
matter. The certificate that carries the source rungs of §74A is bundled with this edition
and re-executed by the v5.0 build; software versions, precisions and run dates are recorded in
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the package’s QA receipt rather than in the text. The Riemann hypothesis is open, and no
result in this Dossier is offered as a proof of it.

Labels and vocabulary. Labels such as PP85 or PP190-T name the author’s numbered
working papers, where a result or certificate was first produced. They are kept as provenance
tags only: each result is stated here with its own status, and the working papers are not part
of this publication. An adversarial replay reruns a certificate with every material numerical
parameter changed at once (precision, partition and expansion orders), so that agreement is
not an artifact of one configuration. The other working terms (source, owner, rung, carrier,
rail) are defined in the glossary of the Reading Volume.

Classical sources. Classical results are cited where they are used, and the lineage table of
the Reading Volume maps each part of the argument to its sources. Reference numbers are
shared with the Reading Volume; entries 83-120 were added in the previous edition.

What changed in v5.1. The abstract, the folded-multiplicity explanation in Section 32,
and the technical summary make the object and the open boundary explicit. No theorem
status changed.

Retained from v5.0. Section 155A now prints the diagonal specializations (155A.4a) of its
two product identities, so the square form of every reflected Li rung, odd and even, appears in
one place, and cross-references Reading Volume §R10C, the new one-orbit coordinate dictionary.
Section 74A is unchanged and still carries the five certified source rungs Wa, ..., Wy in one
certificate — one partition of 1 < s < 128, one exact tail for s > 128, and two programs that
share no arithmetic — re-executed by the v5.0 build on both backends. No status changed,
and the Riemann hypothesis remains open.

s=o+1it Volume I — Technical Dossier, v5.1 — RH OPEN



Technical chapter I. Discrete
primitives and factorial families

Primitive identities generate discrete ladders. Factorial and Pell classifications retain their
exact integer conditions.

5. Discrete ladders: squaring, perfect numbers, and Pell

Reader §R1A proves the primitive identities (TDP.1)-(TDP.5). This section derives their
repeated-square and Pell consequences. All statements here are arithmetic; none assumes a
zero-location theorem.

Theorem TDP-A - Square-index triangular conjugacy

Fix a positive integer n and define

mo =n, Miy1 = m% — 2" Uk =Tm—1, Vi="Tn, (TDP.A1)

Then

Mpy1 = U + Vi, Vi1 = U + V2

and therefore

(Ups1, Vir1) = (U + V2 = Uy, — Vi, UF + V) (TDP.A2)

This recurrence is exactly one-dimensional on its invariant curve. Put

Dy =V, — Uy, Sp=Up+ Vs

Consecutiveness gives Dy = my, and S = m% = D,%. Under (TDP.A2),

Diy1 = S = D3, Sgy1 = Di (TDP.A3)




5. Discrete ladders: squaring, perfect numbers, and Pell 5

Thus the two-component polynomial recurrence is conjugate to D — D? on the parabola
S = D2
For n = 2 the first steps are

k my, Uk, Vi)
0 2 (1,3)
1 4 (6,10)
2 16 (120,136)
3 256 (326407 32896)

Equivalently, every step gives

Toer =T +T (TDP.A4)

Corollary TDP-B - Exact Euclid—Euler intersection

The Euclid—Euler theorem says that an even perfect number is exactly

2P~1(2P —1) =T, q=2—1 prime (TDP.B1)

On the lower n = 2 ladder, g = mp — 1 = 22" 1. Atk = 0, go = 1 is not prime; at
k=1, ¢ =3 gives T3 = 6. For every k > 2, the exponent 2* is composite, and 22" _1is
correspondingly composite by the factorization of X? — 1. Hence

{T}, : qr is a Mersenne-prime index} = {73} = {6} (TDP.B2)

The next even perfect number 77 = 28 lies in the full Euclid-Euler family, not in this
repeated-square subfamily. This corollary concerns even perfect numbers only.

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



5. Discrete ladders: squaring, perfect numbers, and Pell 6

Square-index triangular dynamics and the Euclid-Euler intersection

(To-Tor=n. T,+T,1=n Tp=T2_,+T3]

mo=2 m=4 m;=16 m3 =256
(Uo, Vo) =(1,3) (U1, V1) = (6,10) (Uz, V2) = (120, 136) (U3, V3) = (32640, 32896)
Do=2 D=4 D, =16 D3 =256

onS=U+V=D?: D»D?

FULL EVEN-PERFECT FAMILY SPECIAL LOWER LADDER
EXACT INTERSECTION

q=2P -1 Mersenne prime q=3 G=2%-1

q=3,7,31,127,... =G @l qe=1,3,15,255, ...

Tq=6,28,496,8128, ... 2k composite for k =2

Exact triangular arithmetic only: no statement about odd perfect numbers or RH.
Figure 1: The square-index triangular recurrence is scalar squaring on the invariant parabola, while

its lower n=2 branch meets the Euclid-Euler family only at 6.

Theorem TDP-C - Pell companion and the unique fourth-power lock

For nonnegative integers a, b with a +b > 0,

V—a?>=T,p <= b=3a+1 (TDP.C1)

Indeed, cancellation of a + b reduces the equation to 2(b —a) = a+ b+ 1. If a = T} and
b=Ts, (TDP.C1) becomes

T, =3T,+1 <= (2s+1)>-32r+1)>%*=6 (TDP.C2)

All nonnegative solutions form one Pell orbit. From (rg,so) = (0, 1),

‘ T+l = 21, + s+ 1 Sk41 = Ik + 28 + 2 ‘ (TDP.C?))

The first pairs are

(0,1),(2,4), (9,16), (35, 61), (132, 229), (494, 856), . . .

and every pair satisfies

T? —T?=Tr 1, (TDP.C4)

Completeness follows by writing x = 2s + 1, y = 2r + 1 and descending every solution with
y>1by

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



6. Simplex hierarchy and factorial absorption 7

(z,y) — (22 — 3y, 2y — )

The first nontrivial pair carries one extra identity, and it is unique. Put ¢t = 7;, so Ty, = 3t + 1.
Equality of the fourth-power and square-difference constructions factors as

3t 1 =82 4+6t+1 <= [t{t—3)(t*+3t+1)=0 (TDP.C5)

Thus ¢t = 0 is trivial and ¢t = 3 is the unique nontrivial nonnegative solution. Consequently

Ty +Ty=T; —T§ =Ti3=91 (TDP.C6)

This Pell ladder is independent of the repeated-square dynamical ladder in Theorem TDP-A.
Neither has an RH implication.

PP176A: complete Pell companion and unique fourth-power lock

RUNG 0 RUNG 1 RUNG 2 RUNG 3 RUNG 4
(r,s)=1(0,1) (r.s)=(2,4) (r,5)=(9,16) (r,s)=(35,61) (r,5)=(132,229)
To=3T,+1 To=3T,+1 To=3T,+1 Te=3T,+1 $=3T,+1

(r',sy=@2r+s+1, 3r+2s+2)

COMPLETE SQUARE-DIFFERENCE FAMILY UNIQUE NONTRIVIAL QUARTIC LOCK
(2s+1)2-3(2r+1)?=6 t(t—3)(t?+3t+1)=0

2-T2=Ty.1, t=T,=3, T4=10

descent reaches (3,1) 3*+10=102-32=T;3=91

This Pell orbit is independent of PP176's repeated-square orbit; both are elementary and RH-neutral.

Figure 2: The repeated-square ladder and the Pell companion are distinct exact triangular ladders:
repeated squaring on one side, and a complete Pell orbit with a unique fourth-power lock on the other.

6. Simplex hierarchy and factorial absorption

The gth simplex polynomial is

q

Sy(a) = (“‘—’) @+

Every factor is an adjacent triangular difference. Consequently every simplex polynomial is
a normalized product of consecutive triangular legs. Its reflection-completed centered roots
form a symmetric arithmetic progression, producing central-factorial parity formulas.

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



6. Simplex hierarchy and factorial absorption 8

For integer n > 1,

With

gn =ged(n +1,2(n — 1))
the reduced numerator and denominator are
n+1 2(n —1)!

An = ) Bn =
9n dn

For n > 2, the reduced numerator U,, obeys the exact successor gate

n+1, n+1 prime
U, = )
1, n + 1 composite

The prime 2 is the explicit base exception. Therefore €, = (U, — 1)/n is the successor-prime
indicator and

1

() = 15

[[a-mn+1)7%)~" Rs > 1

n>2

This is an exact encoding of existing prime support, not an estimate of prime distribution.

Proposition 6.1 - Ideal-lattice and radical form

The divisibility reversal in the ideal lattice of Z is

ld|n < (n)C(d))

Suppose the triangular-factorial equation

Tm =n!

holds. Then

m(m + 1) = 2n!

Since consecutive integers are coprime,

(m)+(m+1) =7

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



156. The factorial triangular switch and its diagonal defect 9

For comaximal ideals, product and intersection agree, so

[(m)N(m+1) = (m)(m+1) = (2n)) |

For n > 2, taking the ideal radical yields

Ven) =N m=|(1Ir

p<n p<n

The logarithm of the positive generator is therefore Chebyshev’s function

log Hp = Zlogp =9(n)

p<n p<n

Thus the exact structural lane is

triangular successor pair — comaximal ideal factorization

— radical prime support — ¥(n)

This reformulation does not estimate ¥(n) and hence does not supply prime cancellation. Its
durable lesson is categorical: in extensions where element factorization can fail, prime ideals
rather than prime elements are the stable transport objects.

Taking the radical keeps prime support and discards factorial multiplicity

Example: n = 10 The two quantities agree exactly

u
=]

= v,(2n!) 1= om
radical exponent e lograd(2n!)

N
o
L

exponent
w
o

L

N
o
L

=
o
L

logarithm of positive generator

o
L

prime p n

Figure 3: The ideal radical preserves prime support while discarding factorial multiplicity.

156. The factorial triangular switch and its diagonal defect

For integer = > 1,

(x+1)!  wz(x+1)
20z — 1! 2

=T, (156.1)

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



156. The factorial triangular switch and its diagonal defect 10

The same cancellation can be displayed in the factored form noticed in the exploratory round:

D -] e

This is elementary, but structurally useful: inserting the factorial turns a reduced rational
successor gate into an exact diagonal polynomial. Gamma continuation shows its natural
domain:

Mz +2) z(x+1)
T = 2 (156.3)

where the quotient is regular, and everywhere after filling its removable values.
The mixed expression
(y+1)!  T(y+2)

Fp(z,y) == 2z — 1), = e (156.4)

restricts to the triangular polynomial on its diagonal:

Fn(z,2) =T, (156.5)

The diagonal is therefore an equality or balance locus. At regular points with T}, # 0, the
exact signed off-diagonal defect and relative defect are

I'(y+2) Falr,y)  T(y+2)
An(2,y) = Fa(e,y) - Ty = T -1), = 156.6
5(5,9) = Fala.y) (F - s I
Near y = x, with y =z + ¢,
A
W =ep(z +2) + O(?) (156.7)
Thus the graph’s immediate departure from the diagonal is controlled by the digamma slope.

For integer y > x the ratio in (156.6) is the product H%ii 1ok, explaining the rapid visual

growth.

The successor-prime information in the reduced rational

r+1

CIEE (156.8)

does remain visible inside that factor before the product is reduced: for z > 2, its
reduced numerator is x + 1 when = + 1 is prime and 1 when x 4+ 1 is composite. It is
not preserved as a separate invariant of (156.2), because multiplying by ! introduces the
cancellation z!/(x — 1)! = z and the whole expression becomes the integer T,. The switch is

s=o+it Volume I — Technical Dossier, v5.1 — RH OPEN



76. Dyadic triangular factorials and the reciprocal simplex operator 11

real; the prime recognizer and triangular polynomial are two different reductions of the same
displayed factorization.

76. Dyadic triangular factorials and the reciprocal simplex
operator

The unrestricted equation T}, = n! remains open. Its dyadic branch, however, closes com-
pletely.

Theorem 76.1 (complete dyadic classification). The positive integer solutions of
2k=1(2%F — 1) = n! (76.1)

are exactly

| (k,n) = (1,1),(2,3), (4,5)] (76.2)

Proof. Taking 2-adic valuations and using Legendre’s identity gives

k—1=wy(n!) =n— sa(n) kE=n—sa(n)+1<n (76.3)

For n > 3, k must be even because 3 | n!. The lifting-the-exponent formula then gives

v3(2F — 1) =14 wv3(k/2) < 1+logzn (76.4)

On the other hand v3(n!) > [n/3]. Hence a solution must satisfy

LZJ <1+logsn (76.5)

The inequality fails for n = 12,13, 14. Replacing n by n + 3 raises its left side by one and its
right side by logs(1 + 3/n) < 1, so it fails for every n > 12. Exact evaluation of (76.3) for
1 <n <11 leaves precisely (76.2). O

The square form is exactly equivalent:

(2 —1)2 =8nl +1 (76.6)

because the difference between the left side and 1 is eight times the left side of (76.1). All
three solutions, including the unit seed, therefore give

8- 1141 =32 8-3141="72 8-5/+1 =317 (76.6a)

They are 1! =13, 3! = T3, and 5! = T15. The next odd factorial fails the square test:

2002 = 40000 < 8- 7! + 1 = 40321 < 40401 = 2012 (76.6b)
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76. Dyadic triangular factorials and the reciprocal simplex operator 12

There is also a local arithmetic obstruction. Since 7! =2 (mod 11), 8- 7!+ 1=6 (mod 11),
whereas the square residues modulo 11 are 0,1,3,4,5,9. Thus 7! = 5040 is not triangular;
indeed Tyg = 4950 < 5040 < T1g9p = 5050.

The odd-factorial step itself is exact: (2r 4+ 1)! = 275,.(2r — 1)I. At r = 3 it gives 7!/240 =
21 = Ty. This multiplication identity does not preserve triangularity: the square test remains
necessary. Theorem 76.1 closes only the subfamily m = 2¥ — 1. Neither that theorem nor the
rejection of 7! proves that 1!, 3!, 5! = 1,6, 120 exhaust all triangular factorials.

The reciprocal arithmetic connects the same triangular coordinates:

1 1 1 71 5040 56 1
717 56-90  4T5T, Tw 900 11 °T11 (76.6¢c)

Here 56 = 7-8, 90 =9 - 10, and 990 = 11 - 90 = Ty4. Thus the recurring decimal 5.09 is the
exact quotient 56/11; it is not another solution of T, = n!. The two factors 56 and 90 are
also the real source coordinates x = s(s — 1) at s = 8 and s = 10 used in §147. Their analytic
sign certificates have the scope stated there. The same 7! normalizes the fourth Widder row
in (32.4): Wy4(0)/7! = p3. This is the factorial rung normalization, distinct from asserting
that 7! itself is triangular.

The independent near-integer 73 ~ 31.0062766803 has a convergent triangular owner, rather
than a factorial square-test proof. From (4.4f) and Basel, 7% = 10 — £ 3,5, 7,7, Since
T, > n?/2 and the tail is strictly positive,

3
25 8 1895 1 1895
T =2 0 T3 < —, e ——— <t < — 76.6d
7; noT g <n;V nOTENS 192 1215 T T 192 (76.64)

The tail estimate follows by comparison with 8 [’ t=9dt. Exact rational comparison, with all
quantities positive, gives

1895 1 \? 1895\% /31012
12 _ 6 — - .
; <(192 1215) =7 <<192) <(100> (76.6¢)
Taking positive square roots proves 31 < 73 < 31.01. Meanwhile the factor 960/961 in
(PR.10d) comes from Tj5 = 5! and 8735 + 1 = 312. These are two exact, distinct connections

to the earlier triangular formulas. The denominator 7! reappears in Wy, and the next Widder
normalization grows by 275 in (SW.4d).

The neighbouring value 91 has its own proved identity in (TDP.C6): Ti3 = Ty + Ty =
T? — T3 = 91 = 2Ty + 1. That unique nonzero intersection uses the triangular value T = 3
and Ty = 10; T3 = 6 belongs to a different index. This connects the reciprocal scale 90 to the
arithmetic branch already established in Reading Volume §R1A.

The reciprocal digit mechanism is elementary: 1/5040 = 0.0001984126 has period six after a
four-digit prefix, whereas 5040/990 = 5.09 has period two. Their denominator orders explain
these distinct repetitions.
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76. Dyadic triangular factorials and the reciprocal simplex operator 13

Complete dyadic classification of 2~ 1(2k- 1) =n!

v, identity v3 barrier [ Tail killed Finite core
k=n-sy(n)+1 In/3]<=1+logszn L n=12 impossible n=<11

|: (k,n)=(1,1) ] [ (k,n)=(2,3) ] |: (k,n)=(4,5) }
value =1 value =6 value =120

Exactly (1, 1), (2, 3), (4,5); the unrestricted equation T,, =n! remains open.

Equivalent square gate: (2K*1—1)2=8n! +1.

Figure 4: The dyadic subfamily is completely classified by a valuation tail and an eleven-case exact
core.

The same packet contains a useful simplex identity. Put

Ya(m) = (m +j B 1)

Then for d > 2,

1 d ( 1 1 ) (767

Sg(m)  d—1\Zq_1(m) Zg_1(m+1)
Consequently
N
1 d 1 1 d
— 1 — - = 76.8
mzzl Ed(m) d—1 ( Zd_l(N + 1)> n%l Ed(m) d—1 ( )

For d = 2, this is the familiar handshake identity

1_2(1 1 >
T, m m+1

The coefficient d/(d — 1) in higher dimension is algebraic; it is not an orientation multiplicity.

The value 120 has the exact face-count packet

120 = $,(15) = $3(8) = S7(4) = $14(3) = 5! (76.9)

but this is a cardinal resonance, not a prime selector or a zeta-zero theorem.
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120. Scope of the repeated-square perfect-number intersection 14

120. Scope of the repeated-square perfect-number intersection

Theorem TDP-A and Corollary TDP-B are the controlling square-index statements. They
use only the primitive identities

T, —Th-1=n T, +T,1 = n?

so the cubic difference and the square-index identity are derived, rather than presented as
isolated coincidences. Exact integer replay verifies (TDP.1)—-(TDP.A4) for 1 <n < 1000 and
the recurrence through every staged ladder step.

The Euclid—Euler corollary is narrower than the full perfect-number family. It says only
that the special lower indices 1,3, 15,255, ... meet the Mersenne-prime index set at 3. In
particular, T7 = 28 remains the next even perfect number and is not discarded; it simply does
not lie on the repeated-square ladder. No part of PP176 changes an analytic, Lowner, source,
zero-density, or RH grade.

128. Scope of the Pell fourth-power intersection

Theorem TDP-C supplies the exact arithmetic companion to the square-index ladder. Its
square-difference identity is not merely a list of examples: (TDP.C2) is a complete Pell
classification, with forward recurrence (TDP.C3) and a strict descent proof. The extra
fourth-power lock is not a scan. Its exact factored equation is

tt—3)(t*+3t+1)=0

so (Ty,T4) = (3,10) is the unique nontrivial nonnegative intersection. PP176A is an elementary
side rail and changes no analytic grade.

162. Two Pell orbits and the dyadic restriction

The finite-dyadic terminal of (139.4) gives (sg, 16, T6) = (32, 31,992). Its arithmetic companion
is

2731 =992 =Tys + 2 T3 =496 Tua =990 (162.1)

The value 496 = 2% - 31 belongs to the even-perfect-number family because 31 = 2% — 1 is
prime. This is separate from the repeated-square subfamily of Theorem TDP-B.
For m > 0,n > 1, the complete companion problem is

2T, =T +2 — X2-2Y?=-17 X=2m+1, Y=2n+1 (162.2)
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162. Two Pell orbits and the dyadic restriction 15

Theorem 162.1 — two complete Pell orbits. All solutions of (162.2) form exactly
two forward families, with seeds (m,n) = (0,1) and (4, 3), under

m' = 3m + 4n + 3, n =2m+3n+2

For strictly positive m, omit only (0,1).

The first members are

family first four pairs (m,n)

first  (0,1),(7,5), (44, 31), (259, 183)
second (4,3),(27,19), (160, 113), (935, 661)

Proof. Multiplication of X + Y v/2 by 3 + 2v/2 gives the displayed recurrence and preserves
the norm. Conversely, every positive solution has odd X,Y by reduction modulo 2 and 4. For
Y > 9, the norm equation implies 4/3 < X/Y < v/2 and X > Y. The inverse transformation

(X,Y)— (3X —4Y, 3Y — 2X) (162.3)
therefore keeps both coordinates positive and decreases Y. Descent terminates at odd Y < 7.
Checking Y =1, 3,5, 7 leaves exactly (X,Y) = (1,3) and (9,7), proving completeness. [

The dyadic intersection is an additional restriction:

y=2N_1  x2=202Ntl_9oN+t2_ 5 (162.4)

The exact hits N = 2,3,6 give m = 0,4, 44 respectively. The first uses Ty = 0. A finite
scan reported in the PP230 directive found no others through N = 100; that scan is not
a completeness proof. Modulo 5 excludes N = 0 (mod 4), and modulo 7 excludes N = 1
(mod 3). Thus

N mod 12 € {2,3,5,6,9,11} (162.5)

is necessary, not sufficient. An additional modulus 9 test sharpens it. With v = 2%, the
right side of (162.4) is 2u? — 4u — 15. For N = 0,1,...,5 (mod 6), its residues modulo 9 are
1,3,1,0,1,6 respectively. Since squares modulo 9 are 0,1,4,7, the classes N = 1,5 (mod 6)
are excluded. Thus

N mod 12 € {2,3,6,9} | (162.5a)

This remains only a necessary condition. Global completeness of the dyadic intersection is
open in the present work.

Two scalar relations have exact family explanations. For any offset c,
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162. Two Pell orbits and the dyadic restriction 16

2Ty =T+ ¢ <= 2m+1)? —22n+1)* = —(8c+ 1) (162.6)

Thus the number 17 is generated by offset 2; this does not independently select the modulus
1009 = 992 + 17. Also, with = = 2T,,,

2j2 =8r+2  2(jn+1)% — 252 = 4jn +2 (162.7)

For the dyadic terminal, j, = 2V — 1 and 2(j, + 1) = 22¥*+1. At N = 6 these endpoints are
7938 and 8192. This is a centered-coordinate boundary identity. It adds no sign theorem to
the source obstruction (139.3).

The v/2 norm —17 family is distinct from the v/3 norm 6 family in Theorem TDP-C. The
complete arithmetic classification is retained as a sidecar; no transport from it to the all-node
Gamma/prime inequality has been proved.

The completed derivative array determines signed Bernstein rows, their exact Laguerre energy,
and a limiting measure under a variation bound. The proofs below establish the ordinary
growth rate and identify the remaining fixed-scale source estimate. That estimate remains
open.
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Technical chapter II. The fractional
grid, reciprocal moments, and
decimal coordinates

Native addresses retain their gcd and denominator. Reciprocal sums give exact measures and
scale laws; spacing experiments are assessed separately.

7. Native Triangular-Fractional Grid

The native cell and cumulative address are
k
a(n,k)=n—1+ —, 1<k<n
n

p(n7 k) =Th-1+k

Chamber n contains exactly n cells, and the number of cells through chamber N is Ty.
Reduction of k/n is not allowed to erase the ambient denominator: if X/n reduces to p/q,
then

_ n
17 ged(Xn)
and the ged is part of the unreduced record.
The native center is
1

Cnp =N — 5
With
one has

17



8. The centered rational collar 18

‘jzn (m0d2)‘

Adjacent chambers therefore populate complementary parity sheets. Even chambers contain
the midpoint; odd chambers have the two nearest cells

1
4+
“n 2n

The parity rule matches the indexing grammar of the two-channel finite-Weil construction. It
does not by itself prove an operator intertwiner, equal channel mass, or positivity.

8. The centered rational collar
The centered displacement of a native cell inside its unit chamber is

k 1‘_ 12k — n

k=] =5 = o

Define

2 —
CA:{|]‘32”|:n22’ 1<k<n, 0<|2k—n|<n}
n

Proposition 8.1 - Exact rational coverage

Ca ZQQ(O,I/Z)

Proof. Every displayed cell displacement is rational and lies in the required interval. Con-
versely, let ¢ =r/s with 0 < r/s < 1/2. Set

n = 2s, k=s+2r

Then 1 < k <n and

2k —n|  4r r

2n 4s S

This exact coverage becomes load-bearing in the rational RH witness theorem of Part V.
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9. Cyclic orders and denominator moments

Centered native TFG cells fill the rational collar

outer collar boundary

0.5

° ° ° °
° ° ° ° ° . ° ° . . ° °
° ° ¢ ° ° ° Ik ° ° . ¢
0.4 . . e - ° o ° - . .
. o ° %:in=14,k=13 ° ° o o o ® o o ®
= . . . ° . ° ° . °
g . . . . o . ) . . : s
T 0.3 ° ° . o . ° . . = °
4|< ° ° ° ° ° ° ¢ . ¢
. . . ° ° . . . . °

o~ . . ° ° .
I o ° o . . ° . ¢
« 0.2 ° o ° N ° o o - °
S . ° . ° . ° . . ° . : ¢
. ¢ ° 1 ° ° : ° ¢ ° : ° ° :

° o . e °

0.14 ° ° . ° * . . °
. . . ° o ] . ° s
¢ ° ° . . ¢ ° ° . °
e o ° ° . . . °
0.0 T T T T T T T T
5 10 15 20 25 30 35 40

native chamber n

Figure 5: Centered native cells through chamber 40 in the rational collar.

9. Cyclic orders and denominator moments

Let gy be the reduced denominator of a(n, k). Then

n

= m = OrdZ/nZ([k])

dn.k

For j > 0, define

Mj(n) =) d¢(d)

din

The chamber/cyclic-order identity is

Mj(n)=> g, = . ord(g)
k=1

gEZL/NZ

The functions M; are multiplicative and, for prime powers,

plitha _q

M;(p*) =1+ (p— 1)Pjﬁ

Their Dirichlet series is

(-1
2 CGs—J)

Rs>j+2

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



84. Reduced-denominator rays, the prime sieve, and the trace law 20

For j > 1, a nontrivial zero p of ( appears as an inherited pole at s = j + p. This is an exact
pole transport, not a restriction on p.

Triangularizing a reduced cell A/b gives

b2, bodd

2%, b even

den(Tsp) = {

The local factor at 2 is essential. Its resulting even-moment rail selects ambient dimensions
d=4m + 1.

Native denominators are cyclic orders; their moments retain multiplicative structure

Qn,k = n/gcd(k, n) Second moment M(n)
30000 4

® prime chambers

25000 q
20000 q

o
N 15000 4

chamber n
cyclic order

10000 -

5000 -

T T T T T T T T T T T
8 16 24 32 0 5 10 15 20 25 30
cell k n

Figure 6: Cyclic orders across native chambers and their second denominator moment.

84. Reduced-denominator rays, the prime sieve, and the trace
law

The one-based chamber distinguishes two exact partitions: reduced-denominator rays and
prime-divisibility layers. For native cell (n, k),

n

= 4.1
Q'n,k ng(TL, k) (8 )

is the reduced denominator of k/n, and qgn 4k = gn k. Every cell factors transversely as

(n,k) =m(q,a), m = ged(n, k), ged(g,a) =1 (84.2)
The non-coprime cells form the prime-layer sieve

{(n,k) : ged(n, k) > 1} = U {(n,k):p|n, p|k} (84.3)

p prime

At N = 32 the exact counts are 204 non-coprime cells, 176 in the p = 2,3 sieve, and 28
structured higher-prime residuals. At N = 64 the corresponding counts are 820, 704, and 116.
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84. Reduced-denominator rays, the prime sieve, and the trace law 21

The magenta family in the audit is the distinct constant ray gamm = 2.

Figure 7 ray-sieve audit: reduced-denominator rays and prime dilation layers

n
i H = 2
Gn,« = n/gcd(n, k) with exact audit overlay Published panel: M;(n) = Kglqn.k

32 30000
O p=2only 20 @ prime chambers
| p=3only
O p=2,3overlap maximum through 32: My(31) = 28
X least prime of ged(n,k) =5 25000
— — constant ray qam,m= 25 5
5
Y 20000
S
203
N =
8 5 -
] % £ 15000
£ s 3
s 15 €
&
v c
5
i 10000
©
]
10 §
3
2
5000
5
0
16 32 1 5 10 15 20 25 30 32
cell k chamber n

Published v1.2 domain preserved: 1 <= k <= n <= 32. Red/orange/gray mark the p=2,3 sieve; cyan marks its 28 structured omissions.

Figure 7: One-based N = 32 chamber: red/gray marks the p = 2,3 divisibility sieve within the
drawn region; magenta marks the reduced-denominator ¢ = 2 ray.

For reduced a/q, the triangular fold has exact denominator

den(a(a—m>= (@a®  n(g) = ; szjn (84.4)

Thus Qi1 = 7(Qm)Q2,. If ¢ is odd, Q,, = ¢*"'; if ¢ = 2°u with v odd and e > 1, then

Qpy = 22" (eFD)=1,2" (84.5)

The separate one-based N = 64 sidecar has maximum 2 - 642 = 8192.
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94. Reciprocal-triangular telescope and the forced dyadic ladder 22

Corrected PP100 triangularized-denominator sidecar (one-based coordinates)

8000
7000
6000

5000

N(Gn. G2 ¢

4000

chamber n
a
chamber n

3000

2000

1000

1 16 32 48 64
cell k

This is a PP100 audit sidecar, not the published Figure 7B moment curve.

Figure 8: The one-based N = 64 triangularized-denominator chamber has maximum 2 - 64> = 8192.

The row identity

i F(qng) =) (d)F(d) (84.6)
k=1

din

has a finite Vandermonde—Hankel owner and a rational Padé generating model. These are
exact arithmetic statements. The map from this finite arithmetic owner into the Lowner
matrix (53.4), the moment—Casimir operator, or the source kernel remains open.

94. Reciprocal-triangular telescope and the forced dyadic ladder

Write
nn+1
r, =t
Then
1 1 1 <1 2
T, (n n+ 1) nzz;l T, a ( )
More strongly, for every a > 1 and j > 0,
a2/t -1
1 1
o 94.2
Z. T, a2 ( )
n=a2Jl

Thus consecutive dyadic blocks of the reciprocal-triangular series are exactly the terms of
the reciprocal powers-of-two series. If block endpoints b; are required to have mass 1/b;, the
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95. Centered c-geometry, spectral product, and the rational 7 collar 23

telescope forces b; 1 = 2b;. Doubling is also the unique dilation for which the removed block
and surviving tail have equal mass. Its endpoint pair (2m,m) is exactly the singleton ¢ = 2
ray.

The ordinary generating function is

n
1 —
S :% — 2 {1 + 2" Zlog(1 - 2) 2] < 1 (94.3)
z

n>1 "

95. Centered c-geometry, spectral product, and the rational =
collar

The centered identity

8T, +1=(2n+1)2 (95.1)

gives

(95.2)

() - (i)

n+-) —(-+2c
2 4

At ¢ = 1/8 the centered roots are +1/v/2. At ¢ = 1/2 the factors are the golden reciprocal

pair

1
Tn—C:§

nn+1)—1=n—-¢ Hn+e) (95.3)

The genus-zero triangular product is

g0 =1] (1 - T‘;) _ _cos(3V1+8) (95.4)

1 2me

with the value at zero filled by continuity. Its logarithmic derivative is meromorphic away
from ¢ = T,, and generates every reciprocal-power sum.

Tying ¢ to the sidecar value a(q) = 17(q)q? gives a(2) = 8, ca = 1/8, and the first resolvent
term 1/(8T; —1) =1/7.

The visible 1/8-1/7 trap is the proved rational collar

1< 3<1 = 25< <22 (95.5)
s =" 7 g§ " 7 ‘

It yields
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95A. Catalan normalization, Beta products, and the odd sine slice 24

8 1<11 <8 1<8<8+1< +5<8+1 (95.6)
7 " 8 g " 7 ‘

Here 56/7 = 8 with 56 = 2T, while 64/8 = 8 with 64 = 82. The same upper bound is
7r/8 < 11/4 = 2.75. These are scalar rational inequalities, not zeta-zero constraints.

95A. Catalan normalization, Beta products, and the odd sine
slice

Let C, = (*™)/(m + 1) for m > 0. These are integers because Cp, = () — (52’:1) Since
Tom+1 = (2m + 1)(m + 1), cancellation gives the all-index identity

Topm+1 1

| = )? -
@m A+ D= Tomr (M) O 5 751 = Garzen,

(95A.1)

In particular 180 = (3!)2C3. The first denominators are 1, 1,8, 180, 8064, 604800, 68428800.
Every odd index belongs to this slice. The successor-prime numerator transition p — 1 belongs
specifically to indices p — 1 — p for an odd prime p; it is not a property of every odd index.
At 8 — 9 both reduced numerators are 1.

Put D = zd/dz. Since D(z") = nz", triangular coefficient weighting is Tp = D(D + 1)/2.
Termwise differentiation of the entire sine series gives

—1)m 2m—+1 2
()72 :TDsinz:zcosz—z—sinz. 95A.2
(m!)2C 2
m!)2C,,

>

m>0

This coefficient operator is different from the interval operator in Section 12A. Neither
operation supplies a completed-source sign.

Proposition 95A.1 (a specified product of moment measures). With the Beta filter
b = 4™(m!)?/(2m + 1)! of Section 104A,

Cu
4m Topma

b (95A.3)

The product of independent variables with densities 2771y/(1 — u)/u and 1/(2y/1 —v) on
(0,1) has density (t~%/2 — 1)dt on (0,1).

Proof. On 0 < y < 4 define the probability measures

i) = ——s dvoly) = ). dsty)=Jants). (95A4)
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96. The reciprocal-triangular Hausdorff benchmark 25

The substitution y = 4sin?(0/2) gives dn = df/=. Even-sine integration yields [ y/dn = (QJJ )

and hence
. 1 27 ]
/yjdVC:* 4( ) - 2‘_7+2
2 J j+1

The reflected-polynomial orthogonality measure is w, not v¢; they are interchanged by
y +— 4 —y. Scaling y = 4u gives the first claimed density and moments C,,/4™. The second
variable has moments b,,,. Independence and (95A.1) give (95A.3). Finally

1
/ Y2 —1)dt = 2 ! ! (95A.5)

0 2m+1_m—|—1:T2m+1'

Equality of all polynomial integrals determines finite measures on a compact interval, proving
the product law. Equivalently the last density is the pushforward of 2(1 — v)dv under t = v2.
O

These are identities between specified comparison measures. They do not identify any of them
with the folded-zero functional or reverse a failed finite-matrix Beta implication. Section 155C
uses V¢ in a positive comparison whose arithmetic defect is kept separately.

96. The reciprocal-triangular Hausdorff benchmark

The telescope normalizes the probability measure

dup(t) = % 3 Ti 517, (dt) (96.1)

n>1 "

Its moments my = % YouTn *+1) form a Hausdorff moment sequence, and every finite Hankel
matrix Hﬁ = [mi+j]%_:10 is strictly positive definite. Cauchy—Binet gives

S(Tns — an)2
H T%N—l

S I S L=

ny<---<ny

>0 (96.2)

For comparison define the synthetic moment matrix

G0 =Y ap ow(ay o ()T, ovlt) = (1t VYT
v
where the sums converge. At a, = T,,

1

- 5c;§3v=Tv>(()) (96.3)

Hy

The determinant factor is therefore 27~ and the net atom exponent is exactly 2N — 1. Same
Gram grammar does not identify the synthetic atoms with the actual folded parameters
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96A. Euler’s constant, the reciprocal-triangular zeta series, and a simplex ladder 26

qp = p(1—p). Off RH those parameters may be nonreal, so the actual folded atomic functional
is not known to be a positive real measure. The first missing line is an RH-free positive kernel
or uniform Gram domination transporting 2va to that functional.

More generally, for distinct positive a, with >, a, ! < oo, extend the synthetic matrix to
z > 0 by

N—-1
(@) _ ay
T, T (i, — an)? 54
(CL) _ r aVr r<s aVs - a‘l/r
PO = 2 TGt an

v <---<UN

Finite Cauchy—Binet gives the identity, and entry convergence together with the increasing
nonnegative determinant sums gives the infinite limit. There is strict positivity whenever
at least NV distinct atoms occur. At x = 0 the exponent reduces to 2N — 1, recovering
(96.2)—(96.3). The positive-real-atom hypothesis is essential for this comparison.

96A. Euler’s constant, the reciprocal-triangular zeta series, and
a simplex ladder

Reader §R4A states these results, and this section proves them. Throughout, Ty, = k(k +1)/2,
Hy, =>4<p,1/k, » =T17/T, and g is Euler’s constant. Every statement is [iexaony. Their
substance is classical [95-109, 112]. The replay qa/audit_gamma_bridge.py checks every
display, and its receipt is ga/GAMMA_BRIDGE. json.

96A.1 The mirror lemma and Ramanujan’s coefficients

Lemma 96A.1 (mirror parity). Put u=n+ 3. As n — oo,

¢ 1 —2'72™) By, + 272%™
P(n+1) - glog(n(n+1)) ~ > —-, Crn = ( ) Bam . (96A.1)
1 U 2m

The formal expansion is invariant under n — —1 — n, equivalently under u — —u, and it
is a power series in 1/7T,,.

Proof. Differentiating the generalized Stirling series [2, §5.11] gives, for fixed h, ¥(z + h) ~
logz — Y =1 (—1)*Bi(h)/(k2*). Take = u and h = %, so that 2+ h = n + 1. Since
By(1 —z) = (—1)*By(x), every odd-order By(3) vanishes, and Bop,(3) = —(1 — 2172™) By,
[2, §24.4]. Hence 1(n+1) ~logu+ 3,51 (1 —2172™) By, /(2mu®™). Also n(n+1) = u* — 1,
so 3log(n(n + 1)) = logu — Zm21(2m_)_1(4u2)_m. Subtracting the two expansions gives

(96A.1). Both sides are even in u, and u? = 2T}, + 1. O

The uncentered subtraction ¥(n + 1) — logn keeps the odd term 1/(2n). The centered
subtractions log(n + 1) [100, 120] and 1 log(n(n + 1)) are both even in u, and that is why
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both converge faster.

Corollary 96A.2 (Ramanujan’s expansion). Since ¢)(n+1) = H,, —yg, (96A.1) together
with u=2 = (273,) "1 (1 4 (8T,,) 1) ™" gives

Lk

Hy ~ o+ 3108(2T0) + > o (96A.1a)
kE>1°n
with the coefficients
k 1 2 3 4 5
1 _ 1 1 1 _1
Ok 12 120 630 1680 2310
k 6 7 8 9 10
101 29 2833 140051 6525613
Ok 360360 30030 1166880 17459442 193993800

These agree with the values in the literature [97, 99, 119]. Matching (96A.1a) against the 1/n
expansion is an overdetermined linear system, with twenty equations for ten unknowns; it is
consistent precisely because of the parity in Lemma 96A.1. At n =5, 10 and 40, truncation
after gg leaves an error smaller than |o7| T}, 7. The coincidences o1 = —((—1) and g2 = —((—3)
do not continue: g3 = 515, while —((—5) = 5. O

96A.2 The reciprocal-triangular zeta series

Theorem 96A.3.

Z = log(27) — v& = 1.26066140150781262295 . . . (96A.2)
k>2

First proof (Raabe). For |w| < 1, logT'(1 — w) = ygw + Yo C(k)wk/k [2, §5.7]. For
0 < w < 1 every term is positive, so monotone convergence allows termwise integration
over [0,1]. The left side is integrable at w = 1, since logI'(1 — w) ~ —log(l — w). Use
Jy wk/kdw = 1/(k(k + 1)) = 1/(2T}) and Raabe’s integral [j logT'(v)dv = 3 log(2m) [95).
They give $log(2m) = 375 + § Ypz2 C(k)/Ti. O

Second proof (moment form). By (4.5), 1/Ty = fo w1 2(1 — w) du, and Yy ((k)uFTt =
—vg — (1 —u) for 0 < u < 1. All terms are nonnegative, and 2(1 —u)t(1 —u) stays bounded
as u — 1. So the sum equals —VE — 2[01 v(v) dv. Integrating by parts against Raabe’s
integral gives fol vip(v) dv = —3 log(2r). O

Third proof (triangular telescope and Stirling). Evaluate (94.3) at z = 1/m and remove the
n =1 term. For m > 2 this gives

27—2—l+2( —1)10g(1—%), (96A.2a)
k>2
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and at m = 1 the value is 1, by Mengoli’s telescope [91]. Sum over m = 1,..., M and
write a,, = mlogm. The logarithmic terms then telescope to 2(log M! — M log M). For the
truncated zeta function (s (k) = >, <p m~* this gives

M
M!

3 C]”T<k) = 2M — Hy; — 2log (96A.3)
k

k>2

By Stirling’s formula [94], 2log M! — 2M log M = —2M + log(2nM) + O(1/M). The right
side of (96A.3) is therefore log(27w) — (Hpr — log M) + O(1/M), which tends to log(27) — vg;
the error is —53; + w1z + O(M~3). O

Corollary 96A.4 (unit-interval masses and the norm). For m > 1,

- - 9
PR :/ (@) dz, (96A.4)
and

log(27) — g = /000(3”})2@ _ /000{1/y}2 dy = — /oo KGHDE . osas)

T 21 J oo i—i—t?

Proof. On [m — 1,m| we have {z} =z — (m — 1), and

m 182 1
/ (1—m )dazzl—Q(m—l)log L ,
1 m

m— T -1 m

which equals (96A.2a). For m = 1 both sides equal 1. Summing over m and using Theorem
96A.3 gives the first equality in (96A.5), and the substitution y = 1/x gives the second.
For 0 < o <1, ((s)/s = — [¢°{1/y} y* ' dy (from [3, (2.1.5)] after z = 1/y), and {1/y} €
L?(0,00). The Mellin-Plancherel theorem [117] on o = § then gives the last equality, because
|s|> = 1 + 2 there. O

The same constant is the squared Hardy norm (155G.6). Under z = 1 — 1/s, the unit
circle maps onto o = § with |dz| = dt/(} + %), and [B(z)| = |((s)| on it. So 3, (bd™)? is
exactly the last integral in (96A.5). The fractional-part function in (96A.5) is the one in
the Nyman—Beurling closure problem [106-109]. A numerical evaluation of the critical-line
integral, up to |t| = 200 plus the second-moment tail, agrees with log(27) — g to 10~%. That
check is a sanity check, not a certificate; the proof above is the certificate.

96A.3 The simplex ladder

Theorem 96A.5. For d > 2,

> (kg-(f—)l) =d(d—1) /01 u’?log I'(u) du — g, (96A.6)
k>2 d
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and, for m > 1, with (m);—1 = m(m —1) - ( —]+2)

/Olumlogf‘(u)du_ log(2n) i Ly (=) + Hj¢(=h)].  (96A.7)

m+1 =

Proof. The Beta integral gives 1/(k+d 1) dB(k,d) = dfol uF =1 (1—u)?1 du. Asin the second
proof of Theorem 96A.3, and since d fo (1—u)?'du = 1, the sum equals —yg—d fol v (v) do
Integration by parts gives fol v () dv = —(d — 1) [, ! v9-210g T'(v) dv; the boundary terms
vanish for d > 2. This proves (96A.6).

For (96A.7), start from Lerch’s formula log I'(u) = ¢’(0, u)+3 log(2n) [2, §25.11]. Apply 9,((s—
1,u) = —(s — 1)((s,u) repeatedly, integrating by parts each time, and continue analytically.
This gives the Hurwitz moments fol u™C(s,u)du = =Y (m)j1¢(s — §)/TTi=1(s — 7).
Differentiating at s = 0 gives (96A.7); compare [104]. [

Corollary 96A.6 (first rungs). With log A = & — ¢/(—1) [105] and ¢'(—2) = —((3)/(47?),

d=2: log(2mw)— g,
d=3: %log(27r) —6log A — g, (96A.8)

d=4: 2log(2m) 3§T(23)

Written in the constants log(27), v and ¢'(—j), every rung has ~g-coefficient —1, which
comes only from the term isolated in the proof of (96A.6), and log(27)-coefficient d/2, from
(96A.7). Rung d introduces ¢’(2 — d). At even arguments, differentiating the functional
equation [2, §25.4] at the trivial zero —2j gives ¢'(—2j) = (—1)7(24)!¢(2j + 1)/(2(2m)%), so
odd zeta values enter exactly there. The replay evaluates d = 2,...,9 in three independent
ways (the series, quadrature of the moment, and (96A.7)), and they agree to 35 digits. With
every ((k) replaced by 1, the left side of (96A.6) becomes the reciprocal simplex telescope of
§76, which sums to d/(d — 1) from k = 1. O

96A.4 Where Euler’s constant meets the zeros

Corollary 96A.7. \| = Z mp/qp =1+ 2'yE -z log(47r) and

1
Z - + 201 =2 —log2 = Z T log 2. (96A.9)
k>2 k>1

Proof. Davenport’s constant B = —%'yE -1+ % log(47) in the Hadamard product of ¢ satisfies
B = -3 ,Rp"! [110, 112, Ch. 12]. The orbit pairing of (9.7) gives >, my/qp = >, p";
equivalently, A\ = —¢£'(0)/£(0) = £'(1)/£(1). Add twice this to (96A.2). O

The replay confirms &'(1)/£(1) = A1 to fifteen digits. It also recovers \; to within 107 from
the first hundred zeros and the smooth Riemann—von Mangoldt tail [111]. (96A.9) is the
triangular zero-sum formula for g, written in the folded coordinate. It is an identity, not a
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97. Dyadic Gram amplification and the triangular exponent law 30

positivity statement.

96A.5 Recomputed enclosures for §R12

These enclosures are computed in ball arithmetic: the zeta-zero routine returns rigorous
enclosures of the first two zeros, and every other input is an exact constant. Every value

below is [eiosunigininyg.

quantity enclosure

A 0.0230957089661210338143102479065 + 4.8 x 10733
@=1+7 200.040454832386859463365185961 + 4.1 x 10—28
@ =1+ 442.176150574082490320460688768 & 2.1 x 10~28
q1/92 0.45239991929160355477 4 2.7 x 1021

Co=q2(M\1 —1/q1) 8.001938046160201229441097 4 9.7 x 10~ 26

The verified height H = 3,000,175,332,800 of §R13 enters through (12.7a), which gives
Co < C < Co+ q@M/(2H?). Hence C = 8.00193804616020122944 ..., and C(q1/q2)® =
0.7409053672828 ... < 1. These recomputed enclosures replace the carried decimals of §R12.

An independent mpmath evaluation agrees with ¢; and g2 to twelve decimals. These enclosures
were recomputed by the v5.0 build; the receipt is qa/GAMMA_BRIDGE. json and is bundled.

97. Dyadic Gram amplification and the triangular exponent law

Use vy (t) = (1,¢t,...,t¥"1)T. For a dyadic block beginning at m, set

2m—1
1
Cm,N = Z FUN(I/Tn)UN(l/Tn)T (97'1)

Its rank is min(m, N), and it is positive definite exactly when m > N. After the exact

congruence with D,, = diag(1,m?,...,m>W=-1),
1 B
CnN = 5Dy GuN Dy, (97.2)
Therefore
det Cp, v = 9=N, 1 —Tan-1 et Gm,N Tonv_1 = N(2N — 1) (97.3)

The ordered block eigenvalues have the exact scale ladder

Ai1(Cn) = On(m~ W)y p =0, N-1, m>2N (97.4)

The exponents 1,5,9,...,4N — 3 sum to N(2N — 1) = Ton_1. In particular, rank four has
determinant exponent T7 = 28; under one asymptotic doubling its block determinant ratio
tends to 2728,
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Define the normalized full tail

1
Rm,N =mDy, Z fUN(I/Tn)UN(l/Tn)T Dy,

n>m

Splitting that tail at 2m gives the exact renormalization

1 1
RN = §Gm,N + 5 ERmNE  E = diag(1,47%, ..., 4=(N=D) (97.5)
The normalized cores converge at an explicit Ox(m~2) rate to the compact Gram measure
dy/+/2y on [1/2,2]. This is the solved synthetic analogue of the moving normalized source
core. PP132 package SHA-256: 6861f7a7e4d2d69541d953ead56a078c5£0790787696221a
5£59c£720875add6.

98. Decimal, cyclotomic, and divisor-ray exponents
If

then the decimal preperiod of 1/T,, is max(ay,, 8,) and its period is ord,,, (10) when m,, > 1;
for m,, = 1 it terminates and the period is recorded as zero. The recurring remainders in the
nonterminating case form a coset r,(10) in the primitive m,-ray labels, covering all labels
exactly when ord,,, (10) = ¢(my,).

Forn=1,

%8 = 0.03571428 (prefix length, period length) = (2, 6) (98.1)

Independently,

2T, +1=23(n)  ordor,1a(n) =3 (n>1)] (98.2)

At n="7,57T=1117 and 1 = 7+ 49 — 1 (mod 57). This order-three base-seven cycle is
distinct from ords7(10) = 18 and ord;(10) = 6. A universal 57-prefix digit rule is false; n = 6
already gives 2T + 1 =43 but 1/T¢ = 0.047619.

There is nevertheless a complete radix exponent ladder. For every radix b > 2, integer h > 1,
and prime ¢, put Q = ®,(b"). Then

ordg(b) = (h =0.00---0b—1)--(b—1) (98.3)

1
@ (t—1)h

h b
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For ¢ =3, Q) = 2T;n + 1 and the exact exponent sequence is 3h. The complementary identity

<I>3(n) =2T,4+1= (I)g(n + 1)

gives orders 3 and 6 for the bases n and n + 1 modulo the same number. At n = 7, the
centered triad is 55, 56, 57; modulo 57, the subgroups generated by 7, 8, and 10 have orders 3,
6, and 18, with (8) N (10) = (7) and together the larger two generate all 36 primitive labels.
These exact arithmetic orbits do not select the ¢ = 57 determinant margin; the certificate
geometry does.

The exact reciprocal-triangular divisor trace is

n

2¢(d)

> =y (98.4)
k=1 TQn,k d\n d(d + 1)

An elementary base-100 seed illustrates this cyclic viewpoint: the coefficients 14,28, 56, . ..

generate 1/7 before carrying, and 1/77 = i(l /7) transports its periodic tail. The multiplicative
order determines the period after the factors of the base are removed.

The arithmetic trace also explains the visible bands in the chamber below. For each reduced
denominator ¢, the rays have slopes k/n = a/q with ged(a,q) = 1. Each ray contains | N/q]|
native cells, so

[Cw(9) = ¢(9)LN/a] ] (98.5)

Here Cn(q) counts cells in the whole g-family, including ¢ = 1 on the boundary & = n. The
low-denominator bands at N = 256 are:

Reduced ray slopes

q k/n Colour value n(q)q? Family cells
1 1 (boundary diagonal) 1 256
2 1/2 8 128
3 1/3,2/3 9 170
4 1/4,3/4 32 128
5 1/5,2/5,3/5,4/5 25 204
6 1/6,5/6 72 84
7 1/7,2/7,...,6)7 49 216
8 1/8,3/8,5/8,7/8 128 128

The colour is constant along each listed ray. It is not monotone in ¢: the even denominator
g = 4 has colour value 32, exceeding the value 25 at ¢ = 5. Horizontal and vertical
crosshatching additionally records the ged/divisibility layers of (84.3); it is not a second
collection of constant-q rays.
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Extended ray-sieve audit with q=2 highlighted, N=256

250 A all native cells
p=2 sieve layer

= p=3sieve layer
higher-prime residual (1940)
q=2 ray (128)

200 A

150 A

cell index k (one-based)

100 A

50 A

50 100 150 200 250
ambient chamber n (one-based)

Figure 9: Extended one-based ray—sieve audit with the singleton ¢ = 2 family highlighted.
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Triangularized-denominator sidecar, N=256

250 A

200 A

150 A

cell index k (one-based)
n(aq) g2

100 A

50 A

50 100 150 200
ambient chamber n (one-based)

Figure 10: Triangularized-denominator chamber at N = 256, coloured by 1(q)¢*. The boundary has
q = 1; the interior includes the ¢ = 2,3,4,5,6, 7,8 ray families listed above and all higher reduced
denominators. Divisibility crosshatching overlays the rational-slope structure. The exact maximum is
22562 = 131072.

167. Denominator iteration, decimal periods, and useful ap-
proximations

Triangular values at rational arguments can be tested on exact reduced fractions. If ged(a, q) =
1, the reduced denominator of T/, is

1, ¢ odd

(167.1)
2, q even

Q1 =n(d*,  nlg) = {

Indeed both a and a 4 ¢ are coprime to gq. For odd ¢ their product is even and cancels the
factor 2; for even ¢ it is odd. Repeating the triangular map on the reduced value therefore
gives
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Qo =g, Qm+1 = W(Qm)Q?n Qm =

2 dd
{q ’ 70 (167.2)

(20)" /2, q even

This is an exact sequence, not a fit to digit patterns. It has the linear logarithmic reading

2™ logy g, q odd

logg @Qm = { (167.3)

2™ log(2q) — logyp2, ¢ even

For a reduced reciprocal with denominator @ = 2%5%d, ged(d, 10) = 1, the nonrepeating prefix
has length max{«, 5}. If d > 1 the period is ord;(10); if d = 1 the expansion terminates and
the period is recorded as zero. The following are exact integer results:

initial ¢ iteration m Qm prefix length of 1/Q, period

7 0,1,2 7,49,2401 0,0,0 6,42,2058

31 0,1,2 31,961, 923521 0,0,0 15,465, 446865
44 0,1,2 44,3872,29984768 2,5,11 2,22,2662

For these three rows the period laws are, respectively, 6 - 72" 1, 15-312" =1 and 2- 112" 1.
One proof checks the initial orders 6, 15,2 and that p? does not divide 10¢ — 1 for p = 7,31, 11
with the respective order . Binomial expansion then lifts the order by a factor of p at each
higher prime power. For ¢ = 44, the power of 2 is 3 - 2™ — 1, giving the printed prefix lengths.
The initial orders and the non-Wieferich lifting checks are included in the exact arithmetic
receipt of this Dossier.

Finite approximations can retain exact remainder information

The familiar 1/7 block expansion and the reciprocal of Ty have particularly transparent tails.
For J > 1, define

J—-1 1
14 .99 1 1
Py = —_— I _Py=_—"
7 ]2:(:) 1007+1 7 T T T 507
J (167.4)
1 1 1
= —5N1007 —— Q=
@ 10 ; 990 @ 990 - 1007

These are geometric-series identities. The logarithms of the relative errors are —.J log;, 50 and
—2J. Thus a decimal approximation can be retained with an exact convergence rate, rather
than discarded or mistaken for equality. In particular 1/990 = 0.001. The symbol Q% here is
a partial sum, not the denominator sequence @, of (167.2).

The nearby empirical marker 11/4 also has an exact triangular address:

11 Ty+1 165 1 32 192 7
_ - = - 2 " 193 167.5
4 WAT3 Ty, 165 990 (167.5)
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Thus T4 = 19271, 4, and the denominator 32 =2 - 42 agrees with (167.1). Its proximity to
another marker has a precise error:

1 7r 92-Tr T /22
_ — 122 1) ~0.001106428109 167.6
18 8 8 ( 7 W) (167.6)

This identifies the classical rational approximation to 7 inside the marker comparison. Whether
the marker predicts a gap statistic is the separate empirical question in §168.

168. Counting, unfolded gaps, and their triangular coordinate

The arithmetic identities above offer an exact change of coordinates for zero-spacing measure-
ments. They do not remove the fluctuating term in zero counting. The smooth part of the
Riemann-von Mangoldt count [2] is

t t 7 1 t
No(t) = — [log— —1 — N{(t) = =—log — 168.2
o) = 5= (lo 5 = 1) + 50 Vo) = - los o (168.2)
This normalization already connects Gamma, m, and the logarithm. With the logarithm of

Gamma chosen continuously from ¢ = 0,

I(t) = %logf(i + Z) - %logw,
(168.3)
bttt w1 .

:§log%—§—§+4f8t+0(t )s t — 400
Thus 1+ 9(t)/7 = No(t) +1/(487t) + O(t~3). The coefficient follows from the shifted Stirling
expansion [2]: Ba(1/4) = (1/4)? —1/4+1/6 = —1/48, and its imaginary contribution at it/2
is —B(1/4)/t. This is a quarter-argument Gamma coefficient, not a new estimate for the
fluctuating zeta argument. The actual zero count N(t) also contains the argument fluctuation
of zeta. The counting formula is unconditional: counting ordinates does not determine the

real parts of the zeros. Applying the polynomial T, gives

o(t)

%TNo(t) = (No(t) + ;) Ny(), 6.0
168.4
Ty~ Tty = (Nolt) + 5 ) (N(0) = No(®) + 5(N(0) ~ No(0))?

The second equality is exact. In particular the unknown counting fluctuation remains present
after triangularization.

For consecutive ordinates above 27, the usual smooth-unfolded gap s, = No(Vn+1) — No(Vn)
has the exact reading

_ 2 (TNO(’Yn+1) B TNO(%))
NO(rVnJrl) + NO(Vn) +1

(168.5)

Sn
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This is the adjacent-product identity 2(T, — T,) = (b — a)(a + b+ 1). The denominator is
positive in the stated range. It is a difference of cumulative triangular coordinates; it is not
Ts, . One may also chart the positive gaps themselves by s — T}, which is strictly increasing.
The two operations have different meanings and should not be interchanged.

What the older enrichment experiment can contribute

The report [62] describes a preceding-window enrichment statistic near small-gap valleys, with
a broader follow-up scan from 2.30 to 3.20 and lower controls. Its reported enrichment shelf
is approximately 2.70-2.81; 11/4 = 2.75 lies inside it. The plotted ratios are observed to
random-surrogate hit counts. They are not average normalized zero spacing, and the reported
record does not establish 2.75 as a unique endpoint of the shelf.

The useful rational marker and the reported interval have exact triangular coordinates:

165
T11/4 = 377
999 107061
Ti2.70,2.81) = [2007 20000} ; (168.6)
165 13 1

T =
11/4£1/2000 = “35° = 9000 + 8000000

The last line transports a symmetric original tolerance to its exact slightly asymmetric
triangular image. In general Ty ), — Ts = (s + 1/2)h + h?/2. To preserve a finite experiment,
transport all thresholds, windows, valley and merging rules, and support conditions through
the chosen coordinate map. Transforming only the marker while leaving its window unchanged
defines a different statistic.

Part E of this Dossier retains the historical tables and the earlier five-marker figure, and
reproduces the broader report pages that supply their context. It also retains the modulus
audit [61]. Those empirical outcomes do not alter the exact ged, totient, or decimal identities
in §§98 and 167. Their raw gap arrays and complete randomization replay are not available
here, so no new significance level or confirmed shelf boundary is asserted.

For a further test, compare prespecified rational and w-based markers on the same block
support, retain the full scan correction, and carry the entire statistic into the triangular
chart. The existing arithmetic gives that transport exactly. It does not yet supply a new
zero-location theorem.

46. Native TFG nonlinear operator route

The scalar recognizers above provide no distribution estimate. A proposed native operator
should retain the unreduced grid and distinguish actual arithmetic from an arbitrary prime
mask. The necessary proof obligations are:

1. pairwise or higher interaction, not a weighted scalar prime sum;
2. explicit dependence on ambient denominator and ged multiplicity;
3. failure under a generic support-preserving prime mask;
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4. a proved intertwiner to one of the master positivity objects M, Q., J., or C;
5. a quantifier-complete forcing theorem.

The rational witness theorem gives the native TFG a rigorous indexing role. It does not yet
give it an arithmetic forcing role.

169-172. Worked triangular arithmetic

The four sections that follow develop the reciprocal blocks, decimal carries, gcd reduction,
the Pascal/TFG address and the polar shells in full. They are detail rather than argument:
nothing in the Reading Volume’s continuous argument depends on reading them first. Their
identities return in §§9, 84, 98 and 167, in the Reading Volume at §R7 and §R17G, and in
the source energy. Equation tags (4A.), (NR.), (RP.) and (AR.) are unchanged.

169. Reciprocal blocks, doubling, and decimal carries

The reciprocal law gives a particularly simple dyadic-index family:

1 21— 1 1 11

_ P> 1 = =z 4A.1
o, w-1 VzV w7 (4A-1)

For every integer n > 1, the triangular-to-factorial conversion is 1/n! = [(n+1)/(2(n—1)!)]/T,.
At n = 7 this gives the exact bridge

w41 1 180 1 1
= : = 2T = 56 4A.1
T, = 28 717 5040 7 (4A.1a)

| =

The repeated blocks in these reciprocals have an exact algebraic source. Using base 100 to
group decimal digits in pairs,

1 14 14 .97
77 100—2 Z 1007+1
j=0

(4A.2)

The raw coefficients begin 14,28, 56,112,224, . ... They are not yet base-100 digits: the later
coefficients create carries. After removing the first two blocks, the remaining value, multiplied
by 1003, is 56/(1 — 2/100) = 57 + 1/7. This explains the carried block 57 and closes the
six-digit cycle exactly:

1 1 _
- = 0.T42857, =T <357 + 7) = 0.0357T42857, T, =10 (4A.3)
7

The original 1/7 continues as the tail through successive halvings. Each halving is exactly the
midpoint of the preceding value and zero:
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1 1
= = 0.742857 — =0.07142857
7 14 A3
1 _1 TIA9857 —— — - — (.017857TA2857 .
— = — =0.03 B —
T, 28 2T, ~ 56

The overbars in this display deliberately preserve the phase of the original six-digit block.
There is an exact rule for every halving step:

72" 7 7T

Indeed 50 = 1 (mod 7), so A, is an integer and the fractional part of 100" /(7 - 2") is always
1/7. The prefix integers 0,7,357,17857, ... are placed in 2r decimal positions, with leading
zeros included. Thus the repeated block is carried exactly; its unchanged placement and the
minimum length of a nonrepeating prefix are two different readings of the same rational value.

The following table uses the shortest prefixes. For example 0.0357142857 = 0.03571428:
moving the overbar rotates the repeating block without changing the number.

1 1 T 1
= 100" (AT + ) . A= 5 Ary1 =504, +7 r>0  (4A.3b)

Rational value Decimal expansion Minimal prefix length Period length
1/7 0.142857 0 6
1/14 0.0714285 1 6
1/Tr =1/28 0.03571428 2 6
1/(2T%) = 1/56 0.017857142 3 6
1/7! = 1/5040 0.0001984126 4 6
71/990 = 56/11 5.09 0 2

For a reduced denominator ¢ = 2%5°d with ged(d, 10) = 1 and d > 1, the minimal prefix length
is max(a, b) and the period length is ordy(10). Here 5040 = 2563, with ordgs(10) = 6, while
10 = —1 (mod 11) gives period two for 56/11. At the factorial scale, 1/5040 = (1/720)(1/7)
still retains the factor 1/7, but the additional factor 9 in the reduced recurring denominator
63 changes the block to 984126. That block is not a cyclic rotation of 142857. The shared
six-digit length has an order-theoretic explanation even though the repeating blocks differ.
Dossier §98 extends this cyclic-order viewpoint; §76 connects the factorial and triangular
scales while retaining their different integer conditions.

The positional base and the logarithmic coordinate also fit together exactly. This volume uses
log = In unless a base is displayed; decimal plots use log;, when labelled. The conversion is

Inn —s _ _—slnn __ —sv
v =loggn = 10’ n°=e =10 (4A.4)

Thus the source shift © = Inn becomes u = (In10)v. In an integral, du = (In10) dv; in a
Fourier phase, tu = (t1n 10)v. Decimal cycles depend on the chosen base through multiplicative
order. The analytic identities remain the same after the coordinate, measure, and frequency
are converted together.
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170. A triangle inside a triangle: 990, 496, and reduced rays 40

In the displayed family, In28 =In7+2In2, In56 =1In7 + 31n 2, and 1In 5040 = In 28 + In 180.
The same addition laws hold with log;,. They express the reciprocal scalings in logarithmic
coordinates; the digit periods are determined separately by the denominator orders above.

The same reciprocal scale also has an exact degree-to-radian rendering:

1\° T T T
— d= —rad = d 4A.
<T7> 18077 ¢ T YT Boap (4A.5)

Here the angle is assigned the degree measure 1/7%7 = 1/28, and the conversion factor is 7/180.
Its radian measure divided by 7 is 1/7!. Grouping 7 with the angle-conversion factor makes
the triangular bridge explicit:

1 1 s T ™

— .= — = = — 4A.6
7 4 180 180717 7! ( )
—— ~—

1/T7 degree-to-radian factor

If the angle is 6 = (1/7%)°, its radian measure is 7/5040, while its fraction of a half-turn is
0/(180°) = 0/(mwrad) = 1/5040. The 7 cancels in this normalized fraction, not in the radian
measure itself or its decimal evaluation. A complex quarter-turn is multiplication by 4; the
displayed product changes an angle’s scale and units.

170. A triangle inside a triangle: 990, 496, and reduced rays

The value 990 connects the reciprocal examples to an exact composition of triangular coordi-
nates. Start with 7o = 3, Ty = 10, and 779 = 55:

Ty = T3Ty(Ty + 1) = 2T5 Ty, = 18T19 = 990 (NR.1)

Thus the inner product is precisely the triangular product at Tjy. Its coefficient is T = 9;
relative to the usual coefficient 1/2, it multiplies the inner triangle by 18. This is a composition
identity, not an inference from the appearance of decimal digits.

The general centered scaling law explains the neighboring perfect number:

Tozi(a—1)/2 = a*T, + Ta-1))2
131 = T5.1041 = 9710 + 1 = 496 (NRQ)
2751 = Tys + 2 =992

The first line is a polynomial identity for real or complex a, z; odd integer a preserves integer
indices. Expanding either side, or using 8T, + 1 = (2z + 1), proves it. Another useful
factorization is

Tab = CLQTb — bTa_l, T44 = 15T11 = T5T11 = 103 — 10 (NR3)
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170. A triangle inside a triangle: 990, 496, and reduced rays 41

The divisors of 496 = 16 - 31 come in two finite rows:

power-of-two row 1 2 4 8 16

multiply by 31 31 62 124 248 496
distance to the next power of two 1 2 4 8 16

Indeed 31-2F = 255 — 2% Summing these divisors gives (1+2+4+8-+16)(1+31) = 31-32 =
992 = 2 - 496, the classical even-perfect construction [45]. The extension 992 continues the
doubling pattern but is not a divisor of 496.

For positive integers n, k, the greatest common divisor d = ged(n, k) removes their shared
scale: (n,k) = d(q,a) with ged(q,a) = 1. Euler’s totient ¢(q) counts 1 < a < g coprime to ¢
(with (1) = 1). Thus it counts primitive rational directions at denominator ¢, while ged tells
how often a direction is repeated in larger triangular rows. The modulus comparison has an
exact common scale:

| £(496) = p(990) = 240 = 2Ty5,  (992) = 480 (NR.4)

This identifies equal counts of reduced residues; it does not identify their arrangements or
their decimal periods. Section 162 gives the complete Pell family behind the offset 2, including
the stricter modular filter. The tested interval 990 through 1009 remains a useful empirical
search window. Section 168 and Part E of the Dossier state exactly what the
reported tests do and do not establish; no result in this volume rests on them.

The distinction is visible in base ten. For 496 = 2* - 31, removing the factors of 2 and 5 leaves
31: 1/496 has a four-digit nonrepeating prefix and period ords; (10) = 15. For 990 = 2 -5 - 99,
the remaining denominator is 99: 1/990 = 0.001 has a one-digit prefix and period two. The
same totient 240 therefore coexists with different decimal behavior. Section 167 gives the
general valuation and multiplicative-order rule.

From gcd reduction to reciprocal triangular weights

For a native chamber address (n, k), let d = ged(n, k), ¢ = n/d, and a = k/d. The rational
direction is a/q, and its denominator weight is

1 1 1 2d2
— _—9(=-_ - NR.5
Ty <q q+ 1) n(n + d) ( )

Thus the ged and the reciprocal telescope describe the same weight in two coordinates. Among
all addresses 1 < k <n < N, the number having reduced denominator ¢q is

v =v@ |7 =X v (NR.6)

q<N

Consequently the complete weighted chamber sum is - -y Cn(q)/Ty. This is the bridge to
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171. Reciprocal folding, Pascal coefficients, and the TFG address 42

the TFG denominator moments in the Technical Dossier. Here ¢ is an integer denominator;
the later ¢(s) = s(1 — s) is an analytic coordinate.

The distinction between a denominator weight and a folded rational value is visible side by
side:

1 2 1 2q°
el ’ Ta/q = a(a _'; q> ) = a (NR7)
T, q(qg+1) 2q To/q  ala+q)

The last two formulas use the numerator as well. Section 167 follows their reduced denominators
under iteration, with exact decimal periods and log;, scales. These are useful arithmetic
coordinates even when a particular spacing experiment fails to detect a modulus effect.

AN INNER TRIANGLE AND TWO NEIGHBORING VALUES
T2 = 3r T4 = 10, TT4 = TlO =55

THE NESTED TRIANGLE THE CENTERED SCALE
2T3T10=18-55=990 T31=9T10+1=496
Tas=9-10-11 2T31=Tss +2 =992

0(496) = (990) = 240 = 2T5

Figure 11: Nested triangular values organize 990 and 496 before either is used as a modulus. The
shared totient is a separate exact comparison.

171. Reciprocal folding, Pascal coefficients, and the TFG ad-
dress

Pascal’s triangle already contains the triangular numbers: (”;1) =T,. The row 1,5,10,10,5,1
contains the repeated 10 = T and pairs naturally when the two inputs are reciprocals. For
z # 0, define

1
y=2z+ g P(y) =2 +27" (RP.1)

Exchanging z and 1/z leaves both y and P,,, unchanged. The quadratic relation 22 —yz+1 = 0
gives a recurrence without a long binomial expansion:

[Po=2 Pi=y, Pu=yPui1—Puz (m>2)] (RP.2)

The first polynomials and their values at y = 3 are
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m reciprocal polynomial Pn,(y) value at y = 3
0 2 2

1 y 3

2 y2-2 7

3 93 —3y 18

4 gyt —4y? 42 a7

5 y® —5y3 4 5y 123

Pascal’s fifth row groups exactly as

(Z + i>5 — Py(y) + 5Ps(y) + 107 (y) (RP.3)

The unsigned coefficients 1, 5, 10, 10, 5, 1 are the magnitudes of row 5 of the signed grid. Pairing
reciprocal powers yields 1,5,10 in (RP.3). The coefficients inside the reciprocal polynomials
themselves have a neighboring-cell formula, for m > 1:

Lm/2] ‘
Pimly) = Z (cm—jj — Cmfjfl,jfl)ym_%- (RP.3a)
j=0
It follows by substituting the signed Pascal recurrence into (RP.2). For m = 5, the coefficients
are 1, =4 — 1 = —5, and 3 — (—2) = 5. The separate initial value Py = 2 counts the two
reciprocal powers; the coefficient-grid seed remains 1.

Thus y = 3 gives 3° = 243 = 123 +5- 18 + 10 - 3. The literal fifth power of the sum is
243; the recovered sum of fifth powers is 123. Distinguishing them is essential when using a
binomial identity as a computational shortcut. The two input branches are z = (3 = /5)/2,
and reciprocal inversion exchanges them.

This is the same quadratic recurrence mechanism as (4.4b). In general, if A, = o™ + ™,
then

A, = (a + ,B)Am_l —afAn_2 Ag=2, Ai=a+p (RP.4)

For adjacent reciprocals 1/n,1/(n + 1), its coefficients are j,/(2T,,) and 1/(2T},). For z,1/z,
they are y and 1. The formulas therefore share an algebraic mechanism while keeping their
different products visible.

For a positive reduced TFG value z = a/q, ged(a,q) =1,

2 2)2

2 (a® —¢°)

— 4= 17 RP.5
Y a0 Y 2 (RP.5)
The first fraction is reduced: its numerator is coprime to both a and ¢. Its denominator is aq,
and numerator—-denominator exchange implements the reciprocal symmetry. This is an exact

map of rational values; it does not assert equality of different TFG aggregate weights.
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The analytic return appears in §R7. With zc = s/(1 — s) and ¢(s) = s(1 — s), that section
gives

1 1
Yyo=z2c+_—=—5 —2 (RP.6)
zo q(s)
Thus the same reciprocal coordinate is already present in the completed fold. Pascal grouping,
triangular coefficients, and the recurrence keep the two inverse branches visible through a
single invariant. On the unit circle inversion is conjugation; away from it those operations

differ. The missing completed-source sign is still a further analytic condition.
This Pascal arithmetic returns in the source energy of §R17G. Its exact matrix has entries
("5*) = (=1)"¢y4s, of the signed grid. At r = 2 these follow the same grid’s column j = 2:

Cs42,2 = Tst1, giving 1,3,6,10,.... Dossier §163A displays the matrix, proves its Gram
factorization, and identifies the polynomial reflection behind the change of basis.

172. Cyclic sums, polar shells, and the 1/12 marker

The first arithmetic bridge is built before any zero criterion. For a positive integer ¢, define
the cyclic-order sum

q
Ueyelq) = g ﬁ = ; dio(d) (AR.1)

The notation Wy is deliberate: it is an arithmetic function of the integer ¢ and is unrelated
to the folded resolvent S¢(x). Its Dirichlet series is

Foye(s) = q; ‘I/CEZ(Q) = C(Z)(g(s ;)2) Rs > 3 (AR.2)

The pole at s = 3 has residue ((3)/¢(2). First-Riesz smoothing multiplies it by 1/[s(s + 1)],
hence

B 1
- os(s+1)

=3 C(2)  12¢(2)  2T3((2)

This is the exact reason for the positive 1/12 in the Riesz main term: 3 -4 = 273 = 12. The
familiar continuation value

¢B3) _ 1¢3) _ 1 <G (AR.3)

()= —— = —— (AR.4)

has the opposite sign but a different owner. Triangular reflection sends 3 — —4 and preserves
T3 = T4, so it preserves the positive kernel factor 1/12; it does not create an automatic
reflected coefficient —D.
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173. The grid’s own finite arithmetic: tracks, reflections, collisions 45

The Polar Shell Renderer supplies a compatible picture, not the proof of (AR.2)-(AR.4). Its
reduced shell points are

Znge = Ve /m (kn) =1 (AR.5)

and division by the shell radius gives primitive roots of unity. The points k and n — k are
conjugates, so a real shell sum never comes from an unpaired complex phase. Combining the
angular factor with the Mellin weight gives

Uniols) = 2THmnl/2=s gbell(g) i S 0, (s) = pu(m)nt/> (AR.6)

For squarefree n > 1,

‘Sf_bheu(s)‘ — n1/2_0 =1 << o= % (AR7)

This is an exact critical-line detector, but no source identity here forces a zeta zero to make
its value one. At n = 12, the reduced shell contains ¢(12) = 4 primitive twelfth roots in two
conjugate pairs and sums to p(12) = 0; it is a clean conjugate-pair example, not a modulus-one
detector. The full cyclic/Riesz proof is in §§56-57, and the renderer construction is cited
separately in [55].

1. the shells: r,=vn, 6,=—tlogn 2. normalised term n%2-%~M°an (term + reciprocal shell radius)
every annulus has area exactly m — equal-area shells oand 1 -0 are exact reciprocals: r+ 1/r

e . . .. S
. . 0=1/2: every term on thg unit circle
b .

imaginary
imaginary

real real

Figure 12: Equal-area polar shells and the 1/y/n normalization. The angular laws differ, but every
complex phase must retain its conjugate partner.

173. The grid’s own finite arithmetic: tracks, reflections, colli-
sions

These are properties of the signed coefficient grid itself, collected out of the reading line. They
are exact and they are finite. None of them supplies an inequality, and none is used by any
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173. The grid’s own finite arithmetic: tracks, reflections, collisions 46

positivity argument in either document.
The columns are read as tracks: the edge carries 1, the next counts k, the third is (g) =Tk 1,

and the fourth is (§) = YF27 T, for k > 3. At k = 6 that fourth entry is 20 = 1 + 3 + 6 + 10,
beside the triangular 15 = T5. Reflection supplies the other half:

k [k ok kv k )
(k—j>_<j>’ (1) (k_j> (=D"(=1) (j) (SW.4c)

An even row has identical signed coefficients when reversed; an odd row has opposite signed
coefficients. This is a reflection of coefficients. The attached terms also change: 277y ; —
ah—i Zoj—j. They are not equal functions merely because their coefficient magnitudes agree.
Complex conjugation is separately retained by the folded zero sum in (SW.2).

Interior triangular collisions. The third track is triangular by construction. To ask a

different, finite question, exclude the edge and count tracks and retain one half of each reflected
row. In the exact domain 1 < k <20, 3 < j < |k/2], the complete list is

10 10 14
<3> 15, <4> 20, (6) e

5 17 19 (SW.4e)
(or (orm (7)or

Reflection supplies the matching positions in the right halves. The test is exact: a positive
integer v is triangular if and only if 8v + 1 is an odd square. This finite census makes no
classification claim outside the stated domain and does not include the automatic j = 2 track.

() () s (7 s

The eight positions of 3003 in Pascal’s triangle (compare Singmaster’s problem [89]) are
exactly (14,6), (14,8), (15,5), (15,10), (78,2), (78,76), (3003, 1), and (3003,3002). To check
exhaustiveness, reflect to j < k/2. For j > 7 the smallest entry is at least (174 ) = 3432 > 3003.
For each 1 < j <6, (I;) increases strictly with & > 2j; checking the neighboring values leaves
precisely the four left-half positions listed above. This is an arithmetic multiplicity statement.
It gives no source inequality and no additional positivity for Wy.

Row k = 14 gives

The complete row at k = 12 is also explicit:

(1,—-12,66, —220, 495, —792, 924,
—792,495, —220, 66, —12, 1),

(—1)9<192> =220
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173. The grid’s own finite arithmetic: tracks, reflections, collisions 47

The k = 0 seed and the reduced-rung boundary. The coefficient grid of the Reading
Volume includes the valid coefficient row [+1], as used by F, ¢ in (SW.3). The differential
definition (R.3), the normalized resolvent row (SW.4b), and the criterion (R.4) all require
k > 1. An antiderivative can be added by a separate convention. For a chosen z, > 0, define

Ao(z) = — / Se(tydt,  Ab=—Se,  —Ab—xAl =W (SW.4g)

This verifies the recurrence at the boundary for that convention. It does not extend the
rung definition to a negative derivative order or assign a positivity condition to Agy. Adding
a constant changes the antiderivative but leaves its displayed recurrence unchanged. The
coefficient —1 in this convention and the signed Pascal seed [+1] at k = 0 belong to different
expressions.

The formal resolvent Zy = >, m, diverges, and (2k — 1)! = T'(2k) is singular at k = 0.
Continuing the isolated coefficient ratio gives I'(2k)/I'(k) — 1/2; with a sign continuation
tending to —1, that isolated coefficient tends to —1/2. It does not define a canonical

antiderivative or a rung. Likewise (—1)7 (;1) = 1 defines an infinite power-series row, not
another finite member of (SW.4b).

The normalization is itself an accumulated triangular product:

k—1
2k +1)! 11!
2k — 1) = [] 27, E%_l;' = 2Ty, o= 2T = 110 (SW.4d)

r=1

The ratio is twice column j = 2 of row 2k + 1 in the same grid: 2T, = 2cpp112. For k =5,
the entry ci1,2 = 55 therefore gives 11!/9! = 110.

This is the odd-factorial denominator of the sine series (PR.6), and the Bernstein location is
Bi15(a) = a®We(a)/(5!6!) by (BR.3a).
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Technical chapter III. Centered
geometry and operator models

The centered product appears in Gamma products, Casimir spectra and finite geometry. Each
operator model retains its own space and normalization.

10. Odd-dimensional moment-Casimir rail
Let

(s—1)(s—d+1)
2

For j > 1, the difference ug(s) — u(s — j) is independent of s if and only if

u(z) = ua(s) =

At that dimension,

uzj1(s) = u(s — j) = Tj1

At an inherited pole s = j + p,

uzj+1(J + p) + Tj-1 = ulp)

The split-norm form is

u2i41(j +p) = % KP ;)2 B (j - §>2]

The discrete spherical degree value has the parallel form

(nw—;)Q‘(ﬂ"m

48

AQIHD) — 1

2




11. Triangular canonical product 49

Both use the same fixed half-gap 7 — 1/2, but n and p live in different spaces. The result is a
common coordinate rail, not an operator identification.

For every fixed j > 1,

RH < wugj11(j +p) € Ry for every nontrivial zero p

This is a coordinate equivalence: the imaginary part is y(8 — 1/2).

11. Triangular canonical product
Define

Since Y. T, ! = 2, the product converges locally uniformly. Under

s(s—1)

u(s) = 5

the exact Gamma closure is

At the fixed point s = 1/2,

u(1f2) =5 |Ma(-1/8)="

The factors 1/4, 1/2, or 2 that turn this identity into 1/ or 2/7 are external normalizations
and must be declared. Repeated scalar contacts do not identify mechanisms.

One of these contacts is not scalar, and the caution is withdrawn for it alone.
The substitution u = s(s — 1)/2 is the fold of §16: with z = —2u = s(1 — s) = ¢(s) and

v=/x— %, I reflection turns the Gamma closure above into
x sinmts  coshmv 1 mtanhmy 1
1+ — - 7 = - 11.1a
nl;ll( 2Tn) mq(s) T ;;1 x + 2T, 2v x ( )

the second being the logarithmic derivative of the first. So the fixed-point value is not a
numerical coincidence: u = —1/8 is © = ¢(1/2) = 1/4, the foot of the critical line, and
ITa = 4/7 is the value there. In this form the product is visibly entire of order % in z with
zeros exactly at x = —2T,,, n > 1; x = 0 has removable value one, not a zero. This model and
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12. Spherical Casimir and positive degree 50

the completed determinant have the same entire order, not the same type; Section 12B proves
the difference. Here the model parameter is © = ¢(s), whereas the completed source parameter
is s(s — 1) = —q(s). Reader Section R6A keeps these two evaluations separate. The model
nodes are real and positive. Section 12 supplies the spherical degree interpretation; Section
12A realizes exactly the multiplicity-one product by a Dirichlet—Neumann interval operator
with its zero mode removed. No identification with the completed spectrum is proved.

The triangular canonical product converges to M, (—1/8) = 4/n

Value Convergence error

1.26 4 10-1

1.24 4
5 .
S 1.221 5
'g (5]
S 1.20 A 2
s 3 1079
£ | 2
g 118 2

1.16 1

1144

--- 4n
4 10734
112 T T T T T T T T T T
0 50 100 150 200 250 300 10° 10t 102
truncation N truncation N

Figure 13: Convergence of the triangular canonical product at the fixed point.

12. Spherical Casimir and positive degree
For d > 2, set

T e
Let A4 be the Dirichlet-to-Neumann operator of the unit ball. Harmonic extension sends a
degree-n spherical harmonic to r"Y,,, so

A

ANgY, = nY,
Therefore

1 1
_iASd_l = iAd(Ad + (d — 2)[)

Equivalently,

d—2)? d—2
Ad—\/—ASd1+( 4)1— 5 I

This supplies a canonical positive branch of the reflection-completed degree line. The centered
square is
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2 2
(@) (61—2):1( H)
A+ 3 5 n+ 5

The dimension-3 spectrum is exactly 7;,. The same shifted degree is the Bessel order arising
from radial separation.

The dimension-dependent determinant closes as

I'(d—1)
L'(z)I'(d — 2)

(z—1)(z—d+1)
2

Ha(ua(2)) = uq(z) =

The spherical Casimir spectrum is a shifted square with a canonical positive branch

M =n(n+d-2)2 Positive branch recovers degree
—— d=3 124 e d=3 L
—— d=5 ® d=5 s
100 + — e
d=9 104 © d=9 s
=== recovered n e
/
J -
80 S o
1 | P
2 -
S 60 I 6 g
7] Q e
h= + Vs
(o] | ~ -
40 S /,/’
.
e
20 5] P
///
/’,
0 04 «
0 2 4 6 8 10 12 0 2 4 6 8 10 12
degree n input degree n

Figure 14: Casimir spectra and recovery of the canonical positive degree branch.

12A. The triangular sine operator and its finite projection

The multiplicity-one triangular product has an explicit interval realization. Use the reflected
polynomials of Section 155A, Py =1, P =3 —y and Ppt1 = (2 — y)Pm — Pm—1. Their
triangular expansion and finite geometric sum give, with n = 2m + 1,

P (y)=(2m+1)§:ﬂﬁ(:r _7)
m = (2j+1)!T:0 m r)s

. & pesin(nd)2)
Puldsin®(6/2) = 3 "= "0

h=—m

(12A.1)

These are the fourth-kind Chebyshev polynomials in the normalization of [63, equation 18.5.4].
The quotient has its removable interpretations.

Proposition 12A.1 (triangular contraction and finite tent). Locally uniformly for
complex z,
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12A. The triangular sine operator and its finite projection 52

Pm(22/(2T)) sin z
2m +1 T

(12A.2)

Here m > 1 in the approximants and the value at z = 0 is one. Indeed, the jth coeflicient is
(—1)7/(2j 4+ 1)! times [[,;(1 — T,/T},). Each retained factor lies in [0, 1], the product tends
to one for fixed j, and R*/(2j + 1)! is a summable majorant on |z| < R. This proves the
uniform limit without extrapolating finite computations. Also, directly from (12A.1),

sinc, (ujn)’ sincy (u) = — (12A.3)

lpm (4 sin? m) _ sinc, (u) sin 7u
n

n

For bounded real u the error from sinc,(u) is O(n~2). Squaring the real-angle sum gives the
Fejer identity

4sin%(6/2))? = A\
Pm( sin ( / )) — Z (1 _ H) 6Zh9. (12A4)
" h="(n—1) n
There are exactly n — |h| pairs with difference h. Positive and negative lags each contribute

T,—1 pairs; zero lag contributes n. Thus n + 27,_; = n? counts the whole square. For odd
n = 2m + 1 this is also 275, + 2m + 1= (2m +1)2 =87}, + 1. O

The weighted sine identity of Section 95A is compatible with this limit: g¢,,(2) =
2P (22/(2T,,))/(2m + 1) — sinz locally uniformly, so analytic differentiation gives
Tpgm — Tpsinz. This relates two operations by a limit, not by equality of the finite
polynomials.

Theorem 12A.2 (a specified positive comparison operator). On L?(0,7) let
2 1
a4’

It is self-adjoint and nonnegative, with a complete orthonormal basis

Ap = — D(Ap) = {f € H*(0,7) : f(0) =0, f'(x)=0}. (12A.5)

Un0) =\ Zsin(m+ D). Ast =Mt (m=0.  (12A)

Proof. The separated Dirichlet—Neumann boundary conditions give the regular self-adjoint
second-derivative operator. Direct differentiation produces (m + 1/2)% — 1/4 = m(m + 1).
Orthonormality is elementary sine integration. For completeness, reflect a function evenly
about 7 into (0, 27); its Dirichlet sine expansion retains exactly the odd modes. The resulting
complete spectral resolution also proves nonnegativity. With w as in (95A.4), the map

Uf)(6) = \/Z sin(60/2) f(4sin®(0/2)) (12A.7)
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is unitary from L?(w) to L?(0,7) and sends P,, to t,,. Differentiation gives the polynomial
equation y(4—y)P/ + (6 —2y)P., 4+ 2T, Py, = 0. The unitary images, not the bare polynomials
in 6, are the interval eigenfunctions. [

Remove the m = 0 zero mode and call the restriction A;. Since Y, [m(m +1)]71 =1, its
inverse is positive trace class and

det(I+ 247" = [ (1 + = > _ coshmyw = L/4) (12A.8)

>l 2T, T

The last equality is Section 11, including the entire continuation and removable value one at
zero. These factors have multiplicity one. The full spherical Laplacian has additional angular
multiplicities and is not this determinant without a specified restriction.

Theorem 12A.3 (projection and sine-kernel limit). The rank-N orthogonal projection
onto g, ...,%¥n_1 has kernel

1 [sin(N(0 —¢)) sin(N(0+ o))
N (0, ¢) = — | — — = . 12A.9
n(6,9) = o5 Lm((a —¢)/2)  sin((0+)/2) (12A4.9)
For every fixed 6y € (0, ), uniformly on compact real u,v sets,
7T U T i
NHN <90 + N 0o + N> — sincg (u — v). (12A.10)

Proof. Product-to-sum and the finite cosine sum prove (12A.9), with removable values on
the diagonal. In its difference term the denominator is its argument times 1+ O(N~2). In the
reflected-sum term it tends to sin 8y > 0, while the numerator is bounded. The normalization
makes that second term O(N ~!), proving the uniform limit. At the two endpoints the reflected
term instead survives:

EHN(FU/N, mv/N) — sincg (u — v) — sincg (u + v),
N 12A.11
™ (12A.11)
NHN(TF —qu/N,m — mv/N) — sincg(u — v) + sinc(u + v).
Both follow by substitution, uniformly on compact positive u, v sets. Removing the zero mode
changes the rescaled interior kernel by a term tending to zero; its inclusion here does not
change the convention in (12A.8). O

A random-position comparison, not a zeta model. Introduce the density
det[wifl(ﬁj)]gjzlz /N! on (0,7)". Expansion of both determinants and orthonormality prove

that its integral is one. Integrating all but two variables gives distinct-point intensity

pa.n (0, 0) = TIn(0,0)Ix (¢, ¢) — v (6, ). (12A.12)
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After the scaling (12A.10) this tends, with the Jacobian factor (7/N)?, to 1 — sinc, (u — v)2.
It is a distribution of random positions, not of the deterministic triangular eigenvalues. The
latter unfold to the equally spaced sequence /2T, + 1/4 = m + 1/2. No identification with
actual zeta zeros is made. Section 61A supplies the precise ordinate-scale comparison; Section
155C uses a weighted trace of this operator for a different positive measure.

12B. The comparison and completed determinants have different
types

Use separate evaluation parameters: FEa(z) = [[,>1(1 + z/[n(n + 1)]) and E¢(z) =
X(—z)/X(0) = &(s;)/&(1). The Gamma/reflection substitution of Section 11 is z = ¢(s),
whereas the completed source uses z = —¢(s) = s(s — 1). Consequently

EA(1/4) = 4/7T7
Ee(=1/4) = X(1/4)/X(0) = £(1/2)/£(1), (12B.1)
E¢(1/4) = X(~1/4)/X(0) = £((1 + v2)/2) /(1)

The first two are centered evaluations in different parameter conventions; the third is the
completed determinant at the model’s positive numerical comparison parameter. They must
not be identified.

Proposition 12B.1 (order does not identify type). As real z — oo,

log En(z) = mv/x — log(2rz) + O(z~/?),

1+ log(2
log E¢(x) = \{f logx — +o2g(7r)

log x) (12B.2)
vz )

Both functions have order one-half. The triangular determinant has finite type 7 at this order;
the completed determinant has infinite type, without assuming RH.

Proof. Expand the closed quotient cosh(wy/x — 1/4)/(wx) for the first formula. For the
second, 4L log B¢ = S¢, and integration of (OP.1) gives \/zlogz/4 — (1 + log(2m))y/z/2 +
(7/8)log x. Its remainder is integrable at infinity and leaves a constant plus O(logz/+/x).
The closed quotient bounds the triangular circle maximum by an algebraic factor times
exp(my/r + 1/4), and its positive axis attains type w. The completed positive-axis growth
already makes log M(r)/+/r unbounded; the folded order-one-half statement is established in
Section 16. UJ

RH concerns the negative-real-zero set of E¢, not equality of its entire-function type or spectral
density with the triangular model. The operator and sine-kernel results of Section 12A remain
comparison results with their stated multiplicities.

7
\/§+8logm’+C’§+O(

13. Reciprocal and Cayley uniformization
For d > 2, put D =d — 2 and
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Then reflection z — d — z becomes

p—1—p st

For real 0 < p < 1 (equivalently r > 0), the bounded invariant is

r 1
T:p(l—p)zi(l_i_?q)z:zsechzy r=e?

The reciprocal (1 + 7)?/r is not the bounded variable 7. On the zeta-centered right sheet,
p=1/2+ c and hence

1 5 1+ 2¢
T 1—2¢

y = artanh(2c)

This is the exact collar coordinate used in the flux synthesis below.

Proposition 13.1 - The self-scaling conic pencil
The triangular-circle relation from the geometric branch can be written
1 1 1 1
T, == e T
= 9Y (C * 2) 2¥ 73
With X =z + 1/2, this is exactly

1
X2—|—y2—(c+2>y:0

For fixed ¢, let

1/2
Tczc+2/

The locus is the circle

X2 (y—re)? =12

C

For r. # 0 it has center C. = (0,r.), radius |r.|, passes through F' = (0,0), and is tangent
there to L : y = 0. Its centers satisfy

C. — F| = dist(C,, L)
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Because the focus lies on the directrix, the center locus is the degenerate focus-directrix
parabola X = 0. In the original coordinate it is x = —1/2.

Now impose a linear selector

c=2X+pu

Eliminating c gives

1
X2—)\Xy+92—(u+2>y:0

Its conic discriminant is

A=)\ -4

When p # —1/2, the locus is a nondegenerate ellipse, parabola, or hyperbola according as
IA| < 2, |A] =2, or |[A\] > 2. The exceptional value = —1/2 removes the linear term and
produces the corresponding homogeneous degeneration.

For the selector ¢ = X (A =1, u = 0), the original coordinates obey

1
xQ—my+y2+x—y+Z:0

The center is (—1/3,1/3). With

f—rt+=, p—y-—-, uzf\%ﬁ, vzf\;;

the ellipse is

u? v?

— 4 1
1/6 " 1/18

Its foci are

( 1 n 1 1 n 1 )
37 3v2°3 7 3V2
with matching signs. The selected circle has real intersections precisely for —1/6 < ¢ < 1/2.

For ¢ = 2X one obtains the focus-directrix parabola

1 2 Y
(s+3-9) -3
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with focus and directrix

9 1 5
Fe(-2 = L _
( 16’16) THY=-3

For ¢ = 3X the eliminated curve is the hyperbola

12 1 5 1

Finally, the PP74 level circles

4k

form the same focus-directrix center construction after a Euclidean similarity: their centers
lie on V = 0, every circle passes through (—1,0), and each is tangent there to U = —1. This
upgrades the old visual comparison to an exact conic-pencil bridge. It remains geometric; it
supplies no zero-discrepancy estimate by itself.

(U+1+1>2+V2—1
2k B

The conic pencil closes into a confocal foliation of the folded xi-plane

Fixed c: tangent circles; centers form X = 0 Selector ¢ = lambda X (mu = 0) Folded q(c,t): confocal parabolas

3.0 —— ellipfe |[lambdaj/< 2
parhbola lambdal = 2 1.0
25 — hyberbola jfambdal > 2

0.5

-0.5

- () "
-0.5

fixed tangency / focus -1.0
-025 -0

~0.75 ~0.50 ~0.25 0.00 025 0.50 0.75 -2 -1 0 1 2 000 025 050 075 100 125 150 175
X=x+1/2 X=x+1/2 Req

Selector discriminant: lambda”2 - 4. Folded leaves share focus q = 1/4. Exact geometry; RH remains open.

Figure 15: Exact circle-pencil and selector-conic diagnostic.

14. Retained exact operator families

The following families connect the centered coordinate to operator models. Their scalar
identities and operator domains have different scopes.

Family Exact content Boundary

Higher-simplex products Root-symmetric Gamma closure; order Entire-type convention merits
1/p specialist review

Continuous Pascal row Gamma interpolation, dimension Scalar identities do not create an
raising, central splitting arithmetic sieve

Cube-sphere lift Degree/Casimir and Different Hilbert spaces; norm
Boolean-noise/Poisson-semigroup multiplier retained
intertwiners

Gaussian-Laguerre Explicit Fourier eigenmodes in No eventual-sign theorem

harmonic sectors
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77. Cube roots, A3 = D3, and the twelve-ray theorem 58

Family Exact content Boundary

Mellin-Fourier Degree-resolved Gamma multiplier and Maximal unbounded-operator domains
fixed-line unitarity not developed

Sphere/Bessel Coordinate characteristic functions Radial sign observables remain
and Gram positivity nonlinear

Log-Gamma/Laplace Determinant amplitude as a Probability law does not imply
characteristic function zeta-zero location

Phase-complement collar Exact complement, Cayley, rapidity, = Physical-source operators remain
and 7 bookkeeping independent

77. Cube roots, A3 = D3, and the twelve-ray theorem

The primary six-cardinal construction fixes the cone-figure cube

Qr = {(£7/2,£1/2, £71/2)} (77.1)

Its twelve edge midpoints are

Cr ={(£m/2,£7/2,0) and permutations} (77.2)
each of norm 7/ V/2. This is the cone cube, not the distinct inward v/3 cube retained elsewhere
in the geometry corpus.

Partition @, by the sign of xyz. Each four-point class is a regular tetrahedron, and the two
classes are negatives of one another. If vy, ..., vy are the vertices of either class, then

Vj — V5

{2:¢¢j}:cﬂ (77.3)

After normalization by 7/v/2, (77.2) becomes

(£1,41,0), (£1,0,£1), (0, £1,£1)} = ®(A3) = B(Ds) (77.4)

1
&= 5

Thus the cube contains the twelve directed tetrahedral edge directions and the cuboctahedral
root system. Both parity tetrahedra generate the identical set.

Choose the threefold axis and registered plane basis

(1,1,1) (1,-1,0) (1,1,-2)

Uu=-——:7, e1 = R €9 =
V3 ! V2 ? NG

Let P, be orthogonal projection to u™, expressed in this basis. Here u is the perspective
or viewing ray. The symbol ¢ enters only after the image plane is identified with C by
z(v) = (v-e1) + i(v - e2): multiplication by 4 is the oriented quarter-turn inside the image,
not the viewing ray itself. Replacing ¢ by —i reverses the handedness of the registered view.
Direct substitution in the twelve coordinates gives

(77.5)
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77. Cube roots, A3 = D3, and the twelve-ray theorem 59

Pu(€) = ps U \}§C12N6 (77.6)

The six roots orthogonal to u form the outer radius-one hexagon. The six remaining roots
form the staggered radius-1/v/3 hexagon. Their twelve rays have exactly the arguments

0°,30°,...,330° (77.7)

Hence radial normalization of the nonzero projected points gives p12. The projection itself
does not.

Theorem 77.1 (radial impossibility). No orthogonal projection of £ onto a plane
places all twelve projected points on one circle.

Proof. The normalized roots form the tight frame

> eel =4l (77.8)
ec&

If projection along a unit normal n gave equal radii, then 1 — |e-n|? would be constant. Taking
the trace against nn' in (77.8) forces

1
le-n|? = 3 for every e (77.9)

Comparing (1,1,0)/v/2 with (1,—1,0)/v/2 forces niny = 0. The analogous pairs force
nins = nang = 0. Thus n is a coordinate axis. For a coordinate axis, however, |e - n|? takes
the two values 0 and 1/2, contradicting (77.9). O

There is also a group-theoretic obstruction. The full root automorphism group is the octahedral
group Oy, of order 48, isomorphic to a central Cy extension of Sy. Its element orders divide
1,2,3,4, or 6; it has no element of order 12. Therefore the geometry induces no intrinsic Co
action.
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Old cone cube - A3z =D3—- exact twelve-ray angular shell

cube parity tetrahedron orthogonal projection: after radial normalization:
and 12 directed-edge roots two staggered hexagons angles gqual p12

®._ @ radiusl L J
radius 113

No plane projection has equal radii;
no intrinsic C;, symmetry.

Figure 16: The cone cube yields the A3 roots and twelve exact rays, but equal radii appear only
after a separate radial normalization.

The strongest honest classification is therefore

cometric As skeleton + exact twelve-ray angles
8 3 Y ans (77.10)

+ radial and cyclic no-go

The shared value 1/4/3 in the inward cube cascade and in (77.6) is a shared three-coordinate
normalization. No intertwiner between the two operators is known. The normalized cube-
corner value +1/8 and the triangular completed-square correction —1/8 have cubic and
quadratic homogeneity respectively; they remain an exact normalization contact only.

78. Balanced stabilizers, factorial mid-shells, and the intrinsic
Dy

Let F24 be the complete ordered tetrahedral frames. Choosing a reference ordering identifies
it with the regular Sy-set. For the directed edge (1,2) and the unoriented edge {1,2}, the
stabilizers are

H={1,80}=C, K =1{(12),(34)) =V, (78.1)

Therefore

‘]:24254—>E1_2>§S4/H—>E6§S4/K‘ (78.2)

is a balanced 2 : 1 then 2 : 1 tower of sets. It follows that

122 = 24-6, 12 = /34! (78.3)
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The owner of (78.3) is the stabilizer chain, not a factorial-induced map.
More generally, if 1 < H < K < G are finite and |H| = [K : H] = r, then |K| = r? and

G/H|” = |G||G/K| (78.4)

For an n-simplex, the complete frames, directed edges, and edges have sizes

n(n+1)

2
The first fiber has size (n — 1)! and the second has size 2. The tower is balanced binary only
when (n —1)! = 2, hence uniquely for n = 3. This is the structural reason that the tetrahedral
24 — 12 — 6 packet is exceptional.

(n+ 1), n(n+1),

The tetrahedron is the unique balanced two-sheet simplex tower

complete frames 2:1 directed edges 2:1 unoriented edges
Sa Su4lH Sa/lK

|Sa| = 24 = 4! [H =2, |Sa/H| =12 K| =4, |S4/K| = 6 =3!
[ balanced-stabilizer identity: 122 =246, hence 12 = V3! 4! ]

For an n-simplex the first fiber is (n — 1)! and the second is 2; equality forces n = 3.

Coset spaces of sets — not a quotient-group tower.

Figure 17: The middle value 12 is the exact cardinal geometric mean because the tetrahedral frame
tower has two equal stabilizer fibers.

The number 12 is not, however, the unique factorial mid-shell. From

¢> = nl(n+1)! = (n)*(n+1)

one obtains

€L <= n+1=d% g=an! (78.5)

This is an infinite family. The value 12 is uniquely the doubling member: ¢ = 2n! and
(n+1)! = 2q force n +1 =4, s0 n = 3 and g = 12. The Pell identity 172 — 2-122 = 1 is exact,
but no recurrence intertwines the Pell orbit with (78.5); it remains a one-hit shared scale.
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78.1 The four-state fiber

Over each unoriented edge sit four complete frames. Two intrinsic involutions act on the fiber:

A(iyjik, 1) = (Gyisk, 1) B(i,js k, 1) = (i, 55 1, k) (78.6)
They commute, are fixed-point-free, and generate a regular Vy = (A, B).

The registered cyclotomic bijection ¥ : Fo4 — po4 transports a quarter-turn L with

L? = B, LY =1, ALA =L7! (78.7)

Although choosing L rather than L~! requires an oriented frame, the group it generates with
A does not:

(A, L) = Csym(o,)(B) = Ds| (78.8)

Indeed the centralizer of a fixed-point-free double transposition in S; has order eight. Both
possible quarter-turn orientations generate this same centralizer. Consequently the envelope
Dy is intrinsic, while the regular Cy = (L) and its label +i are registration-relative. On the
same four points,

VinCy=(B) = Cy (Vy,Cy) = Dg (78.9)

One four-state fiber: intrinsic Dg, intrinsic V,, transported C,

regular C4 = (L) intrinsic V4 = (A, L?) inside intrinsic Dg = C(B)

(1,1) (0,1)

_?

=
m
Q
(0,0) (1,0)
transported quarter-turn L; L?2=B A?2=1%=1ALA=L""

V4 n Cy=(L?) = C5; the envelope is intrinsic, but L versus L~ ! is registration-relative.

Figure 18: The intrinsic V; and transported C} sit in one intrinsic dihedral envelope; only the
orientation of the quarter-turn is registered.
With the determinant registration, write a top exponent as K = r + 6¢q, ¢ € Z/4. Then
L:qg—qg+1 B:g—q+2 A:g— —q—1 (78.10)
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On roots, where y = 2* = (§, endpoint reversal is the literal fiber reflection

(A(2) = —i(fp | (78.11)

The cyclotomic order is constant around the Cy cycle exactly when r is odd. Geometrically
these are the three apex edges incident to the registered threefold-axis vertex; the even-r
fibers are the three base-face edges. The primitive eight states are exactly the two complete
fibers r = 1,5. This is cyclotomic primitivity, not integer primality.

The tetrahedral tower remains a coset tower of sets. Since H is not normal in Sy, S4/H is
not a quotient group. Likewise Eg ~ A4/((12)(34)) is a homogeneous space, not a quotient
group. The root-of-unity tower

22 2’2
H24 —> H12 — [6
is a genuine group tower. Their maximal unregistered common structure is a free Ca-set;
stagewise registered maps do not make the ambient groups isomorphic.

The finite-rank statements below specify their certificate geometry and mathematical grade.
Sections 92-93 give the global result through order eight; §138 gives the distinct rank-twelve
result at one fixed basepoint.
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Technical chapter IV. Completion,
folded support, and the Gamma
source

Completion selects the particular resolvent. Moment and matrix criteria apply to that function;
the auxiliary Gamma scaffold is then compared with it.

15. Recognition is not distribution

Wilson’s theorem and the successor gate give exact finite prime recognizers. To enter analytic
number theory one must pass to prime powers with the von Mangoldt measure

v= Z A(m) b1ogm

m>2
whose Laplace transform is
¢'(s)
¢(s)

In the finite-visibility convention used here this means

Lv(s) =— Rs=0>1

s = o +it, Rs=0o>1

This closes the finite-to-prime adapter. It does not provide the cancellation or positivity
needed beyond Rs = 1.

The polar/Ramanujan bridge is likewise exact:

ca(m) = Y mimk/n S cn(m) _ o1-s(m)

(kom)=1 a1 ()

The series identity holds for each fixed positive integer m and Js > 1. For m = 1 it reaches
1/¢(s) directly. It does not show analyticity in Rs = o > 1/2.
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16. Completion and folded coordinate

65

16. Completion and folded coordinate

Use the completed entire function

€(5) = go(s — D *PT(s/2)C(s)  €ls) =61~ 9)

Here and in every completion formula,

]s:a+it, 1—s=(1-o0)—it gza—it\

Put

q(s) =s(1—s)

Functional-equation invariance gives a unique entire function X such that

For a zero p = B + i,

qup(l—p)=%+72—(ﬁ—%)2—2i7(6—%)

All folded zeros satisfy #q, > 0 unconditionally. RH is the stronger statement

‘qp € Ry for every zero orbit‘

Define the folded resolvent

X'(q)
Me¢(q -
On the negative real axis, let
1+v1+4
s(z) = % >1 Se(x) = Me(—)
Thus the source evaluation is the specialization
1+v1+4
s(xz) = o, +10, Oy = trvitdr > 1, r = s(z)(s(w) — 1) = 2Ty

2
Then

(z) = 1 ¢(s(x))
VI+4dx E(s(x))
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152. Full s = o + it expansion and the triangular center 66

The s > 1 prime/archimedean formula is

1
Se@) = g |5t soT T pleem v/ - 2 s

1 1 1 1

152. Full s = 0 + it expansion and the triangular center

Starting from s = o + it, direct multiplication gives the entire coordinate chart:

object Cartesian expansion critical-line specialization o = 1/2
s o+t 1/2 +it

1—s (1—0)—1t 1/2—it=735

5 o—it 1/2—it=1-3s

52 (02 — t2) + 2iot (1/4 —t2) + it

qg=s(1—2s) o(l—o)+t2+it(l—20) 1/4 +t2 € Rso
z=35(s—1)=—¢q 02 —o—t2+it(20 — 1) —(1/4 +t?)

Ts_1=s(s—1)/2 (02 -0 —t2)/2+it(c —1/2) -1/8 —t2/2

centered coordinate j = 2s — 1 (20 — 1) 4 2it 2it

Thus

(0 +it)(1 —o —it)
=o(l—0o)+t?*+it(l—20)

Q
—
»
~—
I

(152.1)
ol —o—12 1
r =2 (o)
Two identities hold without placing s on any line:
4q(s) =1—(2s—1)%, 8Ts 1 +1=(25—1)2 (152.2)

The same centered coordinate therefore owns the fold and the triangular completion. On the
real safe axis put s, =n + 1 with n > 0. Then

S =n+1=0, 410
r=58z(8, — 1) =n(n+1)=2T, (152.3)
R=2s,—1=2n+1=3,=v1+4x

This is the analytic version of 8T}, + 1 = (2n + 1)2. It does not put a nontrivial zeta zero at a
triangular point: on the critical line x = —g < 0, whereas the source half-line uses x > 0 and
t = 0. The identity is a shared coordinate chart, not a zero-location theorem.

For a zero p = 8 + i, (152.1) becomes

s=o+1it
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4

p=p=p)= s 72— (3 2) ~2 (5 1) (152.0)

Consequently g, is real for a nonreal zero exactly when 5 = 1/2. The omitted v = 0 branch is
the reason the informal statement Sq = 0 <= o = 1/2 is false for arbitrary s; the exact
real-axis distinction is

1
%q:t(1—20)20<:>t200ra:§ (152.5)

The coordinate atlas in Reading Volume §R6 displays this same fold.

153. The self-dual Mellin weight n="/? = 1/\/n

For n > 0 and s = o + it,

n=S = n*(UJrit) — p T itlogn _ COS(t log n) _Ui Sin(t log n) (1531)
n

The modulus and phase separate:

In=%| =n"7, In~" =1, arg(n™ %) = —tlogn (mod 27) (153.2)

Reflection and conjugation give two different products:

pairing expanded calculation result
functional-equation reflection n=sn=(1=98) = p=(e+it)y—((A-0)=it) =1 —1/p for every o,t
Hermitian conjugation n=sp—s = p—(oFit)y—(o—it) n=2

They agree for every n > 1 exactly when 20 = 1. Equivalently,

1
Vn
Thus 1/4/n is not an arbitrary normalization in the explicit formula. It is the unique pointwise

magnitude at which the two functional-equation partners carry the same length. On the
critical line,

n8 = |n 19| — 0':1 n~/2 = 153.3
n~*] = | 5

—itlogn ] itlogn -
B U O (VPR ¥7) (153.4)

n—(1/2+it) _ €
n vn

The resolvent carrier makes the same equality visible. With a, = \/z +1/4 and fz(u) =
el (1/(4a,) + $sgnu), declare f,(t) = [z fo(u)e™" du. The sign of the transform is part
of the definition. For real ¢,
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~ 1/2 —it 1-s D q
fo(t) = = , ()] = ——— 153.5
O E T T T G Y
The opposite convention gives the conjugate numerator:
, 1/2+it =
Ty = L = fu(t 153.5
[ et au = S = R (153.52)

The modulus-square equality in (153.5) uses 1 —s = 5 and ¢ = s(1 — s) = s5 on the line.
Off the line, reflection and conjugation separate, so replacing the holomorphic square by a
modulus square would assume the desired zero placement.

The rotation diagram in Reading Volume §R8 displays the conjugate phases.

The Gauss-circle connection is exact only at the level of a coordinate and a weight. For a
finite disk and ro(n) = #{(a,b) € Z2? : a® + b*> = n},

Z (a? + %)™V = Z ro(n)n=" (153.6)

0<a?+4b2<R? 1<n<R2

At w = 1/2, each lattice vector has weight n=%/2 = 1/v/a2 4+ b2 = 1/r. This is a useful
visual and Mellin comparison, but the multiplicity r2(n) changes the arithmetic object. No
Gauss-circle estimate, Dirichlet-divisor estimate, or RH implication is transported by (153.6).

Why 1/Vn is visually important without identifying the RH and circle-problem mechanisms
A. The self-dual Mellin envelope B. Gauss-circle comparison: n=a2 + b2 =r?

10° 4 — 2= 1N
—— (n?p2=p-1

n-03

—em 07

In=*| =n~% balance at 0 =1/2

change of variable only: n=r2=n=2=1/r

10° 10! 102 -6 -4 -2 0 2 4 6
n a

Figure 19: The square-root weight and its lattice-radius reading. The right panel is a comparison
model, not an identification of proof mechanisms.

17. Stieltjes, heat, and moment equivalences

The folded moment chain is
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RH <= (u) is a Hamburger moment sequence
= [pisjlij=o =0 VYN
<= Mg is Herglotz-Pick
<= S¢ is Stieltjes
<= O is completely monotone

The folded heat trace is

O¢(u) = Z mpe” " Se(x) = /OOO e "O¢(u) du

[e]
The central-Pascal change of basis between folded moments and Li coefficients is (155.3).

Using Gaussian subordination, the prime contribution to the heat trace becomes the explicit
log-Gaussian comb

LA l_ (log ﬂ
2\/ﬁn§>:2 Jn P

4qu
balanced by an explicit Gamma term.

The full load-bearing PP1 theorem remains:

Starting only from the s > 1 prime/archimedean formula, prove that S¢ is Stieltjes,
that ©¢ is completely monotone, or that every prime-side Loewner matrix is positive
semidefinite.

The first six reduced-Widder diagonal inequalities are source-certified in §§35-38 and 74-74A;
W1 is analytic and Wo—Wjg are A-CAT from one bundled certificate. Reading Volume §R12
states the controlling rung status. This is genuine finite-order progress inside the criterion,
but it does not establish the complete hierarchy required for the Stieltjes class. Ordinary
positivity of S¢(x) is unconditional and is not the target.
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A positive folded spectrum produces both Stieltjes and heat-sign hierarchies

All displayed signed derivatives are positive O(u) =2wje’q/”
0
1 \ " \
1073 4
1071 4 I
®
5 1076 4
©
E 2
$ 102 g 10-° 4
£
3
—_— (-1)05© 81074 1
3] = (=1is®
10 (~1)25@ 10715 4
— (-1)35®
0 2 4 6 8 10 12 0.0 0.5 1.0 15 2.0
X heat time u

Figure 20: Finite positive folded spectrum illustrating Stieltjes derivative signs and heat decay.

18. Li/transverse defect identity

For s = 1/2 + u + iv,

1
5(1—8):Z+v2—u2—2iuv

Thus the adjacent triangular polarization P(u,v) = 2uv is exactly the imaginary folded-zero
defect. If Cee, = qp_lep, then

P(B - %7’7)2

1 *112
& = Z||C§_C£||Hszzmp EAE

(o]

Consequently

m
H = E =4\ -\
f —lp(l-p2

This identifies the missing object as a nonholomorphic absolute-square norm. The arithmetic
construction of that norm remains open.
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The transverse triangular polarization is exactly the folded imaginary defect

Jlp(1 - p)]=y(1-2B)=-2y(B—1/2)
B=1/2

o

0.2 0.4 0.6 0.8
horizontal zero coordinate

Figure 21: The folded imaginary coordinate is exactly the transverse critical-line defect.

155. Li positivity, PP97, and the Lowner source gate

To keep the analytic variable visible, define the Li coefficients with a dummy differentiation
variable z:

1 dn n—1
n= ————— 1 155.1
M= g [P 1og€) B (155.1)
Li’s criterion is
‘RH < A\, >0 foreveryn>1 ‘ (155.2)

This is an all-order criterion. A long positive finite prefix is not the quantified statement in
(155.2). The log-frequency notation L,, = logn in the Montgomery—Vaughan calculation is
unrelated to \,.

The folded moments and Li coefficients are joined by the exact central-Pascal transform

k
it = 3o(=1)"! (,fk )Aj (155.3)

j=1 —J

The first rows, printed rather than hidden inside the binomial, are
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Mo = A1
H1 = 4)\1 — /\2
o = 15A1 — 6X2 + A3 (155.4)

3 = 561 — 289 + 83 — Ay
g = 21021 — 1202 + 453 — 10Ay + A5

The second row is the particularly important bridge:

p1 =4\ — Ao (155.5)

On the folded-zero side this is holomorphic data in g, = p(1 — p). The exact RH-equivalent
equality

m

T 4 =\ 155.6
%]: lp(1—p)|? L ( )

compares a nonholomorphic left side with the holomorphic folded moment on the right. A
proof of (155.6) must create conjugation through a two-point, sesquilinear, or variational
mechanism; scalar holomorphic bookkeeping cannot do so by itself.

Now define

Se(x) =3 2 (&) =a2S(x), x>0 (155.7)
o P
Under RH, g, > 0 and S¢ is Stieltjes, so h is complete Bernstein and operator monotone.

Conversely, the Pick continuation of h excludes nonreal folded poles and forces RH. For
positive nodes x; define

h(zi) = h(x;) ., .
[Lhlij = w—a; #J
h/(xi)v L= .7

(155.8)
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73

The two-node Lowner test

h(x)=xSg(x),  hi(x) =Wi(x), K="9"00 (v, y>0, x=y)

SCALAR ENTRIES OFF-DIAGONAL COMPATIBILITY

Wix)=0  Wi(y)=0 K? <= W1(x) Waly)

det £y = Wa(x)Wily) —K?

Together these are necessary and sufficient for the 2 x 2 matrix to be positive semidefinite.

RH requires every finite positive node set.

Figure 22: A two-node Lowner matrix tests off-diagonal compatibility as well as scalar signs. With
K = [h(z) — h(y)]/(x — y), positive semidefiniteness requires K2 < Wy (z)Wy(y). The global
order-eight theorem already includes this two-node test. The all-size quantifier below is the remaining

requirement.

Then

RH < Lp(z1,...,xzn) = 0 for every N and every positive node set

On the safe source sheet

1+vI+14
spm oy 0= VT R—9g, 1= Itz

2

the explicit formula splits

with

Gla) = (1 + R;é;l) - logw) Plz) -

Because constants disappear from divided differences,

|Ln=Lr—Lp|

This is PP97’s exact source gate. The 1 x 1 diagonal is

W(x) = Se(z) + xSi(x) = Wi(z) > 0
but the full statement is

Lr — Lp =0 for every rank and every positive node set ‘
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155A. Reflected Li forms and explicit positive-node witnesses

74

Equation (155.15) is equivalent to RH and remains unproved. Its diagonal, finite-rank, and

finite-rung shadows must be kept separate:

layer exact content

present authority

An >0 for all n
[1i+5] = 0 at all sizes

Li sequence
folded moment

RH-equivalent; all-order sign open
RH-equivalent; finite minors do not

close it

W1 analytic; Wao—Wg certified from
the source (A-CAT); source-side
Wy ~ F(14) and the hierarchy open
all-rank statement RH-equivalent

Widder scalar Wi (z) > 0 for every k,z

local Dobsch derivative matrices at one xg and all
ranks

global Lowner all positive node sets ranks through eight certified; rank
nine/all ranks open

identity exact; dominance (155.15)

open

source split Ly, =Lr—Lp

Reader §§R15-R16 display the Li-moment—matrix dictionary. The proof map in Reading
Volume §R24 places its all-size positivity condition alongside the other RH criteria.

The global owner is the completed matrix L. Its source-side Gamma and prime pieces
are separately signed and nearly cancel. Positive translation-defect representations retain a
negative scalar anchor, while compression to the scalar symbol in §159 loses off-line reflection
data. These are concrete restrictions on a source proof, not a change of target.

155A. Reflected Li forms and explicit positive-node witnesses

1 1.

; conjugation
—-n

Put y = ¢ " and w = 1 —1/p. Reflection gives wi_, = w;l andy =2—w—w~
is a different operation off the critical line. Define the polynomials Q,(y) =2 — w" —w
and Pp,(y) = >0t w". They satisfy

r=—m

730 = 1a Pl =3- Y, Perl = (2 — y)Pm — ’mel- (155A1)

The calligraphic symbol distinguishes these polynomials from the reciprocal polynomials of
Section 171 and the source rows of Section 163.

Proposition 155A.1 (triangular coefficients and reflected squares). For m > 0,

m

y) = dmjy’,
=0

. _ (155A.2)
Pun(y) 2m+1§)2]+1|]'[
Qam11(Y) = yPm(y),
YPr(y)Ps(y) = Qrrs+1(y) — Qpr—s)(v)-
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Proof. The coefficient formula satisfies (155A.1) and its two initial conditions. The product
formula follows from (m + j)!/(m — j)! = [[,c;(m —r)(m + 7 + 1) = 2 [[,;(T;n — T;).
Multiply 1 — w?™*! = (1 — w)w™P,, by its reciprocal-reflected version to get the square. For
the cross identity, put w = €?: P, = sin((m + 1/2)0)/sin(6/2), and use the sine product
identity. Polynomial identity extends the result from 0 < y < 4 to all complex y. [

For the actual folded functional £L[y’] = fj, the fixed-degree sums converge absolutely because
>ogMq/lql < oo Set Hy = [pivjlo<ij<n and Cy = [d; jlo<i j<n, With zero entries above the
diagonal. Then

Krs=Ayst1 — )\|r_5|, Ky = CNHNCL, Km = Aom41- (155A.3)

)

Here \g = 0 and det Cy = (—1)V(V=1/2 50 the leading determinants and inertias agree. In
particular A3 = 9ug — 6p1 + p2 and det Ko = A\ A3 — (A2 — A\1)? = popa — p3. The diagonal
Aom+1 already mixes the original off-diagonal data. These are holomorphic squares, not
absolute squares; positive individual moments do not establish their signs.

The even counterpart. Put B.(y) = >7_(—1)/ (T;jjjll)yj = U,(1 —y/2). The same sine
calculation gives

y(4 —y)Br(y)Bs(y) = Qris+2(y) — Qpr—s)(¥)s
Irs = Artst2 — Np—g|s (155A.4)
JN = Bn[Apit; — pitit1]BY, Jrr = Aorya.
The coefficient matrix By is triangular with diagonal (—1)". The extra weight 4 — y distin-
guishes the even and odd forms.

The diagonal cases. Putting r = s =m in (155A.2) and r = s =m — 1 in (155A.4), and
using Qo = 0, prints the square form of every reflected rung in one place:

Qomt1() =yPm(®)®,  Qam(y) = y(4 —y) Bm-1(y)? (155A.4a)

The odd case is the fourth line of (155A.2); the even case is a specialization of (155A.4) and
not an independent result. Both weights are nonnegative exactly on 0 < y < 4, the interval
that Reading Volume (10C.6) identifies with the critical-line condition for the orbit carrying
y. The first rows are Q1 =y, Q2 = y(4 —y), Q3 = y(3 —y)*, Qu = y(4 — y)(2 — y)* and
Qs = y(y* — 5y + 5)%. Reading Volume §R10C states the same pair as the endpoint of the
pole-to-Li dictionary; nothing here constrains where the zeros lie, since \,, sums @,, over all
orbits.

Theorem 155A.2 (the actual odd-subsequence criterion). For the actual Riemann
function, RH is equivalent to eventual nonnegativity of Asn,+1, and hence also to nonnegativity
at every odd index.

Proof. Write F(z) = £(1/(1 — 2))/&(1) and D = F'/F. The parity projection A(z) =
(D(2) + D(—2))/2 = 3,50 A2m+122™ is analytic near every real 0 < z < 1, since ¢ has no
real zeros. Eventual nonnegativity, after subtracting a polynomial, and Pringsheim’s theorem
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force its Taylor radius to be at least one. If RH fails, a zero with Rp > 1/2 gives a pole at
z, = 1 —1/p inside the disk. Its cancellation by D(—z) would require a zero at p/(2p —1), but

NS 1S9l <Ll
2p—11 (2Rp—1)2 +4(Sp)2 — 4|\sp|

This contradicts the low-height zero exclusion already implicit in the volume’s first-zero input:
every nontrivial zero has |3p| > 1. Thus the pole survives. Under RH, (155A.2) gives the
converse term by term. No new low-height certificate is being claimed. [

A stronger version will be useful for a source bound. If RH fails, let rg < 1 be the least pole
modulus of D. For a fixed R > rg before the next poles, subtraction of the finitely many poles
a on |a| =7y gives

=— > mea "+ O(R™"). (155A.5)

la|=ro

All these actual poles have Ra > 0, by the same low-height exclusion. Simultaneous recurrence
of the finitely many phases 2m arga to zero on their compact torus gives arbitrarily large m
with Y mg cos((2m + 1) arga) bounded below by a positive constant. (Recurrence follows
by the pigeonhole principle on equal small torus boxes.) Consequently, for some ¢ > 0,
Aomt1 < —crg (2m-+1) infinitely often. Tied dominant poles have been retained, not replaced
by one preferred zero.

Proposition 155A.3 (a constructive source witness). For fixed m, set x; = (i + 1)e,
0<i<m,and

ci(e) = A Z o= z)' et c(e)T(Lr — Lp)e(e) — Aama1. (155A.6)

r=t

Proof. The elementary partial-fraction identity gives

m
> — 4 Pula ).

=0
The exact divided difference in (155.8) is -, mqq/((z; + q)(x; + q)). Thus its quadratic form
tends to >, mgq "Pm(g~")?. Since Rg > 0, |g + x;] > |g|; the summands for fixed m are
bounded by Cy,mg/|q|, using the positive minimum of |g|. Dominated convergence proves

(155A.6). O

A negative odd value therefore gives negative positive-node tests inside every neighborhood of
zero. This is a necessary consequence, not a contradiction supplied by the source. At m = 8
it tests one rank-nine quadratic form involving moments through p16, not every rank-nine
minor. Large coalescing coefficients require their own numerical error control.

- Z ; FeETm
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155B. The regularized Li source and its triangular curvature

The preceding identities specify a source inequality at the boundary. Its regularization can be
stated explicitly. Put

!
1 .
U(X)= Z Aoi(f), M(u)=T(e") —e" +1, —C—(l +v)=—+ anvj. (155B.1)
(<X ¢ v >0
In particular g = —vyg. These are coefficients of the local regular part, not an unregularized

Euler sum at s = 1.

Theorem 155B.1 (reserve and signed prime remainder). For every n > 1,

Ap=nii+ > [(1-1/0"—1+n/q,

>3
¢ odd
" o0 155B.2
En = Z (?) nj—1 = /0 e "M (u) {ngl(u) — n} du, ( )
j=2

A=Ay =&,  A,>nA\ >0, A, =3nlogn+O0(n).

The symbols A, &, here do not denote the cutoff-row norm Ay or the energy &y. Nor is
this renormalized scalar reserve the separately signed matrix Lr.

Proof of the split and reserve. For analytic g at one the Li operation is 37, (?)g(j )(1)/(5—
1)!l. Apply it to log s +log((s — 1)((s)) — slogm/2 4+ logI'(s/2). The polygamma series and
the regular part in (155B.1) give

A= 1= 2 (75 + log(4m)) + i<—1)ﬂ‘ (”) (1-279)¢(0) - Z (j) i1 (155B.3)

J

Separate 79 and expand (1 — 277)((j) over odd positive integers. The £ = 1 sum is n — 1; the
binomial theorem gives (155B.2) for the remaining denominators. For 0 < z <1 and n > 2,

0<(1—-2)"-14+nz=n(n-1) /Oz(z —0)(1 —v)"2dv < min{nz,n(n — 1)2?/2}.

This proves convergence and positivity. Splitting at £ = n and using the odd harmonic sum
yields nA\1 < A, < nAy + (n/2)logn + (n — 1)/2. The lower bound n/¢ — 1 on the initial
segment supplies the matching asymptotic. The case n = 1 is immediate.

Why the boundary integral exists. The classical prime-number-theorem error [3] supplies
constants C,a > 0 with [M(u)| < Ce* =%V after enlargement on a compact interval. This
is an unconditional existence bound, not a numerical interval certificate. It justifies every
fixed-degree integral and endpoint limit below. For v > 0,

* ~(tv)u _ ¢ !
/Oe TOUAM (u) = C(l—i—v) o
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Use ij}l(u) =30 (?)(—u)jfl/(j —1)! and (e*“Lgllll(u))' = —efuLfff)l(u). Integration by

parts, followed by right differentiation at v = 0, gives

T "
lim Z AVI\E(E) Lgll(logé) —/0 Lﬁll)l(u)du] = Z ( .)77]‘—1

T—
o (<eT J

j=1 (155B.4)
- / e~ M (u)L?
0

(u)du.

n—1

The boundary term is e_TM(T)Lfllzl(T) — 0 and M(0) = 0. At n = 1 the integral equals 7o;
subtracting nny proves the —n subtraction in (155B.2). Omitting either subtraction changes
the functional. [

Corollary 155B.2 (the accumulated curvature target). Define Ag = & = Ao = 0 and
A%f, = furo — 2fni1 + fn. Then

A2 11/
Gni=NA, = > T>0’
>3
£ odd
o0 —u 0
I, = A%E, = /0 e~ M (u) L), (u)du, (155B.5)
N—-2
AN =NA1+ Y (N—1-n)(Gp—I).

n=0

The first equality is a finite difference of the convergent reserve. The Laguerre recurrence
Lf«a) — Lfﬁ)l = Lﬁail) proves the second; n = 0 follows from Lgo) =1 — u. Twice summing
finite differences proves the last line. The positive weights sum to Tn_1.

The unproved sign target is Eoppp1 < Agma1 for every m, equivalently the nonnegativity of
(155B.5) at every odd N. An upper bound

Ve>03C <ooVm>0: Eypyy < CeePmtl) (155B.6)

already suffices, by (155A.5) and the growth of A,. Conversely RH implies &, < A, so
(155B.6) is RH-equivalent. The constants and the all-rate quantifier matter.

The coefficientwise absolute PNT estimate does not prove (155B.6). It gives

n—1 .
n n+1\(25+1)!
E—I_Z <'+2>("Ja2j+2)
=0 \J J:

|€n| <20 (155B.7)

Its last summand has nth root asymptotic to 4n/(ea?), so this particular majorant is superex-
ponential. That is not a lower bound on |€,|. At n = 3 the actual kernel is u?/2 — 4u + 3, of
changing sign. Earlier nonnegative Li coefficients do not control the next triangular weighted
sum; cancellation, not the reserve constant, is the missing source estimate.
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155C. A compensated positive reserve and the arithmetic defect

Section 155B gives a positive scalar reserve A, > nA; > 0. That does not make its reflected
matrix positive. The obstruction and its exact repair can both be stated in the same polynomial
basis as the actual completed matrix K.

Proposition 155C.1 (the original reserve is indefinite). Put g; = > />3 4 oaa 07 for
7 =2,3. The first reserve block is

600°

_ A1 A1+ g2
A +g2 3M+392 —g3

47
) , (3, —1)A2(3,—-1)T = 6A; —3g2—g3 < ———. (155C.1)

Proof. Expanding the first three reserves in (155B.2) gives the matrix. For an exact
sign bound, the positive atanh series gives log2 > 842/1215 and log3 > 263/240. The
decreasing sequence H,, — logn yields yg < Hss — 5(842/1215) < 3/5. Also m > 3 and
log(4m) > log 12 > 2(842/1215) + 263/240 > 99/40. The formula A\; =1+ vg/2 — log(4m)/2
therefore gives A\; < 1/16. Since go > 1/9 + 1/25 and g3 > 0,

3 1 1 47
61 — 392 — - —3|-+—=)=—=<0.
LR TS g (9+25> 600 ~
For example 7 > 3 itself follows by integrating the alternating lower polynomial ZZZO(—l)kt%
for (1 +t2)~! on [0,1]. Every comparison used above is rational after these series bounds.
Since 3Py — P1 = y, the direction is the y? moment of the reserve functional. It is not a
counterexample to the actual completed matrix. [

Theorem 155C.2 (sharp linear anchor in the reserve family). For real c and n > 0
define

Ad=cn+ 3 [1-1/0" —1+n/d],

Lo (155C.2)
Rgff] = [Aﬂ-s-u - A}i]_s\]OST,KN‘
Put
1 m  log2
o= Y s =<+ - 1L (155C.3)
= 20—-1) 4 2
¢ odd
Then
Rgf,] =0 forevery N>1 <= c¢2>c. (155C.4)

For ¢ > ¢, every finite block is positive definite. At ¢ = ¢, its Gram measure is the following
Catalan measure times a resolvent weight:
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1
(20 -1)[1+ 0 —-1)y)

dvi(y) = W(y)dve(y), W)=Y

>3
¢ odd

0<y<d4.| (155C.5)

Here v is the probability measure (95A.4), while the mass of vy is ¢,.. The sharpness assertion
is within the family (155C.2), not an optimization over every possible comparison form.

Reconciliation from the Gamma pole lattice. The quarter-centered repair of the Gamma
pole expansion has positive measures do,,. Under the reciprocal pushforward y = 1/t € (0,4),
the sum over m > 1 is exactly the resolvent measure in (155C.5), while the m = 0 term is
the Catalan measure itself. The total baseline cost is 7/4 + (log2)/2, so after removing the
m = 0 unit mass one recovers exactly ¢, of (155C.3). Thus the pole-derived reserve is the
existing compensated reserve in another coordinate, not a new positive owner.

Proof of the positive representation. Set L=r+s+1,d=|r—sland h=L —d =
2min(r,s) + 1. Under y = 4sin?(0/2), the measure n of (95A.4) is df/x. The cosine
representation P = 1+237" cos(j0) gives [Py Psdn = h. For 0 <t < 1 the convergent
geometric Poisson kernel is

1—t? ;
0) = =14+2) ¢/ i0).
pi(9) 1 —2tcosf + 2 + ; cos(j9)

The cross identity yP,Ps = 2 cos(df) — 2 cos(Lf) therefore gives [P, Ps(y/2)psdn = t¢ —t-.
Fort=1—1/¢ and ay = (¢ — 1), direct algebra yields

2 Y 1—t2 4—y
_Z = ) 155C.6
20—-1 2(1—t)2+ty 2(20—1)(1+apw) ( )
Multiplying by P,Ps and integrating gives
1 Pr(y)Ps(y) 2h d_ 4L
d = —— — (" —=1t7). 1 .
/0 0= 1)1+ amg) VW) =277 ) (155C.7)

The right side equals the reflected difference of the single-¢ term in (155C.2), plus h/[¢(2¢ —1)].
At r = s = 0 it shows that this positive component measure has mass 1/[¢(2¢ — 1)]. Tonelli
and the summability of these masses justify the sum of measures; boundedness of every fixed
polynomial on [0, 4] justifies every Gram entry. Consequently

4
Ryl = [ Pro)Pw)dvs (@), va(0.4) = .. (15C.8)
The density is positive on (0,4), so every nonzero polynomial has strictly positive squared

integral. This proves positive definiteness. For general ¢ the representing finite signed measure
is v, = vy + (¢ — ¢x)n, which is positive if ¢ > ¢,.
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Sharpness. Near y = 4 the terms of W have a uniformly summable O(¢/~3) bound, so W
is continuous and finite there. The density of v, relative to n is (4 — y)W (y)/2 + ¢ — ¢, and
tends to ¢ — c.. If ¢ < ¢4, it is negative on an interval next to 4. Choose a nonzero continuous
squared test supported inside that interval and approximate its square root uniformly by
polynomials. Finite total variation passes its negative integral to some polynomial square.
Because the P, span the polynomials, some finite block then has a negative direction. This
proves the reverse implication in (155C.4).

Finally the absolutely convergent sum in (155C.3) equals

t T log2
—of T gu=T Sl 155C.
2/ BT /1+t)(1+t2) I (155C.9)

The substitution is # = t*; polynomial division and partial fractions evaluate the last integral.
O

A second finite-entry calculation. The Catalan transform is

4 dve(y) 2
— , > 0. 155C.10
/0 l1+ay 1++1+4a ‘= ( )

The substitution of (95A.4) and the elementary integral of (1 + 2a — 2a cos #)~! prove it, with
continuity at a = 0. At a = ay its value is 1/¢, independently checking the component mass
n (155C.7). If M, = [ /(1+ apy)dve, then Moy =1/€ and M, = (Cj_1 — M;_1,)/as for
7 > 1. These exact rational moments give a separate route to every finite entry.

The same weight as an operator trace. Restrict Aa of Section 12A to the closed span

of 9., r > 1, and denote the restriction by A.. Its eigenvalues and odd coordinates are
ar = 2Ty, = (2r)(2r + 1) and /1 + 4a, = 4r + 1. Substitution £ = 2r 4+ 1 in (155C.5) proves

W(y) = Tr[(I +44) VI +yA)™Y,  y>0. (155C.11)

The terms are O, (r—3). At y = 0 this trace diverges, although W (y)dvc(y) has the finite mass
already proved. It is a weighted resolvent trace, not the unweighted resolvent or a bounded
endpoint multiplier. It uses exactly the even-triangular indices of Section 133A, but does not
identify them with the actual folded zeros.

Corollary 155C.3 (positive reserve minus the complete defect). Put 6 = ¢, — A\ > 0,
and shift both source channels:

A=A, +on, EF =&, +6n, N =Ar —&F (155C.12)

The positivity of 6 follows from A; < 1/16 and the first four positive terms of
¢x, whose sum exceeds 1/10. For orientation, ¢, = 0.1319717536774209643... and
0 = 0.1088760447112999305 . . .; these decimals are not certificates. Define, for 0 < r,s < N,
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[RN]r,s = Aj—i—s—i—l — "4|+r—s|’ RN - 0,

(155C.13)
[Dnlrs = Ergstr — Er—s + d(2min(r,s) +1), Ky =Ry —Dn.

The reserve is exactly the Gram matrix (155C.8). For an explicit prime expression set
®o(u) =0 and @, (u) = L@ (u) —n for n > 1. Then

n—1

[Dn]rs = d(2min(r,s) + 1) + /000 e M (u)[ @y s11(u) — Py (u)]du. (155C.14)

Here M(u) = ¥U(e") — e" + 1 is exactly (155B.1). All fixed-degree integrals converge by
Theorem 155B.1. The —n subtraction is retained, and ®g is defined separately rather than
using L(f% Equations (155C.12)—(155C.14) follow by subtraction; omitting the compensation

d(2min(r, s) + 1) would change the source. [J

The remaining comparison is

Dy <Ry for every N > 1. (155C.15)

1/2 1/2

It is equivalent to requiring the largest eigenvalue of Ry /“DyR, 7/~ to be at most one at every
rank. This is a one-sided form bound: it does not require Dy positive or its absolute operator
norm bounded by one. By Section 155A’s congruence, it is RH-equivalent and remains
unproved. Its diagonal condition cancels the adjustment and is precisely Eot1 < Aopm1, the
existing odd-Li target. Thus the positive reserve has not supplied a hidden sign proof.

This is a boundary comparison. No isometric identification with the full Bernstein—Laguerre
row at a = 2 is asserted. Section 166F defines and approximates a separate equivalent target
directly at scale two. Section 166G reconstructs the actual boundary block from a finite Taylor
polynomial of the full cutoff source at two, with a uniform normalized error. Its coupled
degree and cutoff are essential; it does not evaluate the raw cutoff at zero or prove the source
upper bound.

155D. Reserve growth and the one-sided source criterion

This section keeps the completed reserve/defect problem in the reflected polynomial basis
while suppressing the longer conditioning derivation retained in earlier editions. For nonzero
p of degree < N let R[p] be the positive reserve form and D[p] the actual completed defect.
The extremal generalized eigenvalues are

D
B = up R[[g, By = inf Dlpl. (155D.2)

Polynomial conditioning of the reserve
With y = 2 — 2 cos @, the third-kind Chebyshev basis
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cos((j + %)9)
cos(0/2)

is orthonormal for the Catalan measure. The reflected basis has Gram matrix

2
Vi(y) = dvo =~ cos?(0/2)df (155D.4)

4r+1 r =8,
(GN)rs = ) (155D.5)
4min(r,s) +2 71 # s,
and the explicit inverse gives the two-sided conditioning estimate
I cxN(4N? — 1)
— <Ry X —n— 7T 155D.6
125(2N2 —1) — ¥ = 3 ( )

Thus the reserve costs only polynomial factors in V.

Spectral growth and the exact criterion

For y ¢ [0,4] write w +w™! =2 —y, |w| > 1, and put r(y) = |wl; set r(y) = 1 on [0,4]. At
actual folded zeros this is the reciprocal Li coordinate,

Xp=1-p", £ =sup|x,| = s[u]pr(yp) > 1. (155D.8)
p p

The reserve bounds and the Chebyshev expansion imply

1ZNlop < 1+ 125M N (2N — 1)2€2N 2, (155D.10)

The converse exponential rate is obtained from one maximizing nonreal folded orbit. Hence
the actual one-sided source problem is exactly

RH <= Ve>03C. VN : Dy < CeNRy
— 3C,A>0VN: Dy < C(1+ N)*Ry (155D.11)
< || ZN|lop = O(N) <= ||ZN||op is polynomially bounded.

No inequality in this display is proved for the actual source; the theorem identifies the strength
required.

The linear compensation remains controlled. With dn = dy/[7\/y(4 — y)] and H[p] = [ p2dn,

0 < 6H[p] < 1256N?*R[p],  degp < N. (155D.13)

Thus the open term is the signed arithmetic remainder after this explicit reserve and compen-
sation are retained. The longer basis inversion and extremal-orbit proof are preserved in the
edition-4.6 package of the Zenodo version chain.
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155E. Curvature, progression filters, and cosine coordinates

Let M(u) = ¥(e") —e" + 1 and

°O (0)
I, = / =M (u) L), () du.
0
For the actual boundary source, & = £ = 0 and

N-2
En=>Y (N—-1-n)I,. (155E.1)

n=0

Theorem 155E.1 (one-sided scalar criterion). The following are equivalent:

RH < supl, < >©
n>0

— JC,A>0Vn: I, <C(1+n)" (155E.2)
< Ve>03C. VYn: I, < Cee™.

The upper bounds may hold only eventually. Under RH one has the stronger uniform estimate

2
1| < % — 14 2)\. (155E.3)

The proof is short: under RH, second differences of the absolutely grouped Li sum are bounded
trigonometric moments; conversely (155E.1) turns any all-rate one-sided upper bound into
the odd-index source criterion of §155B.

The generating function and its poles

With Hiyeg(s) = —('(s)/C(s) = 1/(s = 1),

I(z) =Y 12" = Hreg(l/(lz_ ) e, (155E.4)
n>0

A zero p contributes the genuine pole

Zp=1=p',  ResT(z) = ——2 £0. (155E.5)

Z=Zp pr

Pringsheim’s theorem applied separately to the positive and negative coefficient parts gives
the same exponential obstruction on either sign. Admissible arithmetic progressions retain
it when the pole angles cannot collide; arbitrary sparse subsequences do not inherit that
conclusion.

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



155F. Direct curvature cutoffs and the envelope obstruction 85

Cosine-coordinate matrix

After the adjacent-difference basis change the arithmetic defect has the Toeplitz-plus-Hankel
form

Dy = 614+ Eq,
N N d = 0l =d (155E.14)
Eowo =0, Eor = r/\@a Ers = (JH-S + J|r—s\)/2'
The reserve obeys
~ 1-— 2d
R, » Lo cos(r/(2d)) (155E.15)

125
Therefore a polynomial one-sided bound on either parity of I, is an explicit sufficient arithmetic
target for RH. The detailed progression angle estimate and cosine-basis diagonalization remain
in earlier editions.

155F. Direct curvature cutoffs and the envelope obstruction

Section 155E isolates the actual curvature Iy_; = [5° e‘“M(u)Lg)) (u)du, with M(u) =
U(e") —e" + 1. A finite approximation must retain its regularization. This section gives
one directly on the real axis; Section 166G gives a different boundary approximation from
completed Taylor data at two. Neither proves the source upper bound.

For U > 0 fill the removable quotient at v = 0 and define

PN A(n 1—e WV
A= ¥ -1t

v

An) (155F.1)

~ n) (- -

Lo =Y =HriVegn)+L02©),  k>1.
2<n<elV "

The first function is entire in v and approximates the regular part Hyeg(1+v), not the unregu-

larized Euler sum. Negative Laguerre parameters here denote finite polynomial continuations;
they do not assert positive-weight orthogonality.

Proposition 155F.1 (finite regularization). For U > 0 and k > 1,

U ~
/0 e M (u) LY (u)du = Ty (U) — e U MU) LS (U). (155F.2)

Proof. The polynomial identities (e‘“L,(gl)(u))’ = —e_“L,(CO) (u) and (L,(cfl) (w)) = —L,(Cfl)(u)
have the required zero endpoint values at v = 0. Integrate by parts against dM =
Y ons2 A(n)dlogn — €*du. The atoms give the finite prime sum; the continuous term gives
the polynomial counterterm; the remaining endpoint has the displayed minus sign. At a
prime-power cutoff the atom and endpoint jumps cancel. [J
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For example Io(U) = U?/2=3 <o A(n)(logn)/n. Omitting its U? /2 does not approximate Io.
Omitting the endpoint from (155F.2) is also incorrect; it can be omitted from an approximant
only with its error included.

Theorem 155F.2 (uniform direct-boundary remainder). Retain the existence constants
C, ¢ > 0 in the PNT estimate |M(u)| < Ce* V%, enlarged on a compact interval as in Section
155B. For K > 1, U > K and v = ¢V U, set

C€K2/U

ex(U) = I Ufe™ + 2K +2

PEK+2,0)) . max [I-1— L (U)] < e (V).
o (155F.3)

Here I'(s,v) = [,° t*~le~tdt is the upper incomplete Gamma function. These are not newly
certified numerical constants for the primes.

Proof. Reversing the finite coefficients gives |L§€0)(u)| < (uF /RN SR B2/ (el < uk el u k).
The absolute coefficients of L,(c_l) are no larger. For u > U > K and k£ < K both are bounded

by uf eK?/U /K!. Apply the PNT estimate to the endpoint and the remaining integral in
(155F.2), using [°uleV¥du = 2¢72K 2T (2K + 2,¢V/U). O

For any fixed n > 0, a sufficient schedule is

Uk = max{K, [(1 +77)K160g(K+2)]2}7

(155F.4)
loger (Ux) = —nKlog K + 2K loglog K + O¢ ¢, (K).

Indeed, for v > 2K + 1 the incomplete Gamma term is between v>5 e~ and that quantity

divided by 1 — (2K +1)/v. Substitute v = (1+n)K log(K +2) and use Stirling’s formula. The
error is smaller than every fixed exponential in degree, but the prime cutoff is X = eV, much
larger than the exponential-in-rank Taylor cutoff of Section 166G. No necessity or optimality
is asserted.

In the cosine coordinates (155E.14), replace each I,, by its approximant, keep Jy = 0, and
retain the entire compensation /3. For d > 2 the highest index is 2d — 3. The row-sum bound
and (155E.15) give

< 125d
op 1 —cos(m/(2d))

Hﬁglﬂ(f)d — Dau)R;"? e2a-2(U). (155F.5)

Its prefactor is O(d®), so (155F.4) controls the full mixed block. This is a second boundary
approximant, not an identification with the Taylor polynomial or a sign theorem for either
matrix.

What the absolute PNT envelope loses
Put Fi(c) = 2(2k + 1)!/(k1c®+2) and Qx(c) = [ e~V L{” (u)du. Then
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Qrle) = (—~DFF(e) (et 4 o(1)),
(/0 efcﬁ\L,(CO) (u)\du) ~ %.

To prove both assertions, integrate the finite expansion and reverse its index. The ratio
(—D)*Qy/Fy is Z’::o(—l)TAk,r, where

1 Ak —J) (c2/4)" (c2/4)
-7 0< A, < . 155F.7
rl %22k = 5) + 1) rl = Sk = ( )

Ak,r =

Dominated convergence gives the signed limit. The absolute integral lies between |Q| and
F kec2/ 4 factorial asymptotics give its root limit. Thus preserving the Laguerre oscillation
alone does not repair an estimate that has already replaced the actual remainder by this
envelope. It is not a lower bound on the actual I,,.

One fixed positive counting measure shows that the obstruction is also one-sided. Let
F(X)= (X —1)(1 —eV8X) for X > 1 and ¥, = F. It is increasing and nonnegative, with

remainder M (u) = —(e* — 1)e” V¥ At ¢ = 1 the alternating sum in (155F.7) is at least 3/4.
Since [5°e™%|Li(u)|du < 2%, odd k = 2m + 1 give

IZm,s >

|
2(4m+3)‘ _ g2ml, (155F.8)

(2m +1)!

The integer-supported version Wy(X) = F(|X]) has positive weights F(n) — F(n — 1) at
n > 2. Differentiation gives 0 < F’ < 3/2 (use (1 —e~*)//t < 1). Hence

Ma(u)| < (1 + 3e!/ e Ve,
7, s 3UmAI 5o (155F.9)
2d = 5 Gmr 1) 27

These are artificial measures, not the von Mangoldt measure or a Gamma-completed zeta
function. They show that a PNT-quality envelope, monotonicity, nonnegative weights and
integer support do not alone force the curvature upper bound. The next section keeps
prime-power support as well, and identifies the arithmetic it still does not retain.

155G. The actual denominator and the limits of positive prime
support

Define the disk function

B(z) = z<< ) = > b, B(0)=1. (155G.1)

1—2z2 "0
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Its zeros in |z| < 1 are exactly the right-half-strip images 1 — 1/p. Combining B with the
curvature generating function of §155E gives the exact signed recurrence

n
S Tb T, = —(n+ 2)b3T + (20 + v + DB + (1 — n)biaem. (155G.3)
j=0
It is a convolution identity, not a positivity recurrence. Already b$" = v — 1 < 0, from
the Laurent expansion of ( at s = 1. Numerically bgen, . ,b‘f‘gn are positive, and a directed

Euler-Maclaurin certificate gives b??n < 0, where the sign changes again. Neither sign is a

negative Li coefficient or a negative Widder rung.

The coefficients are square summable with the classical normalization

D (b8)? = log(27) — Ve (155G..6)
n>0

but not absolutely summable. Thus an unweighted Neumann/Rouche argument is unavailable;
finite-radius control additionally needs a lower bound for the truncated denominator. The
constant in (155G.6) is the one of Theorem 96A.3: by (96A.5) it is also Y ;~o ((k)/Tx and a
weighted mean square of ¢ on the critical line. B

The prime-supported countermodel retained from earlier editions is deliberately stronger
than a cardinality toy model: it keeps positive prime-power weights, a PNT-size envelope,
a meromorphic Euler product and an arbitrarily long exact prime prefix, yet introduces a
conjugate pair of interior poles. Its role is only to show that those reduced hypotheses do not
imply the required one-sided curvature bound. It is not a model of the completed functional
equation and is not a counterexample to RH.

The next section therefore restores the exact divisor arithmetic. Full coefficient enclosures,
the countermodel Euler product and its pole separation are retained in earlier editions.

155H. Exact divisor arithmetic and a Mellin squared-error
target

Here pu(d) is the Mobius function, not a boundary moment j;. The actual primitive factors
satisfy Ax1 = log, ux1 = d; and A = pxlog. In particular, for N = [ X | and Hy = > < n 1/F,

N
X
> M(log k) =log(N!) — XHy + N. (155H.1)
k=1

Finite reordering gives >,y W(X/k) = > ;<n A(d)|X/d]. Regrouping by the product
gives 3, <n 2an A(d) = log(N!). Both subtractions in M are retained. The perturbed
weights in Section 155G add the discrepancy >2, <y (> gjn Ap(d) —logn). Thus (155H.1) uses
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information absent from that model, but alone supplies no sign for the delayed, correlated
Laguerre transforms.

Take finitely supported real coefficients cq with Y°;cq/d = 0, and define

De(s) = cad™, he(a) = 1= Y cala/d],
d d

_ [ dv (1 - ycaln/d])? (155H.2)
’/V(C)_/l hel@)” 22 _gl 1)

The scalar D, is not the defect matrix Dg; this Mellin error is not a Bernstein row energy.
Balance gives he = 1+ Y cq{z/d} and |he| <1+ 3 |cq4|, so the norm is finite. Jumps occur
at integers, proving the series. The weight 1/[n(n + 1)] = 1/(27,,) is exactly the integral of

272 over that unit interval. The square follows the signed divisor sum.

Proposition 155H.1 (Mellin identity). For s > 0,

E.(s) := /100 ho(@)z—dr = L= CEDels)

5 (155H.3)
N (e) = 217T/R|Ec(1/2+it)|2dt.

Proof. For s > 1, each floor integral equals ((s)d™*/s. Summing proves the identity there.
The bounded error makes its integral holomorphic for Rs > 0; D.(1) = 0 cancels the zeta
pole, so continuation proves it throughout. At = = e, hc(e“)e*“/2 lies in L' N L? on u > 0;
Fourier Plancherel gives the factor 1/(27) and the norm. OJ

If L is a common multiple of the support indices, balance also gives h.(n + L) = h¢(n).
Summing through 7" has the rigorous tail budget

(155H.4)

~ he(n)? (14 Y leal)
OSJV(C)—;n(n+1)§ T—il '

Exact-prefix cancellation and zero detection

Require additionally ¢4 = p(d) for 1 < d < K. The inverse-divisor identity gives
> a<n (d)|n/d] =1 for every n > 1; coefficients beyond K cannot affect the first K intervals.
Thus he(x) =0for 1 <z < K +1.

Theorem 155H.2. Every actual zero p = o + iy with o > 1/2 forces, for every balanced
exact-prefix family,

(K 4 1)%1 (155H.5)

Proof. At a zero, E.(p) = 1/p. By the vanishing prefix and Cauchy-Schwarz, |p|=2 <
N(e) [y ™2 de = A (¢)(K +1)'727 /(20 — 1). No phase selection or verified height is used.
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O

Consequently the following is sufficient for RH, even along one fixed unbounded sequence of
actual prefix lengths:

Ve>03C. <o VK i N (B < C(K +1)°. (155H.6)

The family must be specified and preserve balance and the exact prefix. No converse is
asserted for an arbitrary choice of extensions. A fixed O(K?) bound, 0 < a < 1, excludes only
Rp > (1 + a)/2, and reflection gives the corresponding symmetric strip. Unlike a polynomial
matrix-rank allowance, the prefix-length allowance here must be below every positive power.

One explicit balanced extension is

d —s —s
ae= N Mgk D) = Y @ garg ™, ) < 4K ),
d<K d<K
(155H.7)
Indeed Kax =1+ 3 < x p(d){K/d} gives lag| < 1. Then |h.| < 2(K + 1) and its vanishing
prefix gives the displayed linear bound. For o = Rs > 1 the same family satisfies

-0

1

D - < —

Pt~ 51 =

This is safe-half-plane convergence, not the missing subpower norm estimate. At K = 1,
D1(s) =1 —2'"% and h.(n) is one for even n, zero for odd n, giving

+(K+1)77 —o. (155H.8)

1

A (M) :Zm

Jj=1

=1-—log?2. (155H.9)

Why a natural balanced primitive product fails

For integer P > 2 set Qp = [[,<pp and

Ap(s) = H (1—-p%) = Z w(d)d=*, ap=Ap(1), D5(s)=Ap(s) —ap. (155H.10)
p<P dQp

This uses actual inverse Euler factors. The subtraction enforces balance, but changes the
coefficient at one: it is not an exact-prefix family. Although Ap — 1/( for Rs > 1 and
a;l > Hp — oo, the norm satisfies

pl/3
N (PP) > ah(P+1— Hpyy) > 182 (P =5). (155H.11)

Proof. Inclusion-exclusion makes >y, #(d)[n/d| count the integers at most n coprime
to @p. Only one survives for 1 < n < P. The balancing correction therefore makes
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hgp(n) = apn. Their contribution to (155H.2) is the first lower bound. For an elementary
product bound, adding all integers coprime to six gives ap > %H5§TLSP’(”’6):1(1 —1/n).
Use —log(l —1/n) < 1/n+ 1/[2n(n — 1)] and pair 65 — 1,65 + 1. Their reciprocal sum
through J = [(P+1)/6] < P is at most (log P+1)/3+1/70, since 1/(65 —1)+1/(6j+1) =
1/(37)+1/[35(3652—1)]. The remaining logarithm error is at most 1/8, and 1/3+1/70+1/8 < 1.
Thus ap > e~'/(3P'/3). Finally P+ 1 — Hpy > P/2. O

Even division by 1 — ap to restore the first coefficient leaves the ramp ap(n —1)/(1 — ap)
and a positive multiple of the same P'/3 lower bound. This excludes the displayed balancing
scheme, not all Euler products or mollifiers. The successful family would need an upper
bound such as (155H.6); neither tested construction provides it. The framework is classical
Mellin/fractional-part approximation, with no claim of literature priority.

155I. One denominator residual, Mellin norm, and Laguerre
expansion
The denominator of Section 155G and the balanced arithmetic approximant of Section 155H are

connected by an exact norm identity. Keep the same cq4, D, h. and A (c); put s(z) =1/(1—=2)
and

Ce(2)

De(s(2))/z,  Cc(0) = De(1),
Fe(z) =1

— B(2)Ce(2) = 1 —((s(2)) De(s(2))-

Balance removes the apparent singularity in C.. The residual at zero is 1 — D/(1), not 1:
treating ((1)D.(1) as zero would lose the removable product’s limit.

(155L.1)

Theorem 1551.1 (exact isometry). With the normalized Hardy coefficient norm on D,
the residual belongs to H2(ID) and

Fe(z) = Z rn(c)z", rn(c) = /OOO e_uhc(e“)Lglo)(u)du,
=20 (1551.2)
[FellFrz = > ra(e)? = A (c).

n>0

Proof. The exact Mellin identity (155H.3), with g(u) = h.(e"), becomes

Fe(z) = 1 /Ooo e “g(u)exp (— luz ) du. (1551.3)

11—z —Z

The kernel is the ordinary Laguerre generating function. On a small closed disk |z| <r < 1/2,
its absolute coefficient majorant is (1 —r)~ ! exp(ur/(1 —r)). Since g is bounded, termwise
integration is justified locally. The Laguerre polynomials are orthonormal in L?(e~%du) by
Rodrigues and integration by parts. They are complete: if f is orthogonal to all polynomials,
then A(t) = [;° f(u)e “e™du is analytic for Rt < 1/2 by Cauchy-Schwarz and all its
derivatives at zero vanish. Analytic continuation and Fourier uniqueness on the imaginary axis
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give f = 0. Parseval now proves (1551.2), since [ |g|?¢~“du = .#(c). The square-summable
series defines an H? function on the whole disk; identity with (1551.1) follows from local
equality. This does not infer a Hardy bound from pointwise boundary values alone. [J

For a normalization check, s(e®) = 1/2 + (i/2) cot(6/2) and |df| = dt/(1/4 + t?). The
normalized circle norm is therefore exactly (155H.3), with its single factor 1/(27).

The finite Dirichlet polynomial gives explicit multiplier coefficients:

C _
C(2) = 3 tale)2", tu(c) =3 EC’L; (g d),
n>0 d
n (1551.4)
rn(c) = 1p—o — Z b}ientn_j (c).
§=0

Indeed De(s(2)) = Yg(ca/d) exp|—(logd)z/(1 — )] and exp[—az/(1 — 2)] = Yyso LL (@) 2F;
its constant term cancels by balance. Each convolution is finite. Thus the same error is

2
n

Cd - (—
A (&)=Y [Lumo = SH™ D FLT, (g d)| (155L5)

n>0 §=0 d
Signs remain inside the square; absolute summability of b?en is neither used nor true. Schwarz’s

lemma applied to the numerator of C, gives ||Celloo < 3 |cq|/V/d. This and (155G.6) do not
establish subpower growth for chosen families. For ¢; = 1,¢c0 = =2, 19 = 1 — log2 and
A (¢) =1 —log 2; the constant coefficient contributes only (1 — log2)? to that full squared
norm.

Prefix support is the additional analytic information

For ¢y = p(d) through K, set T'= K + 1. The support cancellation h. = 0 on [1,T) gives

Ger(z) =T ODV2F () € HY,  ||Ger|?p = A (c). (155L.6)

To prove this, apply the same isometry to @+ T~'/2h.(Tx). Tts norm is [ he(v)?v™2dv =
A (c) and its Mellin transform is T5"'/?E.(s). The prefix is essential: T7%(*)=1/2 is not a
bounded multiplier on arbitrary H? functions.

At an actual zero p = o + iy with o > 1/2, Fe(z,) = 1 and 1 — |2,|> = (20 — 1)/|p|?. The
coefficient evaluation inequality |G(2)|? < [|G||32/(1 — |2]?) recovers exactly (155H.5), with
the same constant and exponent.

This joins the analytic denominator and exact-divisor error in one residual, not an improved
zero lower bound. The remaining sufficient estimate is (155H.6). A finite prefix of coefficients
in (1551.5) gives a lower bound on the full norm, not an upper tail certificate. These infinite
Laguerre coefficients are not the curvature I,,, the finite Bernstein—Laguerre row at two, or the
reserve-normalized boundary matrix. The shared polynomial basis does not identify different
inputs or norms.
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155J. Fixed plateau exponent, scalar logarithmic target, and
proof firewalls

Sections 155H-1551 gave a sufficient exact-prefix construction target. For one specified family
the exponent can be identified exactly. Define

2
A = d dx
W) = X @ (1) ds U= [T @+ X ) (1- ) {:c/d}| e
d<N 0 d<N
(155J.1)
For K < L, put
LV, — KVi

A = CK7L(S) = A}QL(S) — (K + l)A[QL(l)(K + 1)73. (155J.2)

’ L-K ~
The coefficients of Ag 1, equal p(d) through K and then taper linearly to zero. The final term
balances at the first index after the exact prefix, so it changes no coefficient through K. With
E =log(2m) — v, Minkowski and the exact initial cancellation give

2
N (Cxr) §E<L" Uztf{ UK) . N(Cgaox) < 9Emax(Uk, Usk).  (1551.3)

The constant is independent of the prefix length; this is not a constant-cost repair theorem
for arbitrary input coefficients.

Theorem 155J.1 (fixed-family exponent). Let O = sup, Rp, over nontrivial zeros. Then

. log(1+Uy)
lim ——————=
N—oo  log N

_90.—1,  lim 08UFA(Crar))

=20, -1 155J.4
K—00 log K ¢ (1557.4)

Proof. The upper exponent is as before: fix o9 > ©¢, use the zero-free-half-plane Mdbius
estimate quoted in Béez-Duarte [25, Lemma 2.1], and remove the damping by finite Abel
summation. This gives Uy <5y, IV 200—1+¢  The lower exponent for the raw taper needs
a bootstrap because Vi does not have an exact Md&bius prefix. For a zero p = o + iy put
§=20—1>0andb,=+5/(|p]VE). For K < N the exact-prefix plateau relation implies

VUy > (1 - jfé) by(K +1)%/% — %\/UK. (155J.4a)

If Uy < DK® with a > 8, choose K = | (rN)?/2+t0=9) | with 0 < r < b,/(4V'D). Then, for all
sufficiently large N,

Uy > ¢papN?/(2Ha=0), (155J.4b)

Use the global upper exponents a > 20, — 1, then let the zero real parts approach ©, and
a decrease to that value. The endpoint ©; = 1 uses the elementary linear bound; at 1/2
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nonnegativity of log(1+4 Uy ) supplies the lower limit. Equation (155J.3) transfers the exponent
to the balanced dyadic plateau. [J

Thus, for this specified family,

[RH <= VYe>0: Uy =O(N),

(155J.5)

with the estimate allowed on one fixed unbounded set of indices. This is a fixed-family
converse; it does not assert boundedness under RH and does not apply automatically to
arbitrary exact-prefix extensions.

Write

Xy =2 Y p(due) (1 - ]Cé) (1 — ;) G(d,e),  G(d,e)= /Ooo{x/d}{w/e}if

d<e<N
(155J.6)
The diagonal and linear pieces can be evaluated separately and give
log(27) —
Un — Xy = rlog N + kg + o(1), = ‘W (155J.7)

Hence the remaining norm target may be written one-sidedly as Xy < C.IN€ for every € > 0
on one fixed unbounded index set. The signs u(d)u(e) remain outside the positive Gram
kernel; positivity of G does not supply this upper bound.

A second, different scalar target is

Bog(a) =1- Y B M) 1o/ d). (155J.8)
d<z

Its Mellin transform is 1/s — 1/[s%¢(1 + s)]. The same pole/positive-envelope argument gives

RH <= Ve > 0: Big(n) < Con V2t (n>.1). (155J.9)

No positivity of Bj,g is assumed. The eventual-integer form can, however, be replaced by two
structured meshes. Put M(x) = >-;, pu(d) and

{t}

w(t) zlogt+'yE—HLtJ —(yveg—-1)— (155J.9a)
Finite divisor convolutions give
1 - 1)1 1 /=
Biogl(z) = (7E$ Jlogz _ . / M /t)w(t)dt. (155J.9b)
1

Here |w(t)| < 1/t, and the rational interval certificate gives [ Jw(t )\t_l/th < 0.950760 < 1.
Hence |M(y)| < Ay? through X, § > 1/2, implies | Biog(z)| < (1 + A)z?~! on the same finite
range. This is one-way smoothing, not a contraction equation for the same unknown.
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In logarithmic coordinates, the exact Dirichlet Green formula yields
Biog(x) < max{Biog(a), Biog(b)} + — log (b/a), a<xz<b. (155J.9¢)

Consequently (155J.9) is equivalent to its restrlctlon to all sufficiently large fourth powers
x = k*, and also to the squared triangular mesh = = Tk, with the same arbitrary positive
slack. The interpolation costs are O(afl/ 2). An arbitrary sparse sequence is still insufficient.

The original balanced canonical prefix family has the same sharp power exponent. If Jg is
the raw untapered norm and Nx the balanced canonical norm, then Nx < EJg and
log(1+ Nk) . log(1+ Jk)

= 1 —_— - = 2 - 1. 1 .
K—o0 log K Kgnoo log K ®< ( 55 gd)

The accepted unconditional Mertens estimate also transfers to the fixed taper:

Uy < Nexp(—cy/logN), XN < N exp(—cy/log N) (155J.9¢)

for some ¢ > 0; the second statement is one-sided. These improve the finite allowance while
leaving power exponent one, so neither proves RH.

The arithmetic norm also has the exact sine realization

sm 7Ta: C 00 T a2 sz
Pu(w) = 22 +2 —{dr}, W(c):/O o iy - C)

dx.
x 2 Jo sin?(mx) “

(155J.10)

This is an isometry for the same signed arithmetic residual, not a replacement by the positive
sine-comparison measure of Section 12A. It gives no missing upper estimate.

Determinant and topology checks

A Vandermonde on n nodes has scaling degree T, _1. For confluent multiplicities m;, total n,
the degree is Ty,—1 — >_; Tin;—1 = >_;<; mimy; raw derivative columns also carry []; HJ 20 L,
removed by Taylor normalization. This explains recurring triangular determinant exponents
but identifies no new source operator.

For finite coefficient optimization, if H > 0, C'p = u, and C' has full row rank, the constrained
minimum is
pe = H'C*(CH'C*) lu, Qin p*Hp = u (CHC*) . (155J.11)
p=u
It is a useful exact solver for prefix/balance constraints, but a minimum over adjustable
coefficients is not an upper bound on the fixed taper above. A positive kernel update likewise
need not decrease a normalized defect: the reviewed rational counterexample has Ky — K3 = 0

while 25/99 < 4225/15136. Finally, completion arguments must retain continuity of the zero
observation. Our exact-prefix Mellin route does so through

/ he(z)z ™ tdx
q
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These checks close tempting shortcuts; they do not improve the open upper bound in (155J.7)
or (155J.9).

53. Complete-Bernstein and operator-monotone owner

The Stieltjes criterion in PP1 has a natural increasing form.

Theorem 53.1. With h(z) = xS5¢(x),

RH <= S is Stieltjes
<= h is a complete Bernstein function (53.1)

<= h is operator monotone on (0, c0)

The middle equivalence is the standard Stieltjes—complete-Bernstein correspondence: a non-
negative f is complete Bernstein precisely when f(z)/z is Stieltjes.

A direct proof is instructive. Under RH,

X

h = 53.2
@) = my (53.2)
[
For ¢ > 0, the map
flX)=X(X+qD) ' =T —q¢(X +qI)! (53.3)

is operator monotone increasing because inversion reverses positive-operator order. The series
converges locally in operator norm by (48.1), hence h is operator monotone.

Conversely, Lowner’s theorem extends an operator-monotone function on the positive half-line
to a Pick function holomorphic in the upper half-plane. The genus-zero continuation of
(53.2) has poles at —g,. If a folded zero were nonreal, conjugation symmetry would place
one of —q,, —q, in the upper half-plane. Common-sign multiplicities prevent cancellation,
contradicting holomorphy. Thus every g, is positive real and RH follows from (50.12).

For positive nodes 1, ..., zy, define the Lowner matrix

h(zi) — h(z)

Ly, an) = [0l by = T — (53.4)
h,(xl)v =7
Then
RH < Lp(z1,...,2n) = 0 for every finite positive node set‘ (53.5)

The 1 x 1 condition is exactly
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54. Exact Gamma—prime source matrix 97

W(x) = Se(x) + xS¢(z) = Wi(z) > 0 (53.6)

Thus the analytic W7 theorem is the first diagonal Léwner condition. The higher scalar
Widder rungs are local derivative shadows of the full matrix problem; no finite collection of
shadows replaces (53.5). Section 48C gives an exact rational rank-two witness showing why
the centered Gamma pole terms cannot themselves be split into positive Léwner sublattices;
this closes a proposed decomposition route without changing (53.5).

54. Exact Gamma—prime source matrix

On the safe real half-line s > 1, put

1+R

R =1+ 4z, s:0+i0:T>1 (54.1)
The explicit source formula separates exactly as
1
Se(x) = - + G(z) — P(x) (54.2)
where
Yv((1+ R)/4) —logm 1 A(n)
G(z) = P(z) = —= 54.3
(@) ) @=7 % (54.3)
Indeed,
1 /1 1 1
~—(z == 54.4
R (s + s — 1) T ( )
Therefore
h(z) =1+ 2G(x) — zP(x) (54.5)
The constant disappears from divided differences. Define
L lmG(aci) - :cjc;(xj)] Ly lxip(xi) — x,;P(x) (54.6)
i — l‘j .. Xr; — l’j ..
i,J i,
with diagonal entries obtained by differentiation. Then
|Ln=Lr—Lp] (54.7)

This identifies the principal missing theorem in source-native form.
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Open Source Forcing Theorem. Prove directly from the explicit Gamma and von-

Mangoldt terms that
549

for every finite positive node set.

By Theorem 53.1, (54.8) is equivalent to RH. Unlike a zero-side restatement, it keeps all
arithmetic on the absolutely convergent real Dirichlet half-line. It is stronger and more
coherent than proving Wy, Wi, ... one at a time, although finite-rung certificates remain useful
local information.

The proof map in Reading Volume §R24 displays this all-node source obligation with its
quantifiers. Reader §R15 supplies the moment-to-matrix dictionary.

131. Gamma-triangular analytic scaffold

The triangular fold is the exact invariant-coordinate identity

g=s1—s)=—-2T,; (131.1)

To turn this coordinate identity into an analytic statement about the Gamma factor, antisym-
metrize its logarithmic derivative across the two sheets.

Put

Ar(s) = %w(s/Q) _ %logw R=2s—1 q=s(1—s) (131.2)

and define folded antisymmetrization by

31Al(q) = (131.3)

The classical digamma partial fraction gives

Ap(s) = _w Y (2 ! ! > (131.4)

For every m > 0,

(s+2m)(1—s+2m)=q+2m2m+1) =q+2Tay, (131.5)

whereas

t .t __R (131.6)
s+2m 1—s+2m  q+2Tonm '
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The regularizing terms in (131.4) cancel under (131.3). Local normal convergence away from
the pole set follows from 2Ty, = 4m? + 2m.

Theorem 131.1 (Gamma-triangular scaffold). Meromorphically in g,
®ale) = FlArl() = 2 Y —o— (1317
2 = a4+ 2T
Hence the nonpositive even Gamma lattice folds exactly to
g=—2Tom =0, —6, 20, —42, 72, ... (131.8)

This is the first explicit analytic intertwiner from the Gamma factor to the triangular lattice
in this volume. It is stronger than (131.1), but its weights and spectral orientation remain
distinct from the synthetic measure of Section 96.

132. All-order Lowner geometry of the scaffold

For ¢ > 0, (131.7) is a Stieltjes transform with measure

dur(a Z ST, (da) (132.1)

The Stieltjes integrability condition holds because the positive atoms grow quadratically.
Therefore, for every k > 0,

k! & 1
L ) s —— >0 132.2
(=1)*& A" (q) 9 mzzo (q + 2T )FH1 ( )
Define
(@) = qBalg) =+ 15 1 — 2T (132.3)
gr\gq) =¢q AQ—2 Qm_1q+am Am = 2m .
For distinct positive nodes q1, ..., qn, direct divided differences give
1 (o)

L Yy — 132.4
QF(Q1 QN 2 Z: qz+am)(q_7 +am) ( )

Every summand is a rank-one Gram atom. Strictness follows because a null vector would
make the rational function Y, ¢;/(¢; + a) vanish at every a = a,,; its numerator has degree at
most N — 1, so infinitely many distinct zeros force every c¢; to vanish.
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Corollary 132.1 (all-order scaffold Lowner theorem). The function gr is complete
Bernstein on (0,00), and every finite Lowner matrix in (132.4) is positive definite at
distinct positive nodes.

This solves an all-order triangular Gamma model. It does not solve the source matrix (54.7),
because gr uses both sheets through Ap(s) — Ap(1 — s).

133. Completion cancels the scaffold
Write

€§(<§;:AO<S>+AF<S>+A<<S> Ag(s) =~ + —— A<<s>=§(s) (133.1)

The completed logarithmic derivative is odd under s — 1 — s. Hence

Me(g) = $[Aol(@) + Ba(0) + FAJ(@)  FlAo(g) = —; (133.2)

For m > 1, the Gamma term has residue +1/2 at ¢ = —2Tg,,. The simple trivial zero of ¢ at
s = —2m contributes residue —1/2 through the reflected zeta term. At ¢ = 0, the elementary,
Gamma, and zeta residues are respectively

1 1
-1 = = 133.3
A (133.3)
Proposition 133.1 (exact trivial-scaffold cancellation). Every pole ¢ = —2Tj,, of

the Gamma scaffold is removable in the completed folded resolvent. None is a zero or
spectral atom of &.

Binet’s formula supplies a complementary positive-kernel description. For z > 0,

1 1 e
logT'(2) = (z - 2> logz — 2z + 3 log(2m) + / e Kp(t) % (133.4)
0
where
1 1 1 1 1
Kp(t) = — -+ == =coth(t/2) — - 133.
B(t) — t+2 2cot (t/2) t>0 (133.5)

Indeed, with uw = t/2, positivity is equivalent to wcoshu — sinhu > 0; its derivative is
usinh v > 0. Differentiation gives

IR YO SR SN Ay
Ar(s) = Slog o= — o — - /0 e K (1) di (133.6)
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Thus the Binet remainder is completely monotone, but it enters Ar with a minus sign. The
safe-half-line block cannot be replaced by the positive scaffold. In fact, with G from (54.3)
and hr(z) = 2G(z),

o(1/2) 1 log(4
lim - () = (/)2 Ogﬂ:—7E+;g( ™ <o (133.7)

Proposition 133.2 (Gamma-only source no-go). The actual source block Ly is
not positive semidefinite even at order one for all positive nodes. Completion-level
Gamma-prime cancellation is necessary.

The scaffold figure in Reading Volume §R17 summarizes these exact cancellations.

133A. Quarter-Gamma products and a positive triangular com-
parison

The half-sized Gamma argument selects the even triangular ladder. For a = s/2, b= (1—3s)/2,
and ¢ = s(1 — s),
4(m + a)(m + b) = 2T, + q. (133A.1)

On s = 1/2+it, the two arguments are conjugates. Set C(q) = I'(s/2)I'((1—s)/2), independent
of the selected root of s(1 — s) = gq. The convergent Gamma product gives

I'(1/4)? A t?
IT(1/4+it/2)]2 11 (1 T Tt 1/4) ’

m=0
d © 1
_d7q log C(q) = mzzo m = 26&(‘])7 (133A2)
_WE r(3/2) = g
B@ = o ~tarsarara s - 1L (1+75,)

Here the logarithmic derivative is for ¢ > 0, and E(0) = 1 by removal of the zero-point
singularity. The normalization follows from C(q) ~ 2,/7/q. Alternatively the finite product
equals I'(N + 1+ a)['(N + 1+ b)['(3/2) divided by I'(1 4+ a)I'(1 + b)I'(N + 1)I'(N + 3/2); the
N-dependent ratio tends to one because a + b = 1/2. This proves the product and its normal
convergence directly.

Consequently E'(0) = 3,51 (2T2m) ! = 1—log 2, recovering (TR.3). Euler’s Beta substitution
v=1¢€"/(1+e") also gives

C(1/4 + ) _2f/ cos(ty) g, (133A.3)

\/coshy
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The reciprocal sum is the negative logarithmic derivative of this integral, not the integral
itself. Differentiating (133A.2) gives (log C)"(q) = _,50(q + 2T%m) "2 > 0 and (log E)"(q) =
— > s1(q + 2T%,,) 72 < 0. The signed cosine integrand is not a positive measure in the
parameter ¢; the product proves these g-curvature statements.

The reciprocal telescope has a compatible Gaussian difference formula:

1 2 00 g—t?u _ p—(z+1)*u N o 1
RS du (x> 0), ——2(1-——). (133A4
T, ﬁ/o N v (@>0) ;Tn ( N+1> ( )

Scaling Euler’s Gamma integral proves the first identity; finite telescoping and monotone
convergence give the infinite sum two. With f,(t) = n~Y2=i the full adjacent product retains
the phase:

1

(fn = foa1)(fo + far1) = ﬁ + ZzTn sin <tlog n:; 1) ) (133A.5)

Its real parts sum to one; the complex series converges absolutely for fixed ¢. This is an exact
connection to the Mellin weights of Section 153, not a zero-location assertion.

Proposition 133A.1 (all-order Li positivity of the comparison). Define M(s) =
E(s(s—1)), explicitly E(—q(s)) rather than E(q(s)). For a,, = 275, let cos b, = 1—1/(2a,,)
and define log M(1/(1 — 2)) = 32,51 £n2"/n. Then

by =2 Z [1 — cos(nb,)], 0< £, <n?1—1log?2). (133A.6)

m>1

Proof. Under s = 1/(1—z) each factor of the product becomes (1—e%m 2)(1—e~m 2) /(1—2)2.
Taking its local logarithm gives the coefficient in (133A.6). The bound 4 sin?(n#,,/2) < n?/an,

proves convergence; for fixed n, sufficiently small positive 6, give strictly positive summands.
O

Thus ¢; = 1 — log2, whereas the actual first Li value is Ay = (1 — log2) + (vg — logm)/2.
The first correction is already negative. The remaining local logarithm log(&(s)/(£(1)M(s)))
needs a separate source estimate. The cancellation in Section 133 still applies; no comparison
spectrum is identified with the actual completed spectrum.

For comparison, scalar log-convexity alone is insufficient. The positive real-axis Laplace
transform F(s) = (2+cosh(4(s—1/2)))/(24 cosh 2) is reflection symmetric and has (log F)" =
16(2 cosh(4(s — 1/2)) +1)/(2 4 cosh(4(s — 1/2)))? > 0 on the real axis. Its zeros nevertheless
have real parts 1/24arcosh(2)/4 and imaginary parts (2k+1)m /4. Positivity of the comparison
in (133A.6) uses its particular product, not merely scalar convexity.
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Technical chapter V. Flux geometry
and rational witnesses

One energy gives the collar flux, the parabolic pullback and the rational witness criterion. Its
zero-height slice leads to the source-rung calculations.

20. Normalization
Define

and for ¢ > 0,

The Wronskian is

Q.(t) = A.B. — A.B,

Cauchy-Riemann gives the exact identities

1 "1
(1) = LOLIE()P = Ec<t>|2%§(2 +o-it)

The canonical normalization in this volume is

The division by ¢ makes J, the derivative with respect to the square coordinate c?, as proved
in §25.
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21. Generalized Laguerre hierarchy

For a real entire function f, define

2n
Lalfl) = gy S0 (%) 0 s P
" k=0

In particular,

The exact generating laws are

B =3 LaEl(H)
n=0
and
Jt) = 3 nLa[E] (B2
n=1

At the fold,

Jo(t) = L1[E](t) = Z'(1)* - E()="(t)
This series already suggests the correct differentiation variable: ¢2, not c.

The generalized-Laguerre hierarchy is the even collar Taylor series of xi energy

Even Taylor reconstruction Truncation error
1.016 A ) )
w direct xi evaluation
—— through L_1 1075
10141 __ through L_2 =
through L_3 g2 1077
1.0129 — through L4 5}
B 2 10-
~ 1.010 4 2
c 2
= 2 1011
= 1.008 ©
= ]
S E} 10—13 4
G 1006 1 3
s ¢ 107154
1.004 2
7“3 107174 —— through L_1
1.002 = —— through L2
10-19 through L_3
1.000 4 —— through L_4
0.00 0.02 0.04 0.06 008 010 012 014 0.00 0.02 0.04 006 008 010 012 014
c? c?

Figure 23: Direct xi evaluation and its even generalized-Laguerre Taylor reconstruction at t equals
10.
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22. Energy and flux kernels
Let ® be the even theta kernel with

(t) = 2(1)

[1]

If fo(z) = e~ “*®(x), then the energy kernel

Hc:fc*]?c

satisfies

He(t) = |Ee(t)> >0

Differentiating in the collar direction gives the flux kernel

1

Ce(z) = %

/R(x — 2u) sinh(c(z — 2u))®(u)P(z — u) du

It obeys

Je(t) = Ce(t)

Pointwise C.(z) > 0 because ysinh(cy) > 0. However,

Ce(x) > 0= Co(t) > 0
The missing statement is positive definiteness of C..

Pointwise nonnegativity does not imply a nonnegative Fourier transform

fix)=e™*(1+6x2) =0 fit) = vite 144 - 21?)
2.5 negative transform
6
2.01
44
1.5
Z s
= &= >
1.0
0.5 1 0
0.0 2
-3 =2 -1 0 1 2 3 -6 -4 =2 0 2 4 6
X frequency t

Figure 24: A nonnegative function with a sign-changing Fourier transform: the positive-definiteness
firewall.
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22A. Every rung test has essential Fourier cancellation

The firewall closing §22 is not a gap in the argument; it is a theorem, and it holds at every
order. Fix z > 0, put b— and a = /x + % > b, and let

k
L Rt = [t (224.1)

fra(t) = (2 + a?)?

Here t is an independent real frequency; it is not a substitution for the imaginary part of an
off-line zero, and (22A.1) is a scalar test, not the completed Weil form.

Theorem 22A.1. For every x > 0 and every integer k£ > 1, the real even transform ka
has at least k& sign changes on u > 0. Consequently f; . is not positive definite. For odd
k the transform is eventually negative; for even k it is eventually positive and negative
on some nonempty interval.

Proof. Parameter differentiation of the elementary rational transform gives ®,,(u;a) =

Jp(t? + a?)"me"Mudt = (( Dl ol 6 ~!(Zemalul). Expanding 2 + 0% = (2 + a?) — z,

k
Fro(u) = (42)* > (?) (—2)? @1 (u;a) (22A.2)

J=0

which for u > 0 is e™®" times a real polynomial of degree 2k — 1 whose leading coefficient
is (—1)*272%* /[(2k — 1)!a®*]. So the transform has finitely many sign changes, exponential

moments for |y| < a, and ka(O) = [ frz > 0. Analytic inversion in the strip |3t| < a gives

k
43?(62 —y°)
whose right side has a zero of order exactly k£ at each of y = +b, both strictly inside the strip
since z > 0.

Now the variation-diminishing step. A continuous real g # 0 with M sign changes and finite
exponential polynomial moments has a bilateral Laplace transform with at most M real zeros,
counted with multiplicity, inside the interval of convergence: for M = 0 the transform has one
strict sign; for the induction step, multiplying g by (u — ug) at a sign change removes one sign
change and replaces F by F/ — ugF = e"0¥ (e “Y [ )/, and Rolle’s theorem with multiplicities
closes the induction on each compact subinterval. Applied to (22A.3), the 2k zeros force at
least 2k sign changes on the whole axis; evenness and fkw (0) > 0 put at least k of them on
u > 0. The leading coefficient gives the eventual signs. [J

The obstruction is already visible at weight zero: the identity

s=o+ 1t Volume I — Technical Dossier, v5.1 — RH OPEN



23. Signed zero blocks 107

/Rcosh(u/2) ka(u) du =0 (22A.4)

rules out an everywhere nonnegative transform, since a nonzero nonnegative density would
have strictly positive weighted integral.

Scope, and the k£ =1 consistency check. This closes, at all orders, the route that asserts
the rung sign by claiming these scalar tests have nonnegative transforms. It does not exclude a
separate Weil-functional representation, a two-variable positivity construction, or an argument
using more of the arithmetic source. For £ = 1 the transform’s unique positive root is exactly
the crossover u, = (1+ ﬁ)/a recorded at §R11 — at x = 1, 3,10 it is 1.34164079, 0.64715023,
0.32796490 — so Theorem 22A.1 contains the volume’s exact first-rung statement as its first
case rather than competing with it. A residue computation of (22A.2) for k < 4 at x = 1,3, 10
returns degree 2k — 1, leading sign (—1)*, and exactly k positive roots in all twelve cases;
whether the count is exactly k£ in general is open and is not used.

23. Signed zero blocks

Let an off-axis zero quartet have horizontal displacement a > 0. Its paired contribution to the
normalized horizontal log-derivative is

1 c—a c+a
H = —
ac(®) ¢ l(c—a)?+u? + (c+a)®+u?
Equivalently,
2(c? + u? — a?
Haco(u) = ( )

((c—a)2 +u?)((c+ a)? +u?)

If a < ¢, the block is positive for every u. If a > ¢, it is negative exactly when

lul < Va2 —c?

Thus

b=+va*—c

is the exact negative-core half-width. It is not an optimal smoothing radius.
At a fixed ¢, a dangerous block can be hidden. If k critical-line blocks are placed at the same
ordinate, complete compensation occurs exactly when

k(a® — %) > 2¢
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24. Master energy and collar variables 108

This firewall is correct, but it concerns a fixed horizontal line. It does not survive the limit in
which ¢ approaches the target zero itself; that limit is the key to Theorem 27.

An off-axis zero block has an exact éegative core

targe flil‘lsplace

Boundary: |u| = V a? — ¢? with &= 0.30

1
1
0.4 1
1
1
1
1
1
0.2 !
2 1
; !
5 |

o 0.0 negative positive
© |
£ 1
° 1
° i
-0.2 \
1
1
1
1
]
-0.4 1
1

. , i ;
0.1 0.2 0.3 0.4

collar displacement ¢

Figure 25: Exact sign region of a synthetic off-axis zero block.

24. Master energy and collar variables
Put

2
c>0

M(e,t) = '§<%+c—it)

Functional equation and conjugation imply

M(—c,t) = M(c,t)

Hence M is analytic in the square variable

Tr ==cC

On the complementary collar 0 < ¢ < 1/2, define

1 1 1+ 2¢

= — = 1 — = — — 2 =

p=g5tec T=pl-p)= - r=0

The fold is ¢ =0, p = 1/2, 7 = 1/4, r = 1. Moving outward on either sheet increases |c|,
decreases 7, and sends r away from its fixed radius.
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25. Theorem A - Cayley-Laguerre flux identity

For every ¢ > 0 and every real t at which the displayed logarithmic derivative is finite,

0
a(CQ)M(C’ t) = Jc(t)
and
9 o= €,
@log/\/l(c,t)—@c() . §<2+C zt)
Equivalently,
0 0
Jc(t) = _EM(Tv t) Qc(t) = _E lOgM(T7t)

Proof. By the Wronskian identity,

DeM(c,t) = 2Q.(t) = 2¢J.(t)

Since 0,2 = (2¢) 10, the first identity follows. Dividing by M gives the logarithmic identity.
Finally 7 = 1/4 — ¢, 50 0; = —0,2. O

The phase-complement product 7, the generalized Laguerre flux J., and the horizontal log-
derivative ). are linked by these derivatives of one energy. The next theorem identifies its
folded-resolvent coordinate.

26. Theorem B - Folded-resolvent parabolic pullback
Let

For

the folded coordinate is

1
q(c,t):7+t2+2z'ct:Z—c2+t2+2z‘ct

The logarithmic derivative factors as
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26. Theorem B - Folded-resolvent parabolic pullback 110

ff'(s) = 2(c — it) Me(g(c, 1))

Consequently

Qult) = ZR[(c — it) Mela(c, )]

Proof. Since dg/ds =1—2s = —2(c—it) and X'/ X = —M,

fg/(s) _ ))‘;(q)j‘i = 2(c— it)Me(q)

Take the real part and divide by c¢. [
Corollary 26.1 - Fixed-focus parabolic foliation

Write

q(e,t) =u+iv
For fixed ¢ > 0,

u:7'+t2, v = 2ct

and elimination of ¢ gives

Thus every fixed-c pullback path is a focus-directrix parabola. Its vertex, focus, and directrix
are

1 1 1
Vc:<4—02,0), F*:<4,O), L. : u:Z—202

The focus F, is independent of ¢, the Cayley complement 7 is the vertex coordinate, and ¢? is
the focal length. Directly,

1
’q<c, t) — 4‘ =+t = dist(q(c, 1), Lc)

At ¢ = 0 the leaf degenerates to the real focal ray [1/4,00). Hence the folded zero statement
admits the exact conic form
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26. Theorem B - Folded-resolvent parabolic pullback 111

‘RH <= every folded zero lies on the degenerate focal ray, ‘

whereas a zero p = 1/2+a+ iy with a # 0 lies on the genuine confocal leaf ¢ = |a|. This is the
analytic focus-directrix bridge described by the shared centered square; it is a reformulation
of zero location, not a forcing theorem.

Reflection orbits fold to a real ray exactly when the zero is critical

Gp=1/4 + y? — a% — 2iay (synthetic geometry)

—_critical-raya =0
1.0 4 = off-axis leafa = 0.12
= off-axis leaf a = 0.25
off-axi 40
054 Y common focus 1/4
> ®
S 00 &
_0.5 4
o
_10 <
0.0 0.5 1.0 1.5 2.0
Rqp

Figure 26: Synthetic reflection orbits in the folded g-plane; critical orbits map to the real ray.

Consequence

PP1 and the signed zero-Poisson program are two coordinate views of one resolvent. PP1
studies M on the negative real g-axis, where the prime Dirichlet series converges after the
s(z) > 1 substitution. The HB/Poisson program studies directional real parts of the same
function along the parabolas ¢(c, t).

This is an exact intertwiner, not a new estimate.

Prior-art boundary

The horizontal-modulus core of the next theorem is not claimed as new. Sondow and
Dumitrescu proved that |{| is horizontally increasing in a zero-free right half-plane and
extracted the RH reformulation; Matiyasevich, Saidak, and Zvengrowski gave a related
treatment and traced the idea through Jensen/Polya and Lagarias [12-14]. The contribution
of this volume is the proof-preserving identification of that known monotonicity criterion with
Je, 7, the folded resolvent, the flux kernel, and the native rational TFG witness system. The
proof is repeated to make every normalization and converse quantifier explicit.
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27. Theorem C - Outward-modulus criterion in flux coordinates 112

27. Theorem C - Outward-modulus criterion in flux coordinates
Let F(z) = £(1/2 4+ z). The following are equivalent.

1. The Riemann hypothesis is true.
2. For every ¢ > 0 and t € R,

3‘%1;(0 —it) >0
3. For every c > 0 and t € R,
Je(t) >0
4. For every fixed ¢, the function
c— M(c, t)

is strictly increasing on (0, c0).
5. On 0 < ¢ < 1/2, the same energy is strictly decreasing as a function of 7 = 1/4 — 2.
6. For every ¢ > 0, the flux kernel C, is positive definite.

The strict inequalities may be replaced by nonnegative/nondecreasing inequalities without
changing the equivalence.

Proof that RH implies outward positivity
Under RH the zeros of F' are +i~, with multiplicity. The paired Hadamard product is

2\
F(z)=F(0) ] (1 + 2)

>0 v

Because Y772 < oo, its logarithmic derivative has the absolutely convergent real-part
expansion

F’ 1 1
f(z)—Zm,y (z—i7+z+z”y>

>0

At z = ¢ —it,

F’ c c
%(c—it):va{Z 5+ 2]>O
F D TN e R iy
Theorem A then gives strict outward monotonicity and J. > 0.

Proof that outward nonnegativity implies RH

If RH fails, functional-equation symmetry supplies a zero

Z0 = a — 1y
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of F with a > 0. Let its multiplicity be m. In a disk containing no other zero,

F’ m
T = )

where h is analytic. For d > 0 small, put

w=z—d=(a—d)—iy
Then

F’ m

Thus J,_4(y) < 0 for all sufficiently small d. This contradicts nonnegativity. Hence all zeros
lie on the critical line.

R

Positive-definiteness equivalence

The kernel C. is continuous and rapidly decreasing, and C. = J.. Bochner’s theorem therefore
identifies J. > 0 with positive definiteness of C.. This completes the equivalence. [J

28. Quantitative local witness theorem

The preceding converse has a useful quantitative form.

Let zg = a — iy be an off-axis zero of multiplicity m. Choose r > 0 so that 2 is the only zero
in |z — 20| < r, after multiplicity is absorbed into the target factor. Put

_F’ m

M) = ()

B= sup |Rh(z)]
=20 |z—z0|<r/2

For

Indeed,

/

F
AR (20 — d) = —m + dRh(z — d) < —m +dB < —%
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Therefore every off-axis zero creates an open negative flux region in the (¢, t) plane. Fixed-c
compensation cannot remove that region because the target pole diverges as ¢ 1 a while all
non-target contributions remain bounded locally.

The target pole fixes the normalized local witness while the background stays bounded

Normalized limit: —1 + O(d) The unnormalized flux diverges negatively

= full synthetic field 0
== target contribution = -1
0.50 4 — normalized background

0.75

—2000

0.004 ~4000 -

—0.25

dR(F/F)(zo—d)
R(F'IF)(c —iy)

—6000

—0.50 1

—8000
—0.75 1

—1.00 | — ~10000 -

107* 1073 1072 107t 107t 1072 1073 1074
inward distance d d=a-c

Figure 27: Synthetic local-pole scaling: the normalized witness tends to minus the target multiplicity.

29. Theorem D - Native TFG rational witness criterion

Let

Chr=0Qn(0,1/2)

be represented by centered native cells as in Proposition 8.1. Independently, address rational
heights by unreduced integer pairs:

’7?@:{2:]762, qEN}:(@

Then RH is equivalent to the countable family of inequalities

M(ca,t) > M(eq,t) forallt €Ty ci,e2€Cnh 1 <cp

Equivalently, for all finite indices satisfying

2k; —
Cizw 0<]2k,~—n,~]<ni
2n;

and all rational heights ¢ = p/q, the outward finite difference is nonnegative.

Proof. RH implies strict monotonicity for every real c¢,t by Theorem C, so it implies the
displayed rational inequalities. Conversely, if RH fails, the quantitative local witness theorem
produces an open rectangle on which 9.M < 0. Choose rational ¢ in its height projection and
rational ¢; < c¢g in its horizontal projection. Then
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M(Cg,t) < M(Cl,t)

and Proposition 8.1 supplies finite native-cell indices for both ¢;. O

Interpretation

The exact rational coverage in §8 turns any open negative-flux region into a finite, rationally
addressed witness cell. No literature-priority claim is made. A finite witness can refute the
full criterion; proving it still requires a uniform mechanism that orders every addressed cell.

30. Synthetic diagnostic

The following figure compares two exact finite zero models. It is a diagnostic of the theorem,
not data about unknown zeta zeros.

Exact synthetic

liag ic for the t heet outward-flux theorem

Critical-line pair: outward flux stays positive Off-axis quartet: a negative witness cell opens Cayley collar: outward motion lowers tau
0.25 7
1.6 1.6
15
6
1.44 1.44 10 % 5 0.20
target zero : 8 5
121 1.2 5 L3
- - 2 g ois 4
2 2 T & — tau=1/4-c"2 =
S 10— 210 0 gt — log odds g
= = 5 S § 010 M3
0.8 0.8 4 S5 =20
L5 2
0.6 0.6 Cwg
0.05
_15 1
0.4 0.4
0.00

0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4 0.5
horizontal displacement ¢ horizontal displacement ¢ horizontal displacement ¢

Figure 28: Synthetic critical-line and off-axis flux fields, together with the Cayley collar coordinate.

The left panel uses a polynomial with a critical-line pair +iv; the outward logarithmic flux is
positive. The middle panel uses the symmetric off-axis quartet +a + i7; a blue negative cell
opens immediately to the left of the target. The right panel shows that outward motion in ¢
decreases the complement product 7 and increases log odds.

31. Theorem E - Axial flux-Widder identity

The parabolic pullback contains the negative-axis folded resolvent as its zero-height slice.
Thus the reduced-Widder hierarchy is the axial derivative ladder of the same master flux
object, not a second analytic program.

For x > 0, set

cla)= oty sle) =g telr) = TR

Then ¢ > 1/2, and at ¢t = 0 the folded coordinate of Theorem B is
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42. One master object, several renderings 116

4c,0)= 5 = —a

Consequently,

Since # = ¢? — 1/4, differentiation in z agrees with differentiation in ¢? along this slice.
Theorem A therefore also gives

2

9 1og |g<1+ V21+4‘””> — 25 (x) (31.2)

dzx

Define the reduced-Widder diagonal

Wie) = (- D D2 ok Se ()] k=1

Substitution of (31.1) gives the exact axial-flux formula

:(—1)k_1 2%k—1 | k
Wi () Do = Q\/m(o) (31.3)

Thus the hierarchy measures alternating higher differential curvature of the outward logarithmic
flux, with the collar parameter and the folded negative-axis parameter related by x = ¢ —1/4.

The negative folded axis is the zero-height slice of the v0.9 parabolic flux

qlc,t) =} —c? +t2 + 2ict

05 t=0,c>1/

common focus g =1/4

Qc(0) = 2Mg(—x) = 2S¢(x)

v

Wilx) = p2k-1
[XkQx+17a(0)]

q=-A<0

-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25
®q

Figure 29: The negative folded axis is the zero-height slice of the confocal parabolic flux, and its
axial flux generates every reduced-Widder rung.

42. One master object, several renderings

The exact coordinate relationships are
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X(q)
=s(l—s 1 ! %
b =gylog | = 1Qu(t) = R ()| 220 [20)] D [Cla)]
Me(q)
The coordinate collar
02:1—7' T:p(l—p):#

4 (1+47r)2

turns J, into the negative T-derivative of the energy. The Laguerre hierarchy is its Taylor
expansion at the fold. The signed Poisson blocks are its zero-side partial fractions. The
PP1 Stieltjes problem is its folded analytic-class statement. Each rendering retains the same
completed resolvent; a sign theorem still requires its full domain and quantifiers.

43. Mesoscopic localization and rational witness size

For a hypothetical target zg = a — 47y, choose 0 < ¢ < a and write
d=a—c D=a+c b=+vdD w=c—1y
The target contributes exactly

mo

dn

w — 29

The PP76 mesoscopic owner is

mx
Mmcso =dR Z w— \
Cd<|XA—zp|<b

Current every-target counting gives a crowding scale C' < log~. Proving C' = o(log~y) would
be genuine progress; an O(y/log~) result would be major.

The local witness theorem fixes the role of this mesoscopic estimate:

1. It is not needed to prove the equivalence. Near a fixed off-axis zero, the target
pole dominates automatically.

2. It remains useful for fixed-line propagation. If positivity is known at selected ¢
values and one wants to force a neighboring zero or propagate control between scales,
the signed discrepancy is the least-lossy owner.

3. A sublog bound alone is not RH. The local sign hypothesis, global coverage in ¢,
and an iteration or termination theorem are still needed.

4. The signed field is primary. Counts, quadratic energy, second harmonics, and fixed
finite-Weil compressions lose directional information.

s=o+1it Volume I — Technical Dossier, v5.1 — RH OPEN



43. Mesoscopic localization and rational witness size 118

The recommended successor problem is therefore two-pronged:

Source question — collar monotonicity. Prove —0,log M > 0 from the explicit
prime/Gamma source, equivalently prove the PP1 Stieltjes/Pick /Loewner property.

Quantitative question — witness localization. Develop validated bounds for the
size of the negative rational witness box around a hypothetical off-axis zero and determine
what zero-spacing input would make a finite mesh certificate possible up to height 7T'.

The source question is RH-equivalent. The quantitative localization question controls witness
size; it is not by itself a proof of RH.
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Technical chapter V1. Widder source
proofs and their asymptotic limits

The full derivative identity fixes the normalization. The first four source proofs appear
together, followed by fixed-rung tails and the limits of phase-based detection.

32. Theorem F - Full Widder-zero-heat identity

For integers n, k > 0, define the full Widder functional

FarlS)(x) = (=1)" Dy a*S(2))
The notation F, ;, here is the same functional denoted by F}, j, in reader (13.2). The reduced
diagonal is
Wi = Fre—1,k

Because X has order 1/2, its folded canonical product has genus zero:

X(Q)—X(O)H<1—q> p ap=p(1—p)

[o] v

There is one factor per functional-equation orbit. An off-line quartet folds to a conjugate pair
p, Qp; it must not be counted four times. Logarithmic differentiation on ¢ = —x yields

m
Se(z) =Y —= (32.1)
o T

Polynomial division, or n + k direct differentiations, gives the one-pole identity

1nDn+k xk k) qk
(=1)"Dy m—(”‘F )-W

Hence

119



32. Theorem F - Full Widder-zero-heat identity 120

k
FuklSel(z) = (n+ k)! Zmp n+k+1 (32.2)

Now introduce the folded heat trace

u) = Z mpe” " u>0
[p)

For fixed u > 0, this series and all of its u-derivatives converge absolutely. The zero-counting
estimate and ¢, < 72 also give absolute convergence after the weighted Laplace integration
below. Since

(n+k)' * —(z4+q)u, n+k

Tonelli-Fubini applied to absolute values gives

T k[Sel(z) = /O - e~ R (~1)F 0 (u) du (32.3)

In particular,

k

W (2k —1)! m,
(@) Z $+qﬂ)

_ / Tt Crpe® wydu|  (32.4)
o] 0

This proves the heat bridge directly from the spectral expansion. No integration by parts
is used, so there are no unverified endpoint terms. It also explains the universal completion
cancellation. The Laplace transform of the completion term 1/x is the constant heat mode 1;
every k > 1 heat derivative annihilates it.

Folded multiplicity and preserved information

Here [p] is the reflection pair {p, 1 —p}, and m,, is its common zero multiplicity. For an off-line
quartet, the two factors in the product are (1 — ¢/q,)™ and (1 — ¢/g,)™». On the critical
line there is one such factor, not two copies of it. No assumption of simplicity is made.

The factorization g(s1) —q(s2) = (s1 —s2)(1 —s1 — s2) proves that the only identification made
by the fold is s ~ 1 — s. Since nontrivial zeros have nonzero imaginary part, g, is real exactly
when Rp = 1/2; in that case g, = 1/4 + (Sp)? > 1/4. Reciprocal and sign changes of ¢, are
invertible, whereas a real-part observation is a further map. Any probability construction
made from these data must declare its own atoms and multiplicity convention; none is needed
for Theorem F.
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32A. The Widder array as a Laguerre transform of the heat trace 121

32A. The Widder array as a Laguerre transform of the heat
trace
Theorem F places the derivatives on the heat trace. Moving them onto the kernel instead

turns the whole array F, ; into a single integral transform against ©¢, with a scalar kernel
whose sign pattern is explicit at every index.

Theorem 32A.1. For all integers n, k > 0 and every x > 0,

Fok[Se](x) = k! /OOO e*x“u”L,(fn) (zu) Of(u) du (32.14)

with L,gn)(t) = Z?:o(—l)j (th)tj/j' In particular, for every k > 1,

Wi(z) = ! / e~k ~1LED (20) ¢ () du (32.15)
0

and for k > 1 the scalar kernel in (32.14) has exactly k simple sign changes on u > 0.

Proof. Leibniz’s rule gives the kernel identity directly:

(—1)" DM [aFe "] = ke u" L™ (zu) (32.16)

Differentiating the absolutely convergent heat representation under the integral is
justified term by term, since after expansion each contribution is dominated by
XM Jo e~ @tRGuyntigy = (n + g mp(w + Rq,) "D < oo, including the
least-decaying case n = j = 0, because #q, < 72 against a zero count O(T'logT). No sign for
©¢ and no hypothesis is used. Setting n = k — 1 gives (32.15), which requires k£ > 1; this is
consistent with W}, = Fj,_1 ; and introduces no reduced Wy.

For the sign count, Rodrigues’ formula makes L,(gn) orthogonal to every polynomial of degree
below k against the positive weight t"e~!dt; the k integrations by parts have vanishing
boundary terms because n > 0. If there were fewer than k positive sign changes, multiplying
by the polynomial with those points as roots would give a nonzero one-sign integrand of
degree below k, contradicting orthogonality. Degree k then forces exactly k simple positive
roots, and every other kernel factor is positive for v > 0. O

What the two placements identify, and what neither creates. Nonnegativity of
an undifferentiated heat trace cannot force these signs: at any prescribed x, a smooth
nonnegative function supported where L](Cn) (zu) < 0 gives a negative functional. That is an
abstract countermodel to the inference, not a statement about the actual Riemann heat trace.
Keeping the derivatives on the heat trace instead, as in Theorem F, requires exactly the
complete-monotonicity signs already equivalent to RH (§33). The two exact placements
of the derivatives name the missing information from either side; neither supplies

it. This is the same firewall as §22A in the Laguerre basis rather than the Fourier one.
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33. The reduced-Widder criterion and its firewall

Reader (12.1)—(12.4) prints the first six differential rows and their common recurrence. Here
the full family supplies the criterion.

Widder’s real-variable characterization, in the concise form restated and proved by Sokal, says
that a smooth real function S on (0, 00) is Stieltjes if and only if

S(z) >0 and Fr_1x[S)(z) >0 (k>1,2>0)

For Sg¢, the baseline S¢(x) > 0 is unconditional: the positive theta-kernel representation
makes £(1/2 + y) increasing for y > 0. Combining Widder’s theorem with the folded Stieltjes
equivalence gives

‘RH <= Wi(x) >0 for every k> 1 and every x > 0 (33.1)

This is an exact RH criterion. Its quantifiers are load-bearing. Positivity of Wy, Ws, W3, or of
any other currently verified finite prefix, does not supply the complete diagonal hypothesis in
Widder’s theorem. Nothing in the present work promotes a finite prefix to the full Stieltjes
class.

34. Theorem G - General source-jet ladder

On the negative axis write

x=s(s—1), s=o0+1i0>1, R=2s—1=+1+4x

_€l) _
BCOMRA

Then D, = R~'D,. The elementary Jacobian satisfies

L(s)

D,RP=—2R72 DR =(-1)72°2r— IR (r>0) (34.0a)

where (—1)!! = 1. Each differentiation of the inverse Jacobian advances its denominator
exponent by two. At the Widder derivative order r = 2k — 1, this gives 2r + 1 = 4k — 1: the
successive clearing powers are R3, R”, R, R R'". The coordinate value R = 2n + 1 and
the derivative index r have separate roles, joined by this explicit differential law. For every
k > 1 there are polynomials Cj, j(z, R) such that

2k—1
R* ='Wy, = 3 Cpj(a, R)LY)(s) (34.1)
=0

The top coefficient is
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34. Theorem G - General source-jet ladder 123

Craok—1(z, R) = (—=1)F 12k R2=1 (34.2)

These source-jet coefficients come from the factorially weighted signed-grid rows in (SW.6),
followed by S = L/R and D, = R 'D,. The product rule introduces the additional
Jacobian factors in (34.0a). In particular the top coefficient reads the right-hand grid edge:
Crok—1 = —ckyk:):kRZkfl. The lower polynomial coefficients include derivatives of the Jacobian
and are not unweighted grid entries.

Indeed, before differentiation the coefficient of L in 2*L/R has one power of R in the
denominator. Each application of D, = R~'D, can increase the denominator exponent by
at most two, so R*~1 clears the 2k — 1 differentiations. The term L(*~1) arises only when
every D; differentiates L; before clearing it has coefficient (—1)*~1z*¥/R?* proving (34.2).

Regularize the zeta pole by

F(s) = (s =1)¢(s) >0 g(s) =

Then

L(s) = % - %logw + %w(s/Q) + g(s)

which is regular at s = 1. Define the polynomialized owner

Because g(**=1 contains F(?%) /F with coefficient 1, the coefficient of the highest regularized
source jet in My is

(_1)k—1ka2k—1F2k—1 (34'3)

It never vanishes for z > 0. Thus

Wy, ~ F2R) (34.4)

is a genuine source-control ladder, not merely bookkeeping notation.

Highest prime

Rung Cleared owner  Highest L derivative moment Highest F' jet Status

Wi R3W, o P F@)  Analytic, global
Wo RTWy " P3 F®)  A-CAT, global
W3 RY1W3 L® Ps F(©)  A-CAT, global
Wy R5W, L Pr F®)  A-CAT, global
Ws RYWs L® Py FU0)  A_CAT, global
We R23Wg Lan Py F(12)  A_CAT, global
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One scalar ladder, two proof channels

boundary / (2k — 1)! source jet global sign independent source
W Ho F? PROVED analytic
W, 1% F@ PROVED A-CAT
Ws H2 F© PROVED A-CAT
Wa M3 F® PROVED A-CAT
Ws Ma F10) PROVED A-CAT
We Hs FE PROVED A-CAT

source frontier: the next independent rung is W; - F4).

Figure 30: The same source-depth dictionary as Reading Volume §R12. Independent Gamma—prime
source certificates now reach Wy and F(12); the next source rung is Wy ~~ Fa4.

35. The first rung - an analytic theta proof

Direct differentiation gives

R3W; = (1 + 2x)L +zRL (35.1)

There is a more revealing proof of its sign. Put

y=8-%=§>% f(y)=£(1+y>

The classical theta representation can be normalized as

fly) = /Ooo @ (u) cosh(yu) du ®(u) >0

Let £ = f'/f. Then £(y) > 0. After writing the cosh integral as a bilateral exponential
integral against a positive symmetric measure, (log f)” = ¢ is the variance of u under the
exponentially tilted probability measure. Hence ¢'(y) > 0.

Since z = y?> — 1/4 and S = ¢/(2y),

£5(x) (g - ;y) () = a()(y)

where a(y) > 0 and a/(y) > 0 for y > 1/2. Therefore

Wi(z) = — [d'(y)l(y) + a(y)l'(y)] >0

Thus
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(Wi(z) >0 (z>0)] (35.2)

This proof is unconditional, source-theta-side, and uses no nontrivial-zero location data.

36. Theorem H - Global positivity of the second rung
Write

b=1+2z c=212+2r+1

Three applications of D, = R~ D, give the exact owner

| R"Wj = 12¢L — 6ReL’ — 62 R*L" — 2 R3L" (36.1)
The completion part Lyoe = R/x gives Spole = 1/, s0 -D3 [xQSpole] = 0. For
Pi(s) =Y A(n)(logn)’n"*
n>2
the arithmetic block is
Ty = —12¢Py — 6RcP; 4+ 6zR*bP; — z?R3Ps (36.2)

The negative coefficient of Pj is retained; no termwise positivity is asserted. With g = F'/F,
singular cancellation gives the regular owner

Ty = 6(b+2) + 12¢g — 6Rcqg’ — 62R*bg” — 2> R3g" (36.3)

Multiplication by F* produces the polynomialized owner My = FAR7W, and retains the
load-bearing term —z2R3F® F3,

Computer-assisted theorem H. For every x > 0,

WQ(.’L‘) >0

Finite continuum certificate

The primary MPFR implementation certifies 1 < s < 10 with 44 complete continuum cells,
not a point grid. It uses a common-d Taylor model for the correlated F-jet, 256-bit directed
rounding, Euler—-Maclaurin cutoff N = 30, order M = 12, and Taylor degree 6. The weakest
standard cell is

[1,1.05] 9y > 1.7722913290995005 x 10~
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The adversarial replay changes simultaneously to 512 bits, N = 60, M = 16, and degree 8,
and gives

My ([1,1.05]) > 1.7722971519681892 x 104

A materially separate directed-Decimal implementation covers 1 < s < 40 with 40 differently
partitioned cells. Its weakest cell is

[1,1.0625] My > 1.450410501387284617086325089 x 10~

It uses 70 decimal digits in the standard run and 120 digits in its adversarial run. The
independent replay reproduced every standard cell, adversarial cell, and exact analytic-tail
field in the published Decimal receipt.

Analytic outer theorem

For s > 10, one-sided positive-real digamma and polygamma asymptotics give

Ara(s) > Ap(s)  Ap(10) > 72975.29282199671

After replacing the positive logarithmic coefficient by log(5/m) > 23/50, differentiation yields

(25 —1)@a(s)

/
AL(s) 2 5o

where

Qo(s) = 1314652 — 194465 + 972351 — 21005 4 5255°
+ 134405 + 17360s% — 3252805° + 25151605
— 66099205> + 7797440s% — 45964805 + 1088640

Every coefficient of Q2(10+t) is positive, so Ay, is increasing. On the prime side, A(n) < logn,
integral comparison, and log2 < 7/10 give

15826993 -,
2460375 °

Thus R"Wo > 72975 — 62986 > 9989 for s > 10, overlapping the finite certificate.

Ty(s)| < < 62986

Artifact classification

The unmodified MPFR source hash is
923ead8447dd2ba48841b3e8a8325397a62£8261dd4b8dbb60c6018f67£6bad0
and the independent Decimal source hash is
6beed41c4644be8ab539fba3995bc6e85£0e174073d08e57c6df9e897fdec7c3
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The theorem is unconditional in its mathematical assumptions, computer-assisted on a finite
interval, Gamma/prime analytic outside it, independent of zero data, and classified A-CAT.
Section 74A proves the same sign again on the uniform partition and tail it shares with
Ws, ..., Ws, in the certificate bundled with this edition.

Finite interval + analytic tail = a global source proof

directed continuum analytic domination
W2 R ———>
s=1 ) . s=10 . L
directed continuum analytic domination
W3 S ————>

The intervals meet at the proved handoff; no gap is left at infinity.

Figure 31: A global source certificate covers the entire s > 1 branch: directed finite intervals meet
proved analytic tails. The handoffs are s = 10 for W5 and s = 20 for W3; the drawing compresses the
unbounded axis.

37. Theorem I - Global positivity of the third rung

Five differentiations give

5
RMws =Y oL (37.1)
j=0

where

Co=T120(z +1)(22%* + 2+ 1)

Oy = —360R(z + 1)(22% + = + 1)
Cy = —60R* (42> + 32° — 1)

C3 = 60z R*(32% 4 3z + 1)

Cy = 152°R* (22 + 1)

Cs = 23R°

Again the completion contribution is annihilated exactly. The source decomposition is

RHW3 = Ap’g + T3

with
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Arg = (s/2) ~log] + S1(/2) + Loals/?)

Cs Cy Cs
+ Eﬂ’s(s/?) + @M(S/Q) + a%(s/?)
and
T3 = —CoPy+ C1P1 — CoPy + C3P3 — Cy Py + C5 P (37.2)

The mixed signs are retained. Singular regularization gives

5
Ty = 240(32% + 52 +5) + Y C;g") (37.3)
j=0

If Gg = F’ and

G = FG, — (j +1)F'Gy

then gU) = G;/F/*! and

5
Ns := FOR" W3 = FOAp 3 + 240(32” + 5z + 5)F° + > C;G;F°7) (37.4)
=0

The coefficient of F(©) is C5F® = z3 R F® > 0, so the sixth source jet is genuinely load-bearing.

Computer-assisted theorem I. For every x > 0,

Wg(l’) >0

Finite continuum certificate

The directed MPFR artifact certifies 1 < s < 20 in 135 continuum cells at 256 bits. It
uses a common-variable degree-6 Taylor model, with center Euler—-Maclaurin parameters
(N, M) = (24,9) and uniform-remainder parameters (12, 7). The weakest cell is

[1,1.01] M3 > 1.6950218693828748 x 1077

The adversarial replay changes to 512 bits, Taylor degree 8, center parameters (40,12), and
remainder parameters (24, 10). It gives

1.6951786515869995 x 1077 < My([1, 1.01]) < 2.2185472840400943 x 107
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Analytic outer theorem

For s > 20, elementary polygamma series bounds and log(s/(27)) > 23/20 yield

3@3(8)

Ars >
3 53

)

where

Q3(s) = 3245 — 56525° + 2326657 — 476325° 4 584305°
— 463505 + 240555% — 805252 + 15195 — 120

Every coefficient of (Q3(s) — 935%)|s=204¢ is positive; consequently

Arz > 279s°

On the arithmetic side, A(n) < logn and exact log-moment integration give

T3] < 14st127%

Since

20° 21875

— = —— < 279
220 512 <

and s°/2° decreases for s > 20,
|T3‘ < 27986 < Ap’g

This closes the analytic tail with no zero-location input.

Every continuum band has a strictly positive polynomialized-owner margin

N, = F*R7W, (44 cells) . N3 = FORMW; (135 cells)
10*° 4
10° 4
1012 4
3

° 10 e 1094

5 5

=3 =3

2 2

P S 1004

g 10 g 10

o o

B 2 10%4

2 2

8 107 )

= S 1004

worst band
1073 1073 worst band
2 4 6 8 10 25 50 75 100 125 150 175 200
s band s band

Figure 32: The finite W5 and W3 continuum certificates have positive lower bounds on every band;
the two panels show different polynomialized owners and should not be compared in absolute scale.
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Analytic tails close by explicit Gamma domination of the absolute prime block

W,:s=10 Ws:s=20
10° 4 1013 4

— Ar3>279s°
— |T5| < 1451127
101

107 4

10% 4

103 4

owner bound
owner bound

102 — Ar,>72975.29
— Ty <Cs7275

10 15 20 25 30 20 25 30 35 40 45 50
s s

Figure 33: The explicit analytic tails: an Archimedean lower bound dominates the complete absolute
von-Mangoldt block beyond the stated handoff.

Reproducible source certificate

The certificate uses exact rational Bernoulli data and outward-rounded interval arithmetic on
135 continuum cells, and its adversarial replay reproduced every cell and every analytic-tail
constant. Together with the tail theorem this proves the global result with grade A-CAT.
Section 74A proves the same sign again on the uniform partition and tail it shares with the
other certified rungs, in the certificate bundled with this edition.

38. The fourth owner and the non-raising recurrence

The next reduced rung is

Wa(z) = —DJ[z"S¢ ()]

Exact differentiation gives

7
RY¥W, =" D;LY (38.1)
§=0

where, with

A(z) = 102* 4 2023 4 1822 4+ 10z + 5

the coefficients are
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Dy = 20160A(x)

Dy = —10080RA(x)

Dy = —10080R?(z + 1)(22* — 1)

D3 = 840R3 (222" + 3223 + 1822 + 42 — 1)

Dy = —840zR*(x 4 1)(22% + 2z + 1)

D5 = —84x*R*(102? + 10z + 3)

Dg = —282°R%(22 4 1)

D; = —2*R"
The array Dy, ..., D7 is row k = 4 of the signed-grid construction after the factorial and
Jacobian operations in (SW.6) and §34. Its top entry D7 = —2*R" uses c44 = +1. An exact
rational differentiator independently reproduces every one of these coefficients and verifies

the general top coefficient through k£ = 8. The highest prime moment is P; and the highest
regularized source jet is F(®).

There is an exact recurrence between successive rungs:

Wis1 = —ixWi — 2W) = —z 728D, [ 1], g =2k +1 (38.2)

To prove it, write z¥+1S = 2(2*9) and use D™ (xf) = 2D f + mD™ ' f with m = 2k + 1.
The recurrence is not a positivity-raising operator: knowing only Wy > 0 gives no control
over the two derivatives on the right. An independent source-side continuum certificate and
analytic tail close the sign, as proved in Theorem 74.1:

‘W4(a;)>0 (x>0)‘

38A. Positive descent, not positive raising

For the actual completed rungs the non-raising recurrence (38.2) has a positive inverse in the
downward direction:

1 x o0
Wi(z) = o [x—% / Wi () dt + / Wkﬂ(t)dt}, k>1. (38A.1)
0 T
Proof. The recurrence is (z2**1W}/)" = —22*W} ;1. Analyticity at zero removes the first

integration constant. Each fixed rung tends to zero at infinity by its folded expansion and
dominated convergence. Integrating twice, and interchanging the order, gives (38A.1). This
interchange is absolute: for ¢ > 0, [t +¢q|? > (¢ +|q|)?/2, so the integral of the absolute value
of one (k 4 1)-st rung is at most C|q| ™%, summable over the folded zeros.

Both kernels are nonnegative. Thus W1 > 0 on the full positive axis implies Wy, > 0 there.
Positivity on that axis at every index in any unbounded set implies the whole Widder criterion;
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odd indices are one example. This does not raise a finite prefix, and values at x = 0 alone do
not satisfy its hypotheses. The separate odd Li criterion is Theorem 155A.2.

74. Global fourth-rung theorem

This section proves the fourth scalar rung directly from the source. It is a source-side
theorem: the finite certificate evaluates the regularized zeta/Gamma source on the real
half-line s > 1, and the analytic tail uses only polygamma inequalities and the absolutely
convergent von-Mangoldt series. It does not use a zeta zero table, a verified RH height, or
RH.

Put
x=s(s—1), R=2s—1, s>1

and

£'(s)

L(s) =
¥ =)

Section 38 proved the exact owner

7 .

RYW, =>"D;LV) (74.1)
j=0

with the displayed polynomial coefficients Dy, ..., D7. Regularize the pole of  at 1 by

F(s)=(s—1)¢(s) >0
and define

MNu(s) = F(s)PRPWy(z(s)) (74.2)

Since F' and R are positive on s > 1, 9y and W, have the same sign.

Theorem 74.1 (global fourth source rung). For every z > 0,
Wa(xz) >0 (74.3)

The accepted classification is A-CAT / SOURCE-SIDE, as recorded in §R12.

This is the source-side A-CAT fourth-rung theorem, established by a finite continuum
certificate and a separate analytic tail. The section keeps the original proof, with its own
handoff at s = 40 and its own constants; §74A proves the same sign again inside the
bundled certificate that covers Wa, ..., Ws on one partition. The independent verified-
height theorem also includes this scalar sign. No finite positive prefix establishes the
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all-order RH criterion.

Finite continuum 1 < s < 40

The regular source identity is

F'(s)
F(s)

1 1 1 /s
L(s)=~-—-=1 —| = 74.4
()= — ploem+ 505 ) + (74.4)
Substituting (74.4) in (74.1), multiplying by F®, and performing every operation in one
common Taylor variable preserves the correlations among F,F’,.... This point matters:
independent interval substitution for the jets is far too wide near s = 1.

The standard replay uses GNU MPFR directed rounding at 256 bits. It covers [1,40] by the
following exact schedule:

band cell width cells

[1,1.1] 0.01 10
[1.1,1.3] 0.02 10
[1.3,1.5] 0.025 8

[1.5,2] 0.02 25

2,3] 0.05 20
3, 5] 0.1 20

[5,10] 0.25 20

10, 20] 05 20

[20, 40] 1 20

Thus 153 complete continuum cells are certified. Taylor degree eight, center Euler—-Maclaurin
parameters (N, M) = (24,9), and remainder parameters (12,7) require correlated center jets
through F(16) and a remainder through F(7). Bernoulli numbers are exact rationals; every
arithmetic operation, including the Euler-Maclaurin remainder, is rounded outward.

The weakest standard cell is the endpoint cell:

s € [1,1.01], MNy(s) > 3.2148256503423557 x 1070 (74.5)

An independent adversarial replay changes all material numerical parameters at once: 512
bits, Taylor degree ten, center (N, M) = (40,12), and remainder (24, 10). It gives

M4([1,1.01]) > 3.2149708080858507 x 10O (74.6)

The two lower endpoints need not coincide; each is a rigorous enclosure from a different
Taylor/Euler—-Maclaurin model. Their agreement at the displayed scale comes from an
adversarial replay, not from an assumption.
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Analytic tail s > 40

Completion annihilation separates

RPW, = Ary + Ty (74.7)
where
Dy D
Ara = —"[4(s/2) — logn] + Zl 2]%1@/}(”(8/2) (74.8)
]:

and T} is the von-Mangoldt source. Integral comparison in the classical polygamma series
gives, for m > 1 and z > 0,

(m— 1)z < (=) M (2) < (m—1)1z™™ + mlz"" ! (74.9)

together with v(z) > log z — z~!. Substitution with the signs of the Dj yields a rational lower
function By(s). After clearing s®,

s%(Ba(s) — 250005%) = Py(s) (74.10)

and every coefficient of Py(40 + t) is a strictly positive integer. Consequently

Ar4 > 25000s% (s > 40) (74.11)

For the prime source, x < 52, R < 2s, and A(n) < logn give

_ 14727251778604209636316819

Ty < Ks'27% K= <25 74.12
Tl ° 593716227296025600000000 ( )
Since
407 78125 _
240 7 524288
and s7/2° decreases for s > 40,
ITy| < 25s% (s> 40) (74.13)
Equations (74.11)—(74.13) imply
RYW, > 2497558 >0 (s > 40) (74.14)

The finite continuum and the analytic tail overlap at s = 40, proving Theorem 74.1. This
is the original fourth-rung argument, in its own coordinates: a directed finite certificate on
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1 < s < 40 and the analytic tail (74.11)—(74.14) beyond it. Section 74A proves Wy > 0
again, on the uniform partition and tail shared by Wa, ..., Ws, with a bundled certificate
that the v5.0 build re-executed; the two arguments are independent of each other in partition,
threshold and handoff point. Independently of both, the verified-height theorem in Reading
Volume §R13 includes Wy > 0 in its finite zero-assisted prefix.

Directed continuum certificate and analytic tail for W,

153 interval cells cover the full continuum 1 =s=<40 Analytic tail, s =40

N
&
i
Q
>

N
=3

,_.
G

o

2

Ar.4 > 2500058
|T4] <2558

=
o

)

certified constant (log scale)

-
v

logqo certified lower bound for f4

Lo o
- Sy

X 512-bit hostile replay

10t
0 5 10 15 20 25 30 35 40 Ar afs® [Tal/s® net margin
safe-half-plane coordinate s (lower) (upper) (lower)

Together: R°W, > 24975s® > 0 on the tail.

Figure 34: Every cell lower bound is positive; the separate analytic tail leaves a factor-999 source
margin.

What the fourth rung does and does not establish
The fourth-rung theorem itself established the inherited source prefix

Wi, Wa, W3, Wy >0 globally (74.15)

Section 74A extends the independent source prefix to W1y,...,Wg > 0, proving the four
certified rungs above the first on one partition and one tail. The non-raising recurrence (38.2)
is unchanged, and the next independent owner is Wy ~» FU4) A finite source prefix is not a
zero-location theorem and does not imply the full Widder hierarchy.

74A. One certificate for the source rungs Ws, ... W

The five certified source rungs are proved together, by one certificate: one partition of a finite
s-interval, one exact analytic tail beyond it, and two programs that share no arithmetic. No
zero table, verified height or RH assumption enters anywhere.

Theorem 74A.1 (global source rungs). For every x > 0,

Wi(z) >0  (k=2,3,4,5,6). (T4A.1)
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The classification is A-CAT / SOURCE-SIDE. The owners reach FY) at the second
rung and F12) at the sixth, for F(s) = (s — 1)((s).

Use v = s(s —1), R = 2s -1, D, = R 'D; and L = ¢/¢, so that Wy(x) =
(—1)*1DZ=12*L/R]. On 1 < s < 128 the regularization

1

F(s)=14+(s—1) (C(s) - 1) , log&(s) =log s+log F(s)+logT'(s/2)— ; log ™ —1log 2
5 —

(7T4A.2)

removes the pole at one. The certified quantity is
g2k—1
=— -1 4A.
Wi(s) = g5 Wilsls = 1), (14A.3)

which is positive exactly where W} is, because s2*~1/(2k — 1)! > 0 and s — s(s — 1) carries
[1,00) onto [0, c0).

The finite continuum, 1 < s < 128

A complete rational partition into continuum cells proves

k\ 2 3 4 5 6
ek\1o—5 10=8 10~10 10-12 10-15

(Wils) > 0, (1<s<128)], (TAA.4)

Fach cell is accepted from a bound that holds on the whole interval, never from a point grid.
With m the midpoint of a cell and r its radius, p; an enclosure of W,Ej ) (m)/j!, and Qp an
enclosure of W,gD)(U) /D! for every o in the cell, Taylor’s theorem with Lagrange remainder
gives

D-1

Wi(s) > po— Z Ipj|r? — sup |Qp|r” (Is—m| <r). (T4A.5)

j=1
Every operation is outward rounded, the endpoints are exact dyadic rationals, adjacency and
both ends of [1,128] are verified exactly, and a cell whose bound does not clear 6, is bisected
and retried.

The thresholds in (74A.4) are deliberately far below the certified values. The smallest
enclosures occur at the left endpoint, where (12.4a) identifies Wi (1) = pug_1, the folded
boundary moment:

k 2 3 4 5 6

me—1 = Wi(1) 3.71006 x 10~2 1.43678 x 10~7 6.59828 x 10~10 319389 x 10712 1.57589 x 10~ 14
0 10-° 10-8 10—10 10—12 10—15

The exact tail, s > 128
Generate the source polynomials recursively by

Py =R —22r+ )P+ RED, R =k, (74.6)
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which is the product rule for R~'D, applied to P(s)LU)(s)R~™ at m = 1,3,...,4k — 3. With
Crj= (—1)’“*1]3](%_1) this gives the exact identity

2k—1 ‘

R*™ Wy = 3" Crj(s)LY(s),  Chrapor = (—1)F ek R¥*L (T4A.7)

j=0
Completion annihilates the elementary 1/s+1/(s— 1) terms, which is checked as a polynomial
identity, and the recurrence is checked against the closed-form z-Leibniz values of D2F~1[z*+m].
Separating the Gamma and von-Mangoldt pieces and using 0 < (1 —e~*)~! —¢71 —1/2 < ¢/12
gives an exact rational lower function Bj for the Gamma part; with a; = %lead(Bk) and
A(n) <logn with integral comparison for the complete prime part,

Ar i (s) > a8, |Tk(s)| < %aks% (s > 128), (7T4A.8)

both by exact rational checks: every coefficient of s?**1(By(s)—ays%*), expanded at s = 128+,
is nonnegative with a positive constant term, and the endpoint ratio of the prime bound to
the Gamma margin is a rational number below 1/2, after which it decreases because s2#~1275
does. Hence

2k
oy s
Wi(s(s—1)) > — ——— s> 128 74A.9
(G-)>5 Gropwr (2128 (74A.9)

with the exact constants
k 2 3 4 5 6
ag 7 396 54,000 13,406,400 5,258,131,200
prime/Gamma 1.9 x 10733 1.2 x 10730 3.3 x 10728 5.1 x 10726 5.2 x 10724

ratio at s = 128

The finite continuum and the exact tail overlap at s = 128, so (74A.4) and (74A.9) prove
Theorem 74A.1.

Two arithmetics, one statement

The certificate is executed twice, by programs that share no arithmetic, no special-function
implementation and no computer-algebra system:

e ga/source_rungs/source_rungs_arb.py evaluates the jets in FLINT/Arb ball arith-
metic through python-flint, with SymPy for the exact tail. It generalizes the fifth- and
sixth-rung certificate of the 4.5 edition to all five rungs; the evaluator, the cell test and
the tail argument are the same, with 0 and oy as parameters.

e ga/source_rungs/source_rungs_decimal.py uses the Python standard library alone.
Arithmetic is decimal (libmpdec) with directed rounding on every operation; the ¢
jet is Euler-Maclaurin (DLMF 25.2.9) with Lehmer’s bound on the periodic Bernoulli
function and Cauchy estimates for the Taylor coefficients of the remainder; the ¢ jet is
the recurrence with the Stirling series (DLMF 5.11.2) and the classical remainder bound
|Rin(w)| < |Bam|/(2m(Rew)?™); the source polynomials and the whole tail are exact
Fraction arithmetic. It imports neither FLINT /Arb nor MPFR, SymPy or mpmath.
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Each program also checks the repeated s-operator against a second formulation of the same
quantity: the z-Leibniz formula in the first, the polynomial identity (74A.7) in the second.
Both are run a second time with every material parameter changed at once — precision, Taylor
order and partition, and in the standard-library program the Euler—Maclaurin and Stirling
truncations as well. qa/source_rungs/cross_backend_check.py compares the runs: the
exact tail data agree digit for digit, including the source polynomials, the signs, ay, the prime
bound and the endpoint ratio, and the sampled enclosures of W, overlap. The receipts record
every accepted cell, and the build re-executes both programs.

Thus the source-side prefix is Wi,...,Wg > 0: the first rung analytically (§35), the next five
by this certificate. The recurrence (38.2) remains non-raising. The next independent source
sign is Wy = —2~2(2'3W})’ > 0, whose owner reaches F(14) and it is open. No finite prefix
establishes the all-order Widder criterion.

Pole-sublattice calibration at the next rung

A Gamma-pole analysis supplies an auxiliary NO-GO, not a completed W7 sign. For a
centered pole term f,, let doy, be the signed measure of f,,/x. Its density changes sign once,
at u=m+1/2, and

/ wdoy () <0 (k>2). (74A.10)

The publication label is important: because h = a:Eé /E¢ already contains the factor z,

%liff]l()()!) = / uFdoy, (u), (T4A.11)
not Wy|[fm/z]. For m =0,
‘?;Z[J’_o]g!) _ <2:__22>’ k> 2, (74A.12)

so the complementary centered pole channel contributes at most —792 to the normalized
seventh rung at the boundary. This is an obstruction to treating the unused Gamma poles as
a hidden positive reserve. It is not a negative statement about completed W7, whose Gamma
and prime pieces nearly cancel and whose all-x source sign remains open.

55. Fourth-rung theorem and fixed-rung asymptotics

The fourth reduced-Widder owner is

Wi(z) = —8405¢"(x) — 84025, (2) — 252025") (z) — 282° 8" () — a*8{" (x)  (55.1)

and
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Wy = —TWy5 — aWY (55.2)

Its denominator-cleared source owner reaches F'®) for F(s) = (s — 1)((s). Direct source-side
Wy(xz) > 0 for all > 0 is an A-CAT theorem. Section 74A carries the same source-side
classification for W, ..., Ws in one bundled certificate, reaching F(12) at the sixth rung. The
original fourth-rung proof remains in §74.

A complementary unconditional outer theorem controls every fixed rung.

Theorem 55.1 (eventual positivity of every fixed rung). For every fixed integer
k>1,

Wi(z) = rpz/> Flogz + O (z/*7%) (55.3)

where

(2k — 1)11(2k — 3)!!
22k+2

K = >0 (55.4)

Hence Wi (x) > 0 for all sufficiently large z, with the threshold allowed to depend on k.

Proof. The explicit source formula and the differentiated Stirling—polygamma expansion
imply, for each fixed m > 0,

D™ Se() = D;n(lg’\g/g) b Op(z ™12 (55.5)

To justify differentiation, note that s =< /z and D,s = 1/R = O(xz~'/2); every fixed
derivative of the von-Mangoldt series is exponentially small in s, while the differentiated
polygamma remainder is a classical symbol of the required order. Thus (55.5), not merely an
undifferentiated big-O estimate, is available.

Now

1
2k Se(x) = gz‘k_l/Q log x + Oy (zF~1/?) (55.6)

with the same differentiated-symbol control through order 2k — 1. The coefficient of log x
after 2k — 1 derivatives is

1 < 1) 1/2—k
— k- = T 55.7
8 2/ ok—1 (55.7)

The falling factorial has sign (—1)*~! and magnitude

(k- 12)2']!(25; —3)1 (55.5)
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Multiplication by the Widder sign gives (55.3)—(55.4). O
For k = 4,

1575

_ —7/2 —7/2
1094 logz + O(z™ /%) (55.9)

W4($)

This reduces any fixed-rung proof to a compact interval plus an effective tail. It does not
solve RH because the constants and thresholds are not uniform in k.

Every fixed Widder rung has a positive analytic outer tail

Ke=(2k—1)!! (2k—=3)11/22%k*2>0 Positive leading tails; no uniform-in-k conclusion
1071
1o | _\
1074 4
11
10 «
g 107
10° 4 ©
5 107104
7 x
. 10 3
x E 107]3_
10° 4 I
§ 2 10161
103 S
3
101 W07 — k=
—
10-1 K4 = 1575/1024 107724 ii
1 2 3 4 5 6 7 8 9 10 11 12 10t 102 10° 10* 10° 10° 107
fixed rung k X

Figure 35: The positive fixed-rung asymptotic constants and the decay of the first four leading tails.

75. Exact reserve phase transition and all-rung shifted handoff

This section audits the triangular coefficient proposed for logarithmic jets of the same regular
source F'(s) = (s — 1)((s). For m > 1 put

Ph_1(s) = Z A(n)(l(;gs;n)m_l

n>2

pnto) = ELEEE R =1 o) (75.1)

Termwise differentiation of the Euler product on s > 1 gives the exact identity

_ (_1ym—1 (m) (5 — 1)m
Ren(s) = (1) log F) ") () (75.2)
Fix a rung k£ and the minimal termwise-positive handoff
2k
=1 .
Sk + log 9 (75 3)
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If 1 <m < 2k and s > si, every source atom has y = (s—1)logn > m. Since y" e ¥ decreases
for y > m, pp(s) decreases with s. At fixed s, the atom ratio from order m to order m + 1
equals y/m > 1, so pp(sk) increases with m. Both monotonicity reductions are therefore
exact, and

iilf Rm(s) = Rok(sp) =1— A (75.4)
1g771§k2k

Writing Y = 2k + A and A\ = logy(p®) gives the prime-power owner

1 (Y \)2he=YA
Ak(A) = 75.5
K(A) (2k — 1)! pr ap® (75:5)
The proposed triangular margin is
1 2
_ 1 75.6
*T kT T B2kt 1) (75.6)
It holds on the minimal shell precisely when A (0) < 1 — ¢y.
Theorem 75.1 (exact minimal-shell ladder). The inequality
- 1)!
(=)™ (log F)™(s) > ¢ (m— 1) (75.7)

(s—1)m
for every s > s and 1 < m < 2k holds exactly for

(753)

It fails at K = 1 and at every k > 12.

The finite values 1 < k < 12 are enclosed by directed MPFR evaluation of (75.5) through
prime powers p® < 20000, followed by an explicit incomplete-gamma tail. At & = 12, the two
atoms n = 2,3 already give

A12(0) > 1.00660782373417 > 1 (75.9)

so the first failure is independent of the rest of the prime source. For k > 13, the n = 2 atom
(2 k)Qk 672k

By, = ST (75.10)

is increasing and Bjs > 1.01385265607324. Thus one atom proves every later failure. Stirling
explains the transition:
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k 1
By = | — e b2 — .
k e e 0 <0y < YT (75 11)

so the obstruction scale is 47, not a triangular number.

At the fourth rung, the sharp reserve is

0.28687152864220360 < C; = 1 — A4 < 0.28687152864220367 (75.12)
and therefore
2 3
S o0r < 2
7Y
The rational value 1/40 is also a valid lower margin; it is not the optimal constant.
Theorem 75.2 (all-rung shifted handoff). For every integer k > 2, if
2k + +/2klog k
s> 14 ST VERBR g <ok (75.13)
log 2
then
_ 2(m—1)!
—1)™ " (log F)™ S 14
()" og Y™ s) > S (75.14)

For completeness, let By (A) be the n = 2 atom and let Ej, be the relative contribution of all
remaining atoms. Atom-ratio monotonicity gives

Ap(D) < (14 E)By(D) 14 By < % (75.15)

With Ay = /2klogk, Stirling and 6 — log(1 + &) > §2/2 — §3/3 give

og )%/
Bk(Ak)SQ\l/%exp<(13g\/k2lk2> (75.16)

The function (log k:)3/ 2 /\/k is maximized at k = 3. Its explicit Stirling majorant has maximum
Us = (2/7) L exp(1/3/(2€3)). Numerical evaluation gives

colw

, U. = 0.37074729122661467 (75.17)

Therefore

83 3
AL(A -—— ==
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which proves (75.14). No zeros and no RH enter either reserve theorem.

The triangular reserve is finite-range; the repaired handoff is all-rung

Minimal shell (s — 1)log 2 = 2k For Ay =/ 2klogk
1.600

=

=)
=
o

AxlAg) < (8/5)(3/8) = 3/5

°

(=]
N
el

>2/5 for every k=2

o

o
=
o

I
IS
4
o

reserve

ertified bound

© 0.6

o
)

=0~ sharp reserve C; =1-Ay
0.0 ——cfaimed- margim T y — 0.2
exact valid ladder first failure k/:'};\.\.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 relative Stirling product reserve
rung k atom factor majorant

Figure 36: The minimal triangular margin survives exactly through rung 11; moving the handoff by
V2klog k restores an absolute reserve for every rung.

39. Theorem J - Conjugate-block phase and the blind radius

Let ¢ = a + ib with b # 0 be a nonreal folded zero, paired with ¢. Its contribution to the
reduced rung is

B k
WD () = 2(2k — 1)! (%) cos(k [arg ¢ — 2arg(z + g))) (39.1)

This follows immediately from (32.4) by adding a term to its conjugate. Define

¢q(z) = argq — 2arg(x + q)

Direct calculation gives

q _ ba®—lqP)
m =
(z+q)? lz 4 q|*

(39.2)

Hence x = |q| is the unique positive blind radius at which ¢4(x) = 0 and the isolated
conjugate block is positive for every k. For every = # |q|, the phase is nonzero modulo 2.
If ¢¢(x)/(2m) is rational, its finite rotation orbit contains negative cosines and repeats them
forever; if it is irrational, the orbit is dense. Therefore the isolated block is negative for
infinitely many Widder orders.

A useful conditional detection statement follows. Put

4]
M g
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If at some z # |¢q| a nonreal pair has a strict spectral gap

Aq(x) > sup Ap(x)
P#Gq
then the remaining absolutely summable blocks are exponentially smaller along a subsequence
for which cos(k¢q(x)) < —1/2. Consequently Wi,(z) < 0 for infinitely many k. This is an
exact conditional high-order detector. The strict-gap hypothesis is sufficient for this orbitwise
argument. Theorem 49.1 supplies a stronger general conclusion without it: an RH failure
gives infinitely many negative rungs on an open interval of scales. That converse is proved;
the independent source sign remains open.

A nonreal folded conjugate pair leaves an oscillatory signature in the Widder order

order oscillation away from the blind radius

1.00
0.75 1
0.50
0.25

—— x/|q| =0.35

sign of cos(k[argq — 2arg(x+q)]); g=3+2i

20

-
«

Widder rung k
=
o

normalized pair contribution
o
o
IS

—— x/lg=1
—— x/|q|=2.5

0.1 0.32 1 3.2 10 1 4 8 12 16 20 24
x/lql k

Figure 37: For a synthetic nonreal folded pair, the normalized Widder contribution oscillates in the
rung index away from the unique blind radius.

Theorem J.1 - Secondary Cayley spectrum and the critical barrier

The order index k itself carries an exact folded spectrum. Define

q Wi(x)
A = A S
Equation (32.4) becomes the power-sum identity
ak(x) = Zmpr(Qp)k (39.3)
[p]

The scaled eigenvalue is precisely the Cayley complement already present in the triangular
collar. With r = ¢/z and p =r/(1+r),

au(g) = 7As(q) = — 7 = (1= p) (39.4)

(1+r

Consequently
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X

Az(q) = Ay <2> (39.5)

q

Thus the same reciprocal-complement involution that organized the original Cayley geometry
also organizes the Widder-order spectrum. At the blind radius x = |g|, the reciprocal image
x?/q is exactly ¢; the conjugate pair therefore collapses to one positive secondary eigenvalue.

Because >, mp|Az(gp)| < oo, the genus-zero product

Do(z) = [T (1 — 24a(g,)™

[p]

converges locally uniformly. Its logarithmic derivative is the generating resolvent of the
complete reduced-Widder ladder:

2) = Mzk*1 — m Ax(Qp) _ _D;(z)
The poles are
2 2
Z:(q) = Axl(q) _ +q V" 9rtq+t ‘% (39.7)

If ¢ > 0, then the arithmetic-geometric mean inequality gives

Zx(q) > 4z

e

0 < ay(q) <

with equality exactly at ¢ = . If ¢ = |g|e*? is nonreal, then Rq > 0 for a folded zeta zero, so
0 < |0] < w/2. At its blind radius = = |q|,

1 1 1
2(1+cosf)  4cos2(6/2) L

az(q) = Z3(q) = 2x(1 4 cos ) € (2x,4x) (39.8)

The blind radius is therefore blind only to phase: it is supercritical in amplitude. Every
off-line folded zero forces a positive real pole of G, strictly below the critical barrier 4z at
its own scale. Conversely, critical-line folded zeros give only poles in [4z,00). Hence the
moving-scale secondary-pole criterion

RH <= Pole(G,) C [4z,00) for every xz > O‘ (39.9)

is exact. It is a zero-side reorganization, not a source-side proof, but it sharpens the research
target: the oscillatory detector away from the blind circle and the strict amplitude-barrier
crossing on the blind circle are complementary signatures of one nonreal folded orbit.
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The Widder-order spectrum is governed by the same Cayley complement map

RH geometry: 0 <ax(q) =1/4 Blind in phase, supercritical in amplitude
4.0 - =——mmmg o mm e mmmmm e mmmm o
=
X
3
] =
o 020 EEE
N X
> )
X X
T N
X 2 3.04
[ 5
= 3
G
= 0.101 fl
S £
S 25 off-axis blind pole enters (2,4)
8
— a=r/L+r? = Zq)/x=2(1+cos6)
~—- critical barrier 1/4. 2.0 4-===.critical. pole barrier.4.
0.00 T T T T T T T T T
-4 =2 0 2 4 0 20 40 60 80
log(g/x) on the critical folded ray off-axis folded angle |6| at x = |g| (degrees)

Figure 38: The normalized Widder spectrum uses the same reciprocal Cayley complement: the
critical folded ray stays below the one-quarter amplitude barrier, while an off-axis blind pole enters
the forbidden interval.

40. Source competition in heat variables

The source-side heat decomposition is

O¢(u) =1+ Or(u) — Op(u)

where the prime comb is the pointwise-positive function

e u/4 n ogn)?
orw) = 5 X i |5

4du
It enters with a minus sign. For £ > 1, Theorem F gives

Wi(z) = /0 T e 1 (1)t [0l (w) - 0 ()] du (40.1)

Thus the exact cancellation of 1/x is the heat-side annihilation of the constant completion
mode. The Wy and W3 theorems establish positivity of the weighted global Gamma/prime

assembly; they do not establish pointwise positivity of (—1)k@§k). The latter for every k

would be complete monotonicity of the heat trace and hence RH.

The recurrence (38.2) is also the Laplace shadow of heat differentiation. Writing Hy =

(—l)k@ék) and integrating the derivative of e~“u?**! with the boundary terms vanishing
termwise by the folded spectral sum, gives

/efa:uu2k+lHk+1(u) du = —(2k + V)W (z) — W} (z).
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Technical chapter VII. One-scale
moment and derivative criteria

Noncancelling poles give negative-rung witnesses. Hausdorff and Beta—Hankel arguments
reduce the full criterion to one prescribed scale, still at every order.

48. Meromorphic completion of the secondary Cayley spectrum

Let g, = p(1 — p), one representative per folded orbit. The zero count gives the genus-zero
summability

3 |m—p| < . (48.1)
o] 1

For fixed > 0 put A,(q) = q¢/(z + q)? and ay(z) = 3 m,A+(g,)*. Then

Ay
Gz(2) = Z ak(:r)zk_l = Zmpliqp)’ (48.4)
k>1 o] -z I(qp)
with secondary poles
2
2(q) = As(q) ' =20+ g+ %. (48.5)

For nonreal ¢ = a + ib, r = |g|, the phase of A,(q) changes sign only at = r, where

1 1

Ar(q) = —.
(@) 4r cos®(arg q/2) o

(48.13)
Thus every nonreal folded point has an open supercritical interval around its blind radius. The

full derivation of its reciprocal endpoints and the shifted Joukowski form of z,(q) is retained
in earlier editions; only the consequences used later are kept here.
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48A. Exact radius deficit

For an off-line zero write d =28 — 1, v =42, a = v + (1 — d?)/4, r = |q| and w = r — a. The
exact remainder is

2 _
- p(g) = L EBr=al (48.29)
or
and therefore
9w <Dl < 2. (48.30)
442 +1

For fixed = the secondary-pole radius is attained. With A = sup,(4x — R,) and d, =
sup, [2%p — 1,

0<A<d <, (48.31)
A<l = d.<1, A=0 <= RH| (48.32)
The high-scale statistic is weaker:
lim sup(4x — R,) = limsup(2Rp — 1)%. (48.33)
T—00 |Sp|—o0

It cannot detect finitely many off-line exceptions. At verified height H, the corresponding
two-sided comparison differs by at most (4H? + 1)~!; this is a conditional error estimate, not
a source proof. The whole rung ladder at fixed z is one angular profile: with w = z/(4z) and
cosp =1—2w,

dxw G, (4rw) = 2tan g Sh(ze), h(z) = 2S¢ (). (48.28)

This is the exact bridge from the scalar Wy, coefficients to the Pick/Léwner owner. Product
rewrites do not change the sign obligation: Euler products, finite prime-power products, and
the completed zero product encode different cutoffs, and none by itself implies that the folded
poles are positive real.

48C. Gamma pole-index sublattices do not absorb the prime source

An adversarial Gamma-pole analysis tested the idea that the regular Gamma pole lattice
might dominate the prime-power sublattice. Use the completion-centered terms

T 1 1
= - > 0. .
fm(2) R (2m+1 2m+sx>’ m >0 (48.40)

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



49. Pringsheim no-dominance theorem 149

At the two positive nodes z; = 5/16, 3 = 3/4 and v = (1, —1)7, every single term has the
same negative Lowner direction. With a = 4m + 1,

388a3 + 2140a? + 2473a + 624
T

Ly v=— 0. 48.41
VR S T (e )@+ 2)2(2a + 3)2 (4841)

For m = 0 alone,

11

5/27 4/21

4/21 3/16

So neither the prime-power-indexed nor complementary centered Gamma sublattice is a
positive matrix reserve. After the exact baseline repair f,, = ¢gm — ¢mb, the g, have
positive Stieltjes measures; §166B identifies that repaired reserve with the already-published
Catalan reserve. For a set A of retained indices, let B be its complement and put F . =
cb+ 3,4 9m — hp. On the upper bank z = —u + i0, with v > 1/4 and y = /4u — 1, the
continuation gives

2y2

(4m + 1)((4m + 1)2 + y?)

(48.43)

%FA,C(—u—i—iO) = E cC—ar — Z
Yy meB

IfY,ep(dm+ 1)~! = oo, monotone convergence makes the bracket negative for all sufficiently
large y. Lowner’s theorem therefore rules out positive-node Léwner matrices of every rank for
any finite real c. This applies both when A is the prime-power sublattice and when A is its
complement. It is an all-rank NO-GO for the proposed absorber, not a counterexample to the
completed source. The first unsupported line remains the signed prime-error estimate.

49. Pringsheim no-dominance theorem

Theorem 49.1 (open-interval negative-rung theorem). If RH is false, there is a
nonempty open interval J C (0, 00) such that, for every x € J,

Wi(z) < 0 for infinitely many k (49.1)

Proof. Choose a nonreal folded zero gg. Its supercritical interval I, is nonempty. Remove
the locally finite set of blind radii of all nonreal folded zeros and choose a nonempty open
subinterval J C I, disjoint from that set.

Fix z € J. A pole associated with gy has modulus below 4z, so the radius of convergence R,
of (48.4) satisfies

R, < 4z (49.2)
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The minimum pole modulus is attained: by (48.5), pole moduli tend to infinity with |q|, while
only finitely many folded zeros lie in any bounded region. The common-sign residue lemma
prevents cancellation, so this minimum is the actual power-series radius.

There is no positive-real singularity in (0,4z). Indeed, for a positive folded zero p,

2
zz(p) =2z +p+ % > 4x (49.3)

and for a nonreal folded zero, A,(q) is nonreal because z is not a blind radius. Normal
convergence away from the locally finite pole set shows that there are no other singularities.

Suppose ag(x) > 0 for every sufficiently large k. Removing finitely many initial terms does
not change R,. The remaining power series has nonnegative real coefficients and finite radius
R;. The Vivanti-Pringsheim theorem forces a singularity at the positive point z = R,. This
contradicts the absence of positive singularities below 4z. Hence the real sequence ay(z) is
negative infinitely often. Since (2k — 1)! > 0, the same is true of Wy(z). O

This strictly strengthens the conditional dominant-orbit detector. It uses neither a largest
unique amplitude nor a gap between secondary eigenvalues.

Corollary 49.2 (dense-countable eventual positivity). For every dense set D C
(07 00)7

[RH < Vz € D 3K, Vk > K, : Wi(z) > 0| (49.4)

Under RH every rung is nonnegative. If RH fails, Theorem 49.1 supplies an open interval J;
density gives D N J # @, where eventual positivity fails. In particular, D = Q¢ is sufficient.

50. One prescribed Hausdorff sequence

The preceding criterion still uses a dense family of scales. A stronger normalization compresses
the full problem to any one scale chosen in advance. Fix zg > 0 and define

hn(z0) = (4$0)nm (50.1)
Set
t =4z A _ g 50.2
x(Q)—xx(Q)—m (50.2)
Then
hn(x) = ZmpA:c(Qp)tx(QP)n (503)

[e]
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Theorem 50.1 (fixed-scale Hausdorff criterion). For every prescribed z¢ > 0,

‘RH <= (hn(x0))n>0 is a Hausdorff moment sequence on [0, 1] ‘ (50.4)

RH implies the moment property. Under RH, every g, is positive. The arithmetic—
geometric mean inequality gives

0 <ty(gp) <1 (50.5)
The finite positive measure
dpiz (t) Zmp (40)0t, (g, () (50.6)
has finite mass by (48.1), and
1
T () = / £ dpua (1) (50.7)
0

The moment property implies RH. Suppose (50.7) holds at the prescribed x = ¢ for
some finite positive measure on [0, 1]. Its Markov transform

1
=) hp(z)2" = /o Cllﬂ_gc(;) (50.8)

n>0

is holomorphic on C\ [1,00). On a neighborhood of the origin, the secondary expansion gives

H - 50.9
)= e ) (50.9)
Normal convergence gives a meromorphic continuation. Every candidate pole
1
(50.10)

2, = ———
P 433149:((]9)

has residue —m,/(4x); coincident poles cannot cancel. Uniqueness of analytic continuation
therefore forces every z, onto [1,00). Equivalently,

Aqz(qp) € (0, 4193} (50.11)

If g, were nonreal, (48.12) would force x = |g,|, while (48.13) would give the strict reverse
inequality. Hence all folded zeros are positive real. For p = 8 + iv,

S(p(1 = p)) =~(1-28) (50.12)
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152

Nontrivial zeros have v # 0, so § = 1/2. This is RH. O

The scale is not selected after inspecting zeros. The theorem holds for every arbitrary scale,

including zg = 1:

RH «<— (4"

Wn+1(1)

2n+1)!

) is Hausdorff
n>0

(50.13)

One prescribed scale turns RH into a compact Hausdorff moment problem

Critical ray maps into [0, 1]

=
o

o
®

maximum tx(x) =

4xq/(x + q)?
o
o

o
IS

t{q)

o
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positive folded zero g
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blind image t> 1

— g=3e?
Hausdorff
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Figure 39: At one prescribed scale, the critical folded ray maps into the compact Hausdorff support,
while a nonreal folded zero cannot remain there.

51. Finite witnesses and a positive contraction

Hausdorfl’s theorem states that a real sequence is a moment sequence on [0, 1] exactly when
all forward differences are completely monotone. Thus Theorem 50.1 is equivalent to

[(—1)"AThy(0) 20 (n,7>0)] (51.1)
In the original rungs this becomes
T (T - W ; 1(:6'0)
—1) () (dag)H IR > 51.2
Consequently the negation has the strong quantifier order
~RH = Vap > 0 3n,7 > 0: (=1)" A"}y (w0) < 0 (51.3)

At every fixed scale, an off-line zero therefore has a finite Hausdorff witness, even if no
individual late rung at that same scale has yet been isolated.

The same theorem has a canonical operator realization.
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Theorem 51.1 (positive-contraction criterion). For every fixed zp > 0, RH is
equivalent to the existence of a Hilbert space H, a vector v € H, and a positive contraction
0 < T < I such that

hn(zg) = (v, T") (n >0) (51.4)

Under RH, take H = L?([0,1], iz ), let T be multiplication by ¢, and let v = 1. Conversely,
the spectral theorem for a positive contraction supplies a positive measure supported on [0, 1],
and Theorem 50.1 applies.

Finite Hausdorff differences are explicit fixed-scale withesses

Synthetic positive folded spectrum Synthetic spectrum with a nonreal pair
14

12 4

N

=]

e witness

difference order r
difference order r

1
N
signed log magnitude of (—=1)"Ah,

|
SN

0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
moment index n moment index n

Figure 40: Finite Hausdorff differences in a positive synthetic spectrum and a synthetic off-axis
spectrum; the latter exhibits a finite negative witness.

52. Cayley—Bernstein and Markov divided differences

The normalized secondary eigenvalue has a square-complement form. Define

_4-=z
c2(q) = P (52.1)
Then
1—to(q) = calq)? (52.2)

Under RH, ¢,(q) € (—1,1) and t,(q) = 1 — c.(¢)? € (0,1]. The finite Hausdorff differences
have the exact zero-side form

(—1)"Ahp(x) =Y mpAa(gp)ta(gp)" (1 — ta(gp)" (52.3)
(o]

This is a compact Cayley—Bernstein basis: ¢"(1 — ¢)" is nonnegative on the critical support.
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The Markov function is also a reciprocal divided difference of the single owner

h(w) = wSe(w) (52.4)
Choose u, v so that
uv = 2, u+v=2x(1-2z) (52.5)
Then
(q+x)* —daz2q = (¢ +u)(qg+v) (52.6)
and termwise
u/lutq) —v/(v+q) _ q (52.7)
u—v (u+q)(v+q)

Summing the normally convergent folded expansion yields

h(u) = h(v)
H,(2) = 2.
() = M2 (525)
For z = sin?(6/2) one may take u = ze’® and v = xe™" so
0 Sh(ze®)
H,(sin? =) = ——~ 2.
<s1n 2> zsin 0 (52.9)

The fixed-scale moment problem is therefore a circular Pick-sign problem for the folded
resolvent.

Under RH, (50.8) also gives the positive Pick kernel

_ Hy(z) — Hy(w) (! tdpy(t)
Kalzw) = ————— = /0 (1= i2)(1 — ) (52.10)

Every finite matrix [K;(z;, z;j)] is positive semidefinite.

s=o+ 1t Volume I — Technical Dossier, v5.1 — RH OPEN



104. The one-point Beta—Hankel and Hausdorff theorem
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The one-scale Markov transform is a reciprocal divided difference on a circle

uv=x2, u=xe® v=xe® Hy(2) = [h(u) — h(V)1/(u — v)
1.00 A /— 1.0 1
0.75 4
0.50 4
0.25 4 -
> S
L}
L 0.00 %t 0.5
3 @
I
—0.25 N
~0.50
—0.75
~1.00 ~— 0.01
-1.0 -0.5 0.0 0.5 1.0 0 2
Ru, Rv circle angle 6

Figure 41: The reciprocal pair u,v runs on a circle, and the Markov parameter is z = sin?(6/2).

104. The one-point Beta—Hankel and Hausdorff theorem

Put

k(u) = —Og(u)

The congruenced local Dobsch matrix is

~ 1
s =

The beta integral

1 1

1
= [ 1=ty dt
(i+7+1)! i!j!/o (1=

turns its quadratic form, for P.(z) = 32,y ¢;27 /4!, into

~ o) 1
¢ H(2)c = / e~y k(w) / Po(ut) Po(u(1 — 1)) dt du
0 0
= e @0 k(a4 b) Pa(a) P.(b) da db
a,b>0

This exposes the additive Hankel kernel

K.(a,b) = e @O k(a + b)
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Theorem 104.1 (one prescribed basepoint). For every prescribed zy > 0,

Hy(zo) =0 for every N < —© is completely monotone (104.5)

Proof. Complete monotonicity gives k(u) = [7° e~ du()\) with du > 0. Substitution into
(104.3) produces
(e.¢]
J

Conversely, the actual completed source obeys, for every 3/2 < < 2,

00 2
/ e~ @tNep (0) da| du(X) >0 (104.6)
0

k(a+b)| < Cs(1+a P2 (1 +b77/?) (104.7)

The exponential-polynomial core e~*0*C|[a] is dense in the corresponding weighted L' space.
Positivity on every finite polynomial core therefore extends to compactly supported tests.
Approximating point masses gives [k(a, + as)] = 0 for every finite positive node set. Thus
k is exponentially convex and has a bilateral Laplace representation by a positive measure.
The unconditional decay k(u) — 0 rules out support on (—oo, 0], leaving a Bernstein-Widder
measure on (0, 00). Therefore k is completely monotone. [

Since O¢(u) — 0,

—@'5 completely monotone <= ©, completely monotone (104.8)

Combining this with the source criterion above gives an exact reorganization, not an RH
proof:

RH < Hy(zo) =0 for every N (zo > 0 prescribed) (104.9)
Define
an(z0) = T R () b (0) = 2l (o) (104.10)
(n+1)! 0

Then Hy(z0) = [aiyj(z0)], and under the positive Bernstein measure,

1 o
bp(wo) = | 1" dps = 104.11
@) = [ 1 dpeyr) v = (104.11)
Hausdorft’s theorem now gives
RH <= G(w0) := (=1)FA*b,(20) >0 for every n,k >0 (104.12)

The grid recursion is
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Gn+1 = Gng — Gnik (104.13)

On the zero side it has the exact closed form

k+1
)= Zmp :Hq R (104.14)
Under RH, the representing measure is explicitly
Zmp (z0 + 4 )26930/(960+qp) (104.15)

(o]

The qd/S-fraction object in PP145 and the canonical moments in PP152 use the same
algorithm on different moment sequences. The first is zero-side Stieltjes data; the second is
source-side Hausdorff data. They are not one sequence; their different moment measures must
be retained.

The one-point theorem is exact only at infinite order. Every usable certificate is finite, and
the PP153 scans show that the one-point prefix can lose spectral reach relative to optimizing
x. The fixed-scale bound must retain every order, as in (104.12).

A finite rectangle, global in the positive scale

n Fn, k(x) >0 for every x>0
Ky—1 4
Wy=F_q,
Beyond the ﬂnlte
index boundary:
all orders OPEN
» K
0 Kn

Ky=4712664392502 - finite index bounds, not a finite x-interval

Figure 42: The height-to-sector theorem certifies a finite rectangle at every = > 0. Its diagonal
W; = F;_; ; shares the same certified height input. The open continuation lies beyond a finite index
boundary, not at the fifth rung.

104A. Fixed-depth filtering, weighted recovery, and triangular
damping

This section averages the boundary moments before forming a determinant or Li form. It
is different from the positive-scale moments in (104.10) and from multiplying an already
computed Li coefficient by a positive scalar. Put
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b 47 (51)? / L, du

s = — U —,
i+ o 2yI—u
The measure is a probability measure, and depth £ is multiplication of the support coordinate

by k independent variables of this law. The matrix size, filter, and underlying moment array
stay fixed; the depth of each observation is identified when outputs are compared.

Hz[]\;] = [bf jpiss],  Dn(k) = det HJU\;]' (104A.1)

The exact rank-two test. With A = pgus and B = 12,

Dy(k) = (8/15)*A — (4/9)"B,
Dok +2) = 1 Da(k+ 1) — 22 Da(k), (104A.2)

D3(0) = 3Dy(1) — 3D,(2).
For (po, p1, p2) = (1,4/5,3/5) the three values are —1/25,8/225,448/10125. Thus two positive
observations recover a negative unfiltered determinant. If each observation has absolute error
at most 7, the recovered error is at most 2677/32. A single observation does not suffice:
(1,0,1/15) has the same Ds(1) and a positive Dy(0).
The triangular curvature law. The ratio bj;1/b; = (25 +2)/(2j + 3) gives

e — A2logh log (1= ——] >0
77 — 1 ) o) j = — 10 - )
bjbj+2 Doj+s i © Doj+s
n—1
1 2n+3
1- - : 104A.3
jl;[o ( T2j+3> 3(n+1) ( )

ﬁ (1 ! ) AT(3/4)
i=0 Tyivs) VmT(1/4)
The last finite product is (1/2),(5/4),/((3/4)n(1),), so the Gamma-ratio limit proves the

infinite product. In particular, the squared normalized adjacent entry at (i,7+ 1) is multiplied
by (1 — 1/T4;13)*. These are specified triangular indices, not prime Euler factors.

Theorem 104A.1 (fixed-rank smoothing). For any real array with pg; > 0,0 <i < N,
the matrix HJ[\],C] is positive definite for all sufficiently large integer k, even if Hy is indefinite.

Proof. Diagonal normalization leaves off-diagonal entry

k
it j bi+j
V22 (\/ b2ib2j> '

Strict Cauchy—Schwarz in the nondegenerate Beta measure makes the ratio strictly between
zero and one for ¢ # j. For fixed N the normalized matrix tends to I; a maximum off-diagonal
absolute row sum below one already proves positivity. The normalization is a nonsingular
real congruence. [

Theorem 104A.2 (fixed depth retains the complete criterion). For the actual folded
moments, and each one fixed finite integer k > 0,
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RH <= HW =0 for every N > 1. (104A.4)

Proof. Under RH, push the positive measure 3_ (m,/q)d1/, through multiplication by
the k& Beta variables. Conversely, all Hankel matrices positive semidefinite give a positive
real representing measure v by the Hamburger moment theorem. Put C' = >, mgq/|q|
and Y = max, |¢|7!. Since b; < 1, \bk,u]] < CYJ. The even moments then give v(|t| >
Y +e)(Y +¢)?" < OY?, so suppv C [-Y,Y]. The function Gi(z) = [(1 — zt) " tdv(t) is
therefore holomorphic at every nonreal z.

Let V' be the product of the k Beta variables, with V' = 1 at depth zero. Then

Bi(z) =E(1—2V) ' =3 0k2d,  Gu(z) =Y %Bk(z/q) (104A.5)

720 q

near zero. By is holomorphic off [1,00) and singular at one. For k& = 0 it has a pole; for k > 1,
the asymptotic b;? (v/7/2)k /2 makes its derivative of order [k/2] diverge along z 1 1.

If a nonreal folded point exists, choose one, ¢,, of least modulus among such points and
approach it along z = tq,, 0 < t < 1. Its term becomes nonanalytic there. No distinct cut
q[1,00) contains g,: a real cut cannot, and a nonreal one would require a smaller modulus.
Coincident values have already been combined into positive multiplicities. All other finite
terms are analytic near gy; the infinite tail is normally convergent there, with majorant a
constant times my,/|g|. They cannot cancel the distinguished singularity. This contradicts
the holomorphy of Gy, at ¢.. Thus every folded point is real, and g, = Sp(1 — 2Rp), with
Sp # 0, gives RH. O

Fixing depth before imposing all ranks is essential. Theorem 104A.1 can make VN Jk(NV)
positivity automatic; it does not establish (104A.4).

Proposition 104A.3 (signed finite-mode recovery). For known distinct positive rates
R, M = |R|, define weights by

M

1-JJ-2/r)= ngz Fk)=> AsrF = F(0)=> wF(0). (104A.6)
reR rerR /=1

Evaluation at each z = r proves the result. For independent errors bounded by 7, the exact

worst-case amplifier is & = ) |wy| = [[,er (1 + 1/r) — 1. The weights alternate in sign.

For determinants, expand over permutations and group equal nonzero monomial /rate contri-
butions: Dy (k) = >=, sgn(m) [1; tiyr (i) (TL; bivr(i) )¥. The multiplicities ; in each monomial
obey > v; = N and ) jv; = N(IN —1) = 2Ty_;. The exact enumerated rate counts for ranks
1 through 9 are 1,2, 5, 16, 58, 225,980, 4520, 22244. This is finite enumeration, not an all-rank
count theorem. A geometric filter would give a single common factor; the strict curvature in
(104A.3) separates the rates.

For one odd Li form the problem is much smaller. Put ¢, ; = [y/]Pm(y)?, J = 2m, and
A (k) = Y7o cm b5 ;. Use rates by, ...,by in (104A.6). Then Agpy1 = 3575 wplm (€):
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A17 uses 17 observations, not 22,244 determinant modes. The independent-error amplifier
satisfies log i, = 5(2m + 1) log(2m + 1) + O(m).

A mandatory negative control. Take gy = 17/4 of multiplicity two and ¢4 = 147/1643i/2
of multiplicity one. Every model moment uj = 2q, =y 2R (¢}’ _1) is positive, since |g+| > qo.
Exact rational evaluation gives 37 positive observations Ajg(1),...,Ajs(37) but recovers
—0.598 < A3, < —0.597. The separate directed-error ledger reproduces this negative sign.
This is a polynomial comparison model, not an actual-zeta counterexample. The actual source
still has to prove the signed comparison between the odd- and even-depth terms in (104A.6).
Section 166E treats common, rather than independent, errors.

136. The completed-source Pascal owner
Let

h(z):%@(s), x=s(s—1), R=2s—-1

and let Gy, be the completed Widder /Pascal cells defined in (104.14). They satisfy the exact
addition law

‘Gn,r = Gn+1,r + Gn,r+1 ‘ (1361)

Whenever G, > 0, define the branch ratios

o Gn+17r _ Gn,r—‘rl
Pnyr = ’ Anr =
Gnr GTLJ‘

)

Then py» + qnr = 1. Differentiating (104.14) gives 20,Gpr = nGp,r — (n+ 17+ 2)Gpy1 r.
Where both adjacent cells G,41, and G, 41 are nonnegative, the division-free flow corridor
is

—(r+2)Gpny < 20;Gpyr < nGp, (136.2)

Equation (136.2) requires the two adjacent signs, but no division by G, ,. Where the
denominator is positive, those signs also put both branch ratios in [0, 1]. PP186 certifies all 81
cells with 0 < n,r < 8 at x = 56 by directed rational intervals. PP187 certifies the directed
confluent rank-eleven block

B (56) > 0 (136.3)

These are finite source certificates. By the finite-rank camouflage theorem, no finite prefix
proves the first unsupported one-point line without additional completed-source structure:

G r(56) >0 (n,r >0) (136.4)
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Technical chapter VIII. Finite
Lowner certificates and spectral
reach

The normalized determinant and quartet signature precede the certificate details. Global
matrix order and rank at a single basepoint remain distinct.

85. Finite determinant gates through rank six
Throughout the finite-gate sections, put h = xS¢ and, for r > 2,
(—1) A" V(z)
(r—1! 7
The alternating-sign diagonal congruence identifies this determinant with that of the normalized

confluent Lowner matrix. In particular Ms = A’ = W;. This fixes the normalization used in
(85.1) and (93.1).

The PP98-PP111 certificate chain establishes, without assuming RH,

M, (z) = A%V(x) = det[M,;Jrj(ac)}ij:l

AL (z) >0 (z>0), N =1,2,3,4,5,6 (85.1)

The ranks 4, 5,6 are classified A-CAT: exact symbolic owners are joined to directed interval
or exact zero-box compact certificates and analytic source tails. The finite-zero lanes use
authenticated zero boxes only in their declared ranges; the source tails use no zero ordinates.
Equation (85.1) is a finite leading-minor statement, not the all-order source theorem.

102. Off-line quartet signature, determinant factorization, and
reach

Let an off-line zero be
1 )
p=§+5+z’y 0<d< =

161
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Its functional-equation and conjugation orbit gives two folded values

a= i — 0% 4+4% -2y  a (102.1)
For t = a/x define
on@®) =VE(+8)7 a7 (102.2)

Write v = u + 22. The conjugate pair contributes

o' + 00" = 2uu’ — 2227 (102.3)

Theorem 102.1 (quartet signature). For N > 2, every off-line quartet contributes a
real rank-two form of signature (1,1): one positive and one negative direction.

Proof. The vectors u and z are independent. Otherwise v would be a complex scalar times a
real vector, so every consecutive ratio vji1/v; = (1+¢)~! would be real. This is impossible
because ¢ is nonreal. On the plane spanned by u, z, the determinant of 2(uu’ — z2T) is

—A([[ul?ll2* = (u, 2)*) < 0

The two nonzero eigenvalues therefore have opposite signs. [

Collect the on-line atoms and the positive halves of all off-line quartets in Py >~ 0, and let
Wy contain the negative vectors. Whenever Py is invertible, the matrix determinant lemma
gives

Afy(x) = 27" det Py (2) det (I — W Py(2) "' W) (102.4)

For one quartet, with negative vector w,

vn(x) = wiPn(z) twy AL () >0 = wy(z) <1 (102.5)
The rank monotonicity is exact:

_ T T
VN = yrrgﬂz@c} (2@/ WN — Y PNy) (102.6)

Embedding y — (y,0) preserves the objective, hence

(v (@) > vn (@) | (102.7)

Thus the failure ranks form an up-set. This proves that the finite ladder is ordered; it does
not prove how high a fixed rank can see.
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The PP133 scan reported that rank eight becomes blind to a maximally displaced quartet
above approximately v = 27. That statement remains C: PP134 was assigned to replace the
45-point x scan by a rational cover using

vy < |wn|* tr(Pyt) (102.8)

but no PP134 certificate occurs in the recorded trace. Likewise, the finite-ladder zero-
localization conclusion remains a proposed no-go, not a replayed theorem. Neither limitation
affects the proved global eighth gate (92.1).

86. Rank seven: global certificate and overlap

PP112 gives a three-lane global certificate with low range 0 < z < 92116, a d = 1/20
analytic middle lane, and a safe-half-plane source tail. PP113 supplies an independent
d = 1/28 = 1/T7 alternate with exact zero-box bridge 92116 < z < 157976, an unsplit
middle-core ratio 1.08765547236. .., and a 128-box backup ratio 2.4012758008. . ..

The PP113 package hashes and terminal, bridge, splice, and cap receipts have been reproduced
twice byte-identically after direct extraction of the canonical dependency. A separate full
PP112 producing replay then reproduced the middle, low, source-tail, coordinate, and splice
receipts byte-for-byte. Therefore

Ab(z) >0 (x>0): A-CAT (86.1)

The canonical receipt hashes are:

middle: 2a90a75aca94fbdadeell177ef5e7124a4575f3a4c36a252335¢ca28059b09908¢
low: 4c8£04809c8ea7a0fd358a35587£27d023c3f4b8ae1423112b33af272db6dadb

tail: cbb6a3cb5db3bfbbb2e72e0ec36569bdadf3ecd3c6lac2e42d8691cbd54ad5ec8
coordinate: b884ac47b2ce7d7ac0c271£88928e3739de98a0c53f69003fc888fb9d56974b3
splice: 317del1f7a05al6ce7fe8f42a9a83eedad2373b4edb23cceb9116be6db9463e12

The exact identity x(x —1) = 27,1 and the repetend/triangular observations may be retained
as coordinate mnemonics. They do not select the optimal band width and are not proof
owners.

87. Rank eight: the ¢ = 57 certificate geometry

PP114 constructs a four-lane rank-eight splice. Its ¢ = 56, L = 6 adaptive cover has weakest
ratio

1.000006691152949 . .. (87.1)

only 6.7 parts per million above one. The same exact receipt contains a strictly stronger
q=57,L =6 cover:
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729 leaves, 11,649 corner evaluations
weakest ratio 1.0001919333825133. ..
250000 < x < 750081 for the finite bridge

75 bridge cells, 861 authenticated boxes (87.2)
< 504058913542329082327040000
x
- 457
180421979233767077267426
457 >0

Every one of the 729 exact rational leaves and all 75 bridge cells has passed an independent
Fraction recomputation. The recorded Rail G and Rail L receipts replay byte-identically;
Rail T agrees in every mathematical field and differs only in a recorded path string. The
completed global proof in §92 supplies the theorem authority for this certificate geometry:

for the analytic middle lane

middle/tail overlap

AY(z) >0 (z>0): A-CAT (§92) (87.3)

For comparison, the ¢ = 80, L = 7 ratio 1.100576995062874 ... uses one midpoint split
in each of eight coordinates, hence 2 = 256 rational subboxes. The unsplit ratios are
0.8253553988179236 for L = 7 and 0.9432633129347698 for L = 8; the first passing unsplit
multiplicity is L = 9, ratio 1.0611712270516161. Moreover, the proposed sparse bridge fails
at © = 250000. The g = 80 lane is therefore reconnaissance, not a theorem or preferred
certificate.

Section 92 joins the low, bridge, middle, tail, and splice kernels into the global eighth-gate
proof. The arithmetic parameter ¢ = 57 alone does not establish any determinant sign.

92. Global eighth local determinant

Theorem 92.1 (D8-GLOBAL, A-CAT). For every real x > 0,

Ag () >0 (92.1)

Put

504058913542329082327040000

Xeap = 57 (92.2a)
The authenticated PP131 splice is the gap-free union
0 < z < 250000 actual-node low theorem
250000 < x < 337267 exact-box bridge (92.2)

337267 < x < Xcap q = 57, L = 6 ray and uniform core
x > 1102578756155569617614382 analytic source tail
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The provenance substitution is explicit in PP133 Section C.2: PP117’s independent clean-
room replay occurs byte-for-byte inside PP131 as lane D8-Q57-L6-UNIFORM-CORE. Thus PP131
consumes, rather than replaces, the named PP117 rederivation.

The cap overlaps the tail by the exact positive amount

180421979233767077267426
457 >0

(92.3)

The independent replays reproduced all declared dependencies. The full package and replay
hashes are held with the certificate archive, not here.

The finite verified-height input H = 3000175332800 is an unconditional Platt—Trudgian
theorem, not an RH assumption. The archived exact-box chain and declared zeros_14.dat
MD5 are authenticated, but the raw .dat bytes were not mounted for a fresh rehash or decode.
This provenance limitation is stated rather than hidden.

93. Fixed-order Dobsch—Lowner consequence

Let h(z) = S¢(x) and W = h'. With

Rl+i—1) ()18
He(o) = | =1y
J =1
the fixed alternating-sign congruence gives
Hs(z) = D[M;1;(x)]5;-,D D =diag(1,-1,...,-1) (93.1)

The global positivity of all leading determinants through rank eight and Sylvester’s criterion
give Hg(z) = 0. The audited Dobsch-Donoghue theorem and Léwner characterization
therefore yield:

Theorem 93.1 (DD-ORDER8 / SRC-LOEWNER-N8, A-CAT). The folded owner h is matrix
monotone of order eight on (0,00). Consequently,

o

for every positive node tuple of size at most eight.

The conclusion is positive semidefinite, not universal strict positive definiteness. The complete
dependency digest is held with the certificate archive. Order nine, arbitrary finite order, and
the operator intertwiner remain open.
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Matrix size and node range are separate quantifiers

GLOBAL ORDER 8 LOCAL RANK 12
Every positive basepoint One fixed basepoint: x =56
Order-eight matrix monotonicity Confluent rank-twelve certificate
Technical §§92-93 Technical §138

Global order 9 and the all-order completed sign remain open.

Figure 43: Global order and fixed-node rank are distinct directions. Order eight is certified globally;
rank twelve is certified at x = 56. The fixed-node certificate does not fill the global order-nine region.
See §§92-93 and 138.

138. Rank twelve at its exact finite authority

PP190-T replaces the failed entrywise Gershgorin tail bound by a correlation-preserving
one-measure Schur argument. The controlling manifest-bound production branch uses the
exact rational unit-lower preconditioner selected from its finite anchor. Its terminal polynomial
satisfies

23
:(24u)=> au’  ap€Qso,  ag>0 (138.1)
k=0

Hence ¢,(t) > 0 for ¢t > 2. The prime atoms themselves remain indefinite; the positivity occurs
only after their common-source correlation is retained. At cutoff 120,750,000, the certified
Schur margin is

Schur (B9 | B9 > 1.2252441364765957718 x 1074 > 0 (138.2)

Therefore

Bl (56) > 0 (138.3)

Equation (138.3) is a finite rank-twelve interval certificate at one basepoint, with the cutoff
and margin in (138.2). Equation (138.3) proves neither global matrix monotonicity of order
nine (meaning global in ), the all-node Lowner inequality, nor RH.
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Technical chapter IX. Cyclic
arithmetic, Riesz smoothing, and
zero frontiers

Cyclic denominator counts enter the zeta quotient through an Euler product. Smoothing

controls arithmetic jumps and exposes the zero-frontier exponent.

56. Cyclic arithmetic before zeta

To avoid collision with S¢, define

Grouping residues by their order in the cyclic group gives

Veye(q) = ) dp(d)

dlq

For a prime power,

2k+1
. P +1
Veye(p) =1+ (p—1)>_ p? ' = —
=1 p
Therefore the local Dirichlet factor is
1— plfs
Z Weye (pk)p_ks = _ 5_
= (1 =p=*)(1 =p*=)

and only then does the Euler product package the arithmetic:

167

(56.1)

(56.2)

(56.3)

(56.4)



56. Cyclic arithmetic before zeta

168

L \I’(‘/yc(Q) o C(S)C(S B 2)
Fores) = 2. =4 (- 1)

Singularity classification

The quotient has:

1. a simple pole at s = 3 with residue ¢(3)/¢(2);
2. a simple pole at s = 1 with residue 1/6;

(56.5)

3. for every nontrivial zero p, a pole at s = 1 4+ p whose order is the multiplicity of p;

4. no other poles in Rs > 1.

The inherited pole cannot cancel. At s = 1+ p, the numerator factors are (14 p) and ((p—1).
The first lies in the zero-free half-plane Rs > 1; the second is neither a nontrivial zero nor a

negative even integer. Thus both are nonzero.

Sharp-cutoff no-go

Let
_ _<B3)
A(X) = q;( Peye(q), C= m
and
E(X)=A(X)-CX? - %
For every prime p, Weye(p) = p? —p+1, so
¢(3) 5
E(p)—E(p—-1)= ( _C(2)) (pz—p)+g—0

The quadratic coefficient is positive. For each prime, at least one of |E(p)| and |E(p

at least half the jump. Since there are infinitely many primes,

: B 1 ¢3)
B0 =00, e St 25 (1 )

The unsmoothed O (X3/%¢) target is therefore impossible, regardless of RH.
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The cyclic-order branch: prime jumps defeat the sharp cutoff; one Riesz factor repairs it

Sharp cutoff: unavoidable Q(X?) cusps First Riesz mean: continuous entry and an RH spectral scale

prime locations

051 , "‘H ! J ,‘I‘ Wl M‘”;'lhi“ ' |‘H| ‘l lulllh : |‘

,_.
<

031 i

[R1(X) = DX3|/X32
=
o
IS

0.2 |

,_.
<

-
5]
1

&>

0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000

2500 3000 3500
X X

Figure 44: Finite cyclic data show the quadratic sharp-cutoff cusps and the continuous entry created
by the first Riesz weight.

57. First-Riesz cyclic criterion

Define the first Riesz mean

=3 Uepelg (1 - Y) (57.1)

q<X

Mellin inversion gives, initially for ¢ > 3,

1 X
Rl(X) = 2_7'("L © FCyC(S)m ds (572)

The residue at s = 3 is

¢(3)
DX3, D= 20(2) (57.3)

The denominator has an exact adjacent-triangular reading:

1 1 1 1 1
s(s+1)[,_s 3-4 12 2T3 275 ¢(2)
The continuation value ((—1) = —1/12 has the opposite sign but a different analytic owner.

The triangular reflection 3 — —4 keeps T3 = T_4 and therefore keeps the kernel factor positive;
it does not produce a separate identity —D. The polar-shell picture of [55] uses the same
reciprocal-radius vocabulary but is not the proof of this residue.
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Theorem 57.1 (first-Riesz RH equivalence).

RH < Ri(X) = DX?+ 0.(X3%) for every ¢ > 0 (57.4)

RH implies the estimate. Fix 0 < § < 1/2 and write s = 3/2 + ¢ + it. Since Rs > 1,
¢(s) = Os(1). The functional equation gives

g(—; +6+it) <5 (14 )0 (57.5)

Under RH, Littlewood’s reciprocal-zeta estimate in every fixed half-plane to the right of the
critical line gives, for every n > 0,

1
T P —— N 14 |¢))" 57.6
Consequently
Feye(3/2+6 +it) <5y (14 |t =0+ (57.7)

After the Riesz kernel, the vertical integrand is O(|t|~1=9+"), which is absolutely integrable
when 0 < 7 < J. The same fixed-strip bounds make the horizontal integrals vanish. Shifting
from ¢ > 3 to Rs = 3/2 + J crosses only s = 3 and proves

Ri(X) = DX? + O5(X3/219) (57.8)

The estimate implies RH. For Rs > 3, Tonelli’s theorem and a direct beta integral give

o0 e Feye(s)
Ry X)X lax = =9¢ 57.9
/1 1(X) s(s+1) ( )
Therefore
o e Feye(s) D
X) - DX X5 lgx = — ) 1
/1 (Rl( ) ) d S(S+1) s—3 (57 0)

The assumed error makes the left side holomorphic in every half-plane Rs > 3/2 +¢. An
off-line zero with Rp > 1/2 4 ¢ would create an uncancelled inherited pole at s = 1 + p inside
that half-plane. This is impossible. Letting € | 0 and applying functional-equation symmetry
gives RH. U

The s = 1 residue would contribute X /12 only after a contour shift below Rs = 1. It is below
the stated error and is not crossed in the RH proof.
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58. Fractional Riesz threshold and prime cusp
For A > 0, define

1 q A
RaX) = — 3 Weelg) (1 _ ) (58.1)
F'(A+1) i<x X
Its Mellin kernel is
I'(s)
58.2
C(s+A+1) ( )
The s = 3 residue gives
2¢(3)
D X3 Dy=—2+" .

On Rs = 3/2 + ¢, Stirling’s formula combines with (57.7) to give an integrand of order

|t|~A—0Fn (58.4)

Thus the direct absolute-contour proof closes for every A > 1. Conversely, for every A > 0,
an error O (X 3/24e ) would continue the Mellin transform past all inherited poles and hence
imply RH.

For 0 < A < 1, a separate arithmetic obstruction appears. Fix 0 < h < 1/2 and take the
central second difference at a prime p. The new prime term occurs only at p + h and equals

Veye(p) < h )A A, 2—A
=\ h 58.5
TA+1) \p+h) 7P (58:5)

For terms already present at p — h, Taylor’s theorem and W¢y.(n) < n? give

A
2 (1-%)
h X)vo,

The summable factor is 3,5, 7% < co. Lower-order differentiated factors and the second
difference of the cubic main term are Oy (h?p). Choose h = h(\) so small that the h* entering
cusp dominates the h? terms. Along every sufficiently large prime,

< O\h2p2 A (58.6)

Z Uepe(n)

n<p—1

A% (R = DAXP) ()] 2o p* (58.7)

If A < 1/2, choose 0 < € < 1/2—A. Then 2 — XA > 3/2 + ¢, contradicting the proposed
RH-scale error.
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The rigorous phase diagram is

0<A<1/2 RH-scale estimate impossible
1/2<A<1 estimate implies RH; converse open (58.8)
A>1 RH-equivalent by the absolute-contour proof

The natural next boundary is A = 1/2, not the unsmoothed cutoff.

Fractional cyclic smoothing: the current rigorous phase diagram

arithmetic regularity threshold absolute Mellin threshold
NO-GO OPEN RH-EQUIVALENT
prime cusp X2 -4 new boundary: A =1/2 absolute contour
0 12 1 A

The interval 1/2 <A <1 is not claimed solved.

Figure 45: The fractional Riesz phase diagram separates the prime-cusp no-go region, the open
middle interval, and the direct RH-equivalent range.

59. Denominator-moment hierarchy

For each integer j > 1, define

Vi(q) =) dp(d) (59.1)

dlq
The local factor and global quotient are
_ 1—pi—s
U (p")p = A (59.2)
,g) ’ (1—p=)(1 —p/*=%)
and
Yilg) _ ¢(s)¢(s—j—1)
Fj(s) = D2 = . (59.3)
! g{ 7 ¢(s = J)

Every nontrivial zero p creates an uncancelled pole at s = j + p. The main pole at s = j + 2
has residue ((j +2)/¢(2).
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Define

Ria(X) = ¥ ¥a) (1- %) (59.4)

q<X

The proof of Theorem 57.1 translates without loss: on s = j 4+ 1/2 + ¢, the two critical
factors are again ((—1/2+ 6 +it) and 1/¢(1/2 + 6 + it), while {(s) is bounded. Hence:

Theorem 59.1 (cyclic moment hierarchy). For every integer j > 1,

¢ +2)
¢(2)G+2)G +3)

RH < R;i1(X)= X2 4 O, j(XIHY/2Hey (59.5)

The half-power gap between the raw prime jump X711 and the RH spectral scale X7+1/2 is
universal across the hierarchy.

The cyclic theorem is one member of an exact denominator-moment hierarchy

moment Dirichlet quotient inherited pole first-Riesz RH scale
Wi(n) —: qs)q(s - 2)/g(s — 1) :_.. 1+p _: X3 +e )
Ya(n) —t 2(s)3(s = 3)/¢(s - 2) —— 2+p _; X5+ |
Ys(n) —: 2Us)s = 4)/(s - 3) :—v 3+p _: X7P+e |

For every integer j = 1: first Riesz error X/ *1/2+¢ «— RH.

Figure 46: The j = 1 cyclic theorem is the first member of a full denominator-moment family with
inherited poles 7 + p.

60. The zero-frontier exponent
Let

B« = sup Rp (60.1)
p

and define

aq = inf {a :R1(X) — DX? = O(X*"°) for every & > 0} (60.2)
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The inherited poles give the unconditional lower bound

@9

Any smaller exponent would analytically continue (57.10) across a pole 1 + p with real
part arbitrarily close to 1 4+ 4. The reverse inequality follows from Littlewood’s classical
reciprocal-zeta estimate in each fixed zero-free half-plane, combined with the same first-Riesz
contour argument. Thus, with that standard cited input,

e

This is a spectral-frontier identity, not a proof that 8, = 1/2. It explains exactly why first
Riesz smoothing measures the rightmost zeta zeros.

61. Cayley—Montgomery bridge: structural only

Under RH, ¢, = 1/4 + 2. At a large reference height T, set

1 . v —T?

S — — 1.1
T + 4 CT(’Y) 0 P 72 —|—T2 + 1/2 (6 )
For v =T + 6 with 6 = o(T),
1) 52 9]
Define
T log(T/2mw
my) = 2D ) (61.3)

For bounded offsets v — T and 7 — T' (in particular at the local spacing scale O(1/logT)),
the nearby ordinates satisfy

_ log(T'/2m)
2

which is the conventional local spacing normalization.

nr(y) —nr(y') (v —=7") +o(1) (61.4)

Both the sine kernel and the Postmaster Markov object admit divided-difference forms, but
no limit from the completed-source Pick kernel to the sine kernel is proved here. Section 61A
proves a limit for the specified comparison projection of Section 12A. The present statement
remains a coordinate bridge, not a proof of pair correlation.
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Cayley local unfolding recovers the conventional zero-spacing coordinate

T=1000: agreement to first order Finite-T nonlinear correction

—— Cayley unfolded 0.00
10 4 == linear spacing coordinate

—0.014

| | I I
© o ©°o ©°
o o o o
G E Q0 N

unfolded coordinate
IS
Cayley minus linear

—0.06

—0.07 A

—0.08
-15 =10 -5 0 5 10 15 =15 -10 -5 0 5 10 15
local displacement 6=y —T 6
Structural coordinate bridge only; no sine-kernel or pair-correlation limit is claimed.

Figure 47: At large T, the local Cayley coordinate agrees to first order with the conventional
zero-spacing coordinate.

61A. A comparison sine kernel at the ordinate scale

The sine kernel of Section 12A can be matched to a specified high-height coordinate. This is
a theorem about that comparison projection, not the missing completed-source Pick-kernel
limit in Section 61.

With Fourier convention f(t) = Jg f(u)e™?™udy, interval integration, convolution and
Plancherel give respectively

2 —
sincy (u) = / eZmitugy, sinc2 (t) = (1 — |t])+, / sincy (u)2du = 1. (61A.1)
—1/2 R

The continuous tent measures interval overlap. Its finite counterpart (12A.4) counts pair
differences exactly. Montgomery’s original paper [79] uses the corresponding distinct-point
density 1 — sinc,(u)? in its pair-correlation conjecture. Its theorem assumes RH and treats a
restricted Fourier range. The density is not the nearest-neighbor gap distribution; retaining
self-pairs adds a delta mass at zero. No conjectured pair-correlation law is used as a proved
arithmetic estimate here.

On the critical-line chart p = 1/2 + iy, v > 0,

1 0(y) 1 1
= = —4sin? Y 0(v) = 2arctan — () = ———. 61A.2
=g =t B =2ectang ) =g (614
These are algebraic identities. Using a real ordinate in this chart is not the same as using the
actual folded coordinate of an off-line zero.

Theorem 61A.1 (joint bandwidth and height limit). Put, for 7' > 27,

2mu

(T? +1/4)Lr 21u
Ly’

5 (61A.3)

T
LT:logﬂa NT: \‘ J7 VT(U):T—F
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For each fixed U and sufficiently large T', uniformly for |u|, |v| < U,

™

Ny Uy, (0(yr(w)), 0(yr(v))) = sincr(u —v) + Ou((TLy)™h). (61A.4)

Proof. Taylor’s theorem applied to (61A.2), including the floor error, gives Nz[0(~yr(u)) —
O(T)] = —mu + Oy((TLr)™t). Here 0"(y) = 2v/(v* + 1/4)®> = O(T3) on the required
interval. In the difference term of (12A.9), writing z = Nr(0(yr(u)) — 0(yr(v))) gives
sin z/[2Nrsin(z/(2Nr))]; the removable quotient converges uniformly to sinz/z. In the
reflected term the denominator is asymptotic to sin@(7) ~ 1/T, uniformly in w,v. Its
normalized magnitude is O(T/N7) = O((T'L7)~'). Together these estimates prove (61A.4).
O

The relevant projection dimension is therefore N ~ (T? + 1/4)log(T/(27))/2. Fixed de-
gree cannot resolve arbitrarily high microscopic spacing in this coordinate. This N is not
automatically a Widder rung index or a count of zeta zeros.

The source comparison retains a different functional. In/ =r+s+1,d=r—s
coordinates, Section 155A gives

Krs=X—Nao  yP(y)Puly) = 2cos(db) — 2 cos(£6). (61A.5)

The same product-to-sum operation creates (12A.9), but the summation data are different. The
actual functional is L[f] = 321, mpy,f(yp), and its identity Aopm41 = L[P2,] uses holomorphic
squares, not absolute squares. Neither w nor v¢ is identified with this functional. The all-rank
condition does not occupy only d = 0; it constrains the mixed entries. Section 155C supplies
an explicit positive reserve and retains its entire adjustment in the arithmetic defect.

Why a limiting spacing law is insufficient by itself. Consider a locally finite multiset
of real ordinates and a bounded compactly supported pair test of (y —+')log T, divided by a
normalization of order T'logT. Adding or removing finitely many fixed ordinates changes its
numerator by O(1): each fixed altered point meets only finitely many unchanged points in the
shrinking support window. Its normalized limit is unchanged. Thus an abstract finite off-line
quartet can coexist with the same limiting ordinate statistic. This is not a counterexample
about zeta. It shows why the actual-source inequality Eopy1 < Aopi1 or the all-rank defect
bound must still be proved. The finite negative control of Section 104A remains valid after
this sine reformulation.
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Technical chapter X. Prime wave
packets and the cancellation
problem

The moving shell leads to prime oscillation. Exact Bessel coeflicients improve the diagonal
model; remaining correlation and uniformity assumptions are stated at the end.

45. Gate Z and the Lindelof firewall
The finite octagon identity

7
w — 277/8 S Wi =0
j=0

is exact. Its transfer to n~% is not exact because

log(N +h) =1 NJrﬁ—h—2
8 TOBN TN T aN2

Any exponent-pair submission must retain uniformity in ¢, M, N, endpoints, integer-derivative
danger blocks, and stationary phases. No such new pair is proved here.

Lindelo6f controls growth on the critical line. No argument here turns that growth bound into
exclusion of sparse off-line zeros. Gate Z is useful analytic infrastructure, not the shortest
zero-exclusion route.

105. From the grid to the moving critical shell
For each fixed > 0 and fixed n, PP157 obtains the RH-independent asymptotic

1/2)p e kx
Gni(z) = (8\//71')7 k 1/2 log ) +vg — (2Hy, — Hy)

+ Op (K" og k)

(105.1)

177
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Thus every fixed n row is eventually positive. This is insufficient for the full grid because the
threshold is not uniform in n.

The verified-height route gives a very large but finite A-CAT rectangle:

Gni(56) >0  (0<n<6,901,269,318, k > 0) (105.2)

Its size is not a logical substitute for all n. The unresolved owner moves with k.
Put

N 1 2K
o= (105.3)

+ 1, n+1, 1 N

=

In the critical scaling A — A9 € (0,00), a zero p = 1 + 6 + (I’ + ¢) contributes, after
normalization,

2)\3 1 2
exp [0 (p —5 zT) ] (105.4)
x
Horizontal pairing gives
2
DoV 1423802 o ANDOC (105.5)
T

The flat-density Gaussian integral is independent of §:

2)2

This is why isolated off-line displacement does not control the moving shell; the prime
oscillation does.

/ 6—2)\202/m+2>\2(52/x COS AN%5c de = T (1056)
R €T

The even Gaussian test

g[‘)\(u) _ 672)\2(1171")2/90 + 672)\2(u+1_‘)2/m (1057)

has Fourier transform

Gly) = ?e—w%y%@ﬁ) cos(2nTy) (105.8)

The exact explicit formula therefore isolates the prime cosine statistic

A(m) _.q 2/(8\2
P,(\T) = Z L em(logm)™/(8X%) ¢og (I log m) (105.9)
m>2 \/m

PP160 proves unconditionally that, for every fixed € > 0,

s=o+ 1t Volume I — Technical Dossier, v5.1 — RH OPEN



106. Fourier-saddle collision and the first-return exponent 179

M <221 —¢)loglogT = Gri(z) >0 (105.10)

for all sufficiently large admissible pairs. A convenient k-form is

n < (V2x —o(1))v/kloglogk (105.11)

The transition beyond this region is the first infinite part of the grid not already covered by
fixed-row asymptotics or source-side absolute estimates.

106. Fourier-saddle collision and the first-return exponent

Let

A(m) _.q 2/(8)2
AN = e~ @logm)?/(83%) (106.1)
m>2 \/m

For n > 0, define the first positive near-return

RIf(A,n) =inf{T' >1:P,(\T)>(1-n)A,(\)} (106.2)

With 1y = ¢;/A\?, the return exponent is

0, = liminf = loglog R (A, 1) (106.3)
Aooo A2

For each fixed A, unique factorization makes the prime logarithms rationally independent, so
Kronecker approximation gives

y P,(\,T)
imsup ———+
Fixed-dimensional recurrence is therefore unavoidable. It is harmless at fixed A\, where A, (\)
is fixed and the Archimedean main grows like logI'. The moving dimension is the owner.

=1 (106.4)

Truncating the active primes at

logp < 254 6y/slogh  s=\/x (106.5)

leaves dy = exp(2s + o(s)) phases. Simultaneous Dirichlet approximation gives

loglog R} < 25+ o(s) (106.6)

On every bounded T interval the normalized cosine statistic tends to zero, so R} — oco. Hence
the sharp proved interval is only
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0<0,<2 (106.7)

The Postmaster branch needs

O, >

(106.8)

N[

The analytic reason absolute values stop at this coefficient is visible in the exact rational test

2 K
_oN-1 (7 +1/4)
H(t)==x o+ 211/ )KN (106.9)
At its positive saddle,
472 A2
/() = -7 O, (r?) (106.10)
For Fourier frequency L, the complex shift is
L
op(L) = ZT? (106.11)
The phase-blind prime-density exponent
L zL?
is maximized at
272 1

The prime coefficient m~'/2 and the saddle shift m~/2 collide exactly on Rs = 1. Absolute
convergence can reach the boundary but cannot supply the missing sign. The surviving task
is an additive wave-packet anti-resonance theorem.

107. The loose diagonal is exactly self-limiting

A loose version of the moment method bounds the diagonal by a loose expression of the shape
r!S5. Write

log T' = exp(cs + o(s)) 0<e<1 (107.1)

The largest product length compatible with clean orthogonality is
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eCS

Fmax ~ 55 (107.2)
while exclusion of one derivative-width near-L! return requires

CcSs

e
~ 107.3
Treq (1 — C)S ( )
Therefore
Treq 2
_— 107.4
Tmax 1—c¢ ( )
Equivalently, with » = SlogT'/(2s), the method needs
B> 2 (107.5)
1—c¢ '
The same central peak used in the upper bound forces
B < 2 (107.6)
~1—-c ’

Theorem 107.1 (loose-diagonal no-go). The diagonal-quality moment architecture
cannot prove a strict return exponent larger than ¢ for any 0 < ¢ < 1. Its reach and its
failure are the same exponent equality.

The endpoint can have separate bookkeeping, but it cannot yield the strict crossing (106.8).
The exact-diagonal route uses the interior saddle relation (108.9).

118. Gaussian prime energy and the visibility comparison

The following source lemma separates an exact prime-energy asymptotic from the still-unproved
comparison between collar width and finite-rank reach.

Lemma 118.1 - Gaussian prime energy
For fixed s > 0, let

_logp (log p)*
a, = N exp| ——¢

Then
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S(s)=3a2=%" (log p)” exp<—(loif)2> < oo (118.1)
p p

p

Moreover, as s — 0o, the prime number theorem and partial summation give

‘8(8) =25+ 0(s) ‘ (118.2)

For convergence, the Gaussian in log p eventually dominates every fixed negative power of
p. For the asymptotic, dr(t) may be replaced at main order by dt/logt; with u = logt the
resulting main integral is

/ ue ¥ 14) gy, = 25
0

The integral is exactly 2s; the discrete prime sum is only asymptotic to it. Consequently the
square-root and tilted peak locations inferred from this density replacement are asymptotic
diagnostics, not exact finite-s identities.

The exact aperture formula from Section 48 survives PP175 unchanged. The proposed
comparison with PP133 does not receive theorem grade: PP133 reports an empirical rank
threshold whose zero-count scale grows roughly like «ylog~y, whereas the Lill half-aperture
shrinks like 1/~ for fixed horizontal displacement. Both say that high zeros are harder to see,
but no map from collar width to vx has been proved.

108. The exact-diagonal theorem and its closure geometry

Set

; logp _(1oem)2/(3
Dy(t) = Zapp” ay = —o= ¢ (logp)”/(8s) (108.1)
P VP

and expand

Dy(t)" = br(n)n” (108.2)

The exact diagonal is

E. =Y by(n)? (108.3)
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Theorem 108.1 (Bessel-product diagonal).
E, = (r)?[2"] ][] 1o(2a,V/2) (108.4)
P

Proof. For n = prkp with >0, kp =7,

Hpkp‘ P
Since
a2kzk
10(261\/2) = Z (k')2

coefficient extraction in the Euler product gives exactly the sum of b,.(n)?/(r!)2. O

Relation to classical pseudomoments. The quantity E,. is a Gaussian-weighted all-prime
pseudomoment, within the classical framework of Conrey—Gamburd and subsequent work
[30,32,38]. The local identity is

a2k Sk

;O (2!)2 = In(2a,V/?) (108.4a)

Wahl’s prime product uses Jy factors [31, equation (1.4)], related by Ip(u) = Jo(iu). Theorem
108.1 is an exact coefficient dictionary; the weight and growing-order remainder distinguish
the later analytic task. No priority claim is made for the Bessel local-factor mechanism.

The first-order cancellation behind Wahl’s renormalizer is explicit: with a, = p~1/2 and
z = —u?/4, Ip(2ap\/z) = Jo(u/\/P), and the divergent p~! term in log Jy is cancelled by
(1—1/p)/,

The packet weight in (108.1) is an all-prime Gaussian weight. For each fixed s its square is
summable,

2
Sa2-y (loip) o~ (logp)?/(43) _ (108.4b)
p p

so the bare local product converges, while its mass becomes concentrated in a moving
logarithmic packet as s — co. This damping distinguishes the global object from Wahl’s
undamped product; the match is at the Bessel local factor, not at the full weighted model.

Growing-order pseudomoment asymptotics occur in the literature; see Bondarenko—Brevig—
Saksman—Seip—Zhao [38]. The result below concerns the stated Gaussian-weighted, coupled
(r,s) regime. Its theorem is specific to that weight and uniform remainder; no general novelty
or priority claim for growing-order pseudomoment saddles is made.
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The exact diagonal: factorials retain prime multiplicities

1. One prime: multiplicity j

I()(Zap\/E) = Z ap, G

2. Extract total degree r from the prime product

aZr
1] foCapv/z) = s ol
’ (p)ps 3p=0 P (7p!)

Jp=T
pJP

3. Restore the multinomial factor

E. = ()E][H@epvz) = ) b(n)?

n

The Gaussian weights in (108.1) make Zy af, finite at each fixed s > 0.

Figure 48: The exact Bessel coefficient dictionary keeps the factorial square in each local prime
multiplicity. Forming the product and extracting 2" enforces total multiplicity r; it does not control
the off-diagonal prime contribution.

The packet-specific analytic statement begins with the following saddle estimate and its
uniform remainder, not with (108.4).

If

__logr

Cr
S

stays in a compact subinterval of (0,2), the symbolic saddle and local central-limit argument
give

2

logE, =7 <Cr - %) s+ O(rlog s) (108.5)

Also
log A%" = 75 + O(rlog s) As = Z ap (108.6)

P
Thus
AQT c 2

log ES =r <1 - ET) s+ O(rlogs) (108.7)
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At

logT 1
r— Blog 8T . (108.8)

2s s

an exact-diagonal translated bound of size T1T°() E,. would rule out a return whenever

5(1—C>2>1 equivalently §> — 2 (108.9)
2 2 AHvAiey 1—c/2)? ‘
Solving the equality for ¢ gives the exact-diagonal closure map
2
CED(,B> =2 (1 — B) (108.10)
At ¢ = 1/2 the threshold is 32/9. Two margins are important:
4 (3\? 1
—|-)] —-1== 108.11
(1) 175 a0s.11
and
11/3 (3)2_11 (108.12)
2 \4 32 '
At the rational pilot
11 /6 1
Bo = 3 cep (o) = 2 <1 — 11) = 0.5229021082... > 3 (108.13)

This shows exponent room. It does not supply the translated theorem or its uniformity in c.
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Exact-diagonal closure geometry

— ceo(B) =21~ V2/B)
| ==- Postmaster target c =1/2

©
~

B =4: margin 1/8

©
)
|

o
5

threshold 32/9

o
S

pilot 11/3
Cep = 0.522902
margin 1/32 at c=1/2

o
w
|

largest coefficient allowed by exact diagonal, cep
o
N

The shaded region is exponent room, not a proved correlation theorem.
Uniformity in c and closure back to the full grid remain open.

2.0 2.5 3.0 3.5 4.0
return scale exponent B

Figure 49: The exact diagonal permits coefficients above one half at the rational pilot, but the
shaded region is conditional exponent room.

The inherited rigorous exact-diagonal frontier remains Sgp > 32/17 in supremum sense. The
pilot By = 11/3 is a target, not an attained return theorem.

109. Tilted diagonal, size owner, and the engineered kernel
Define

logr

E.(0) = > n’b(n)? —ce(0,1) (109.1)

PP168 proves

rs c+ 62, 0>c/2

14+0)c—c?/4, 0<0<c/2
log E,(0) ( ) / / +O(logs) (109.2)

S

The value and first derivative agree at § = ¢/2, while the second derivatives are 0 and 2. The
phase is C' but not C?. Its audited right-tail rate is

I(a) = — a>c (109.3)
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PP168 tilted exact-diagonal phase at c = 1/2

== audited phase ®1,,(6) 1
---- linear branch extension
------- quadratic branch extension

1.24

1.1+

1.04

log E-(6)/(rs)
o
©

o
9
.

“transition 6 = ¢/2 = 1/4
C! but not C2

o
©

0.6 A

0.5 e

[Right-tail rate: I(a) = (a? — c2)/4, valid for a = c.]

0.4

0.0 0.2 0.4 0.6 0.8
tilt 6

Figure 50: The two tilted branches meet with one derivative but not two. The rate formula is
asserted only on its audited right-tail domain.

At ¢ =1/2, with r = BlogT/(2s),

B, [nEx T°] _ -a?/(28)+8/32+0(1) (109.4)

is valid for

a> (109.5)

After the weighted Montgomery—Vaughan penalty, the exponent is

Fgla)=a—1— —+ == —-1- (109.6)

Theorem 109.1 (Montgomery—Vaughan owner and the internal gap). Atc=1/2,
assume the tilted asymptotic (109.2) in the regime r = SlogT/(2s). Then

T
/ IDy(t)" 2 dt = TE,(0) + O(E, (1)) (109.62)
0
and
Er(1) _ a178/32-140(1)
= (109.6b)
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Consequently the classical mean-value theorem certifies a diagonal asymptotic when
B < 32/17 and ceases to be main-term quality when 8 > 32/17. Since exact-diagonal
return at ¢ = 1/2 requires 5 > 32/9, the classical mean-value range and the return range
are disjoint.

Proof. Apply the Montgomery—Vaughan mean-value theorem first to finite truncations of
(108.2). Tts error is bounded by ", nb.(n)? = E,.(1). The tilted formula gives

TS 16

S TS 2

log £,(0) 7 +O<logs) log E, (1) 3+O<logs>
Thus

grg(l)i - %rs + O(rlogs) = <1372ﬂ + 0(1)) logT

log

which proves (109.6b). The Gaussian weight makes E,(1) < oo for fixed s, so the finite
truncations converge in the required weighted #2 norms and (109.6a) follows by passage to
the limit. Finally 32/17 < 32/9. O

This is a no-overlap theorem for the classical mean-value estimate, not a lower bound on
the true off-diagonal error. When 5 > 32/17, the theorem’s allowance may dominate even if
the actual signed correlation is smaller. At the rational pilot,

Er(1) . 01/9640(1) _
B =" = (109.6¢)

This quantifies why a correlation theorem, rather than another use of the unmodified mean-
value bound, is required.

It has one maximizer:

a=p,  X=1°°0 (109.7)

The active additive shifts satisfy

X
L=7= X'/ (109.8)

The missing relative saving is independent of # in X units:

7B/t = x—1/4] (109.9)
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. PP168 localizes the translated loss to one physical size shell
U T T

(Feta) =178/32 -1~ (a - p1(28))

0.8 A

0.6

0.4

0.2 1

weighted exponent F11/3(a)

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
0.0 1 !
i
1
1
1
1
1

—-0.2 1

1 2 3 4 5 6
audited right-tail domain product-size exponent a in n=<T?
a=p/a=11/12

Figure 51: The weighted exponent is a strict parabola whose unique owner is the shell X = T%.
On this tilted owner a typical prime factor obeys

logp =25+ Op(v/s)  p= (logX)*oW) (109.10)

The typical factor scale is not a hard whole-product cutoff. The extreme factor for 1 — o(1) of
the tilted mass reaches

log PT(n) = (2+ V2 + op(1))s (109.11)

or polylogarithmic exponent 4 4+ 2v/2. Repeated factors are negligible in the independent
tilted product owner, but this does not imply shifted-ged independence.

For W € C(]—1,1]) use

o~

W) = /R W(He€dt  Kn(x) = cos(na) W (x) (109.12)

The Fourier transform of K is supported away from the origin, so all of its derivatives vanish
there. Equivalently,

/ij,r(:c) dt=0 (j=0,1,2,...) (109.13)
R

Every finite smooth Taylor jet of a local shift density is invisible. What remains must be
nonsmooth arithmetic structure, lattice structure, or a boundary term.
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110. The rational pilot and the exact local factor
At By = 11/3,

X=1T"3  H=T=Xx¥" = [=Xx/T=x%" (110.1)

The nonlinear-log and boundary collar is

T—l — X—3/11 — X—1/4X—1/44 (1102)

Thus it has a strict spare power X ~1/44 relative to the target.

PP169-PP172 exponent ledger at 8, =11/3

Positive scales

q
l gIL = X311 +o(1) l
& &

X!/ll X8/11 Xl*o(l]
0.0 0.2 0.4 0.6 0.8 1.0

exponent e in scale X¢
Error and target scales

collar

T

x-3m X-14

——>
spare X~1/4
~0.30 ~0.25 ~0.20 ~0.15 ~0.10 ~0.05 0.00
relative exponent e in X¢

Figure 52: The pilot separates the window, shift, modulus, collar, and target exponents on one
common X scale.

The generating-function lift has an exact local p-adic owner. Put

za,)" way)k 1y
Ay = (z)7 ];) By, = (wap)” l;) pe=(1—p p* (110.3)
For v = v,(h) < oo,
v—1
Lyo(z,w) = ) piArBy
k=0

(110.4)

+p7 (1= 2/p)AuBy + Y pj(AvjBy + AyBoj)
j=1
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Proof. If v,(n) = k < v, then v,(n+ h) = k, giving the first sum. On the remaining set write
n = p’m and h = ph’ with p{ h’. The two classes m = 0 and m = —h’ (mod p) are distinct.
With Haar probability 1 — 2/p both are units; otherwise exactly one has positive valuation 7,
with measure ;. Multiplication by p~™ gives (110.4). O

In the symmetric squarefree truncation with activity A,

— _ _ 2
LNA-U-2p g, g, X

The sign change at A = 1 does not improve an absolute coefficient tail. The correct marginal
Mellin activity is

Lp1— Lypo = (110.5)

Ap = zapp™ 7 (110.6)
At the pilot saddle,
o= o(1) = %[1 +o(1)] (110.7)
and on the owner-prime shell,
Ay = e735/240(8) — (Jog X) 3o 0 (110.8)

The Mellin factor in (110.6) is essential to this small-activity regime.

For reciprocal smooth-modulus counting, the modeled tail exponent is only 1/4 at the typical
factor scale and 1/(4 4+ 21/2) at the whole-mass cutoff, while the pilot needs

11
o> — 110.
>32 (110.9)

Because A\, — 0, the first local coefficient is divisor-normalized like 1/p; a bounded sign or
weight improvement is only subpower over r =< log X/loglog X. The smoothness-counting
subroute is therefore closed. This is not a no-go for every possible signed extracted coefficient
theorem.

The first missing global line inside this factorization route is

Rryx(h) = MT,XGT,s(h) + Ergx(h) (110.10)

with a kernel-tested error at relative scale X ~1/4+o() after both growing-order coefficient
extractions.

111. The block owner and the total/off-diagonal Poisson de-
composition
Let
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fx(n) =by(n)o(n/X)  Px(t)=)_ fx(n)n" (111.1)
n
and define
2 B%
Bx =Y fx(n) Ex=) fx(n) My == (111.2)
n n
Expanding the smoothed moment gives
Mx(U,H) = HK(0)Ex + HY_ Rx(h)Krn(h) (111.3)
h0
where
(111.4)

Rx(h) =) fx(n)fx(n+h)

and K ,,(h) retains the exact logarithm H log(1 + h/n). The diagonal is the block quantity

Ex, not the global F,.

The recorded exponent calculations give

EX — A?’I’X—3/4+0(1) A?T — X1/2+0(1)

No ¢! localization at X has been proved. Positivity gives the sufficient inequality

Bx <) be(n) = A]

Therefore

Ex _ ExX _ ExX

_ _ x1/4+o(1)
Mx Bg( - Agr

Equality is conditional on the separate localization By = AL X o(1),

For the linearized divisor lattice put u = ¢/L. Poisson summation yields

APMu) = =57 [W(2rk/u — 1) + W (2rk/u + 7))
kEZ

The off-diagonal action is

AX(u) = A% (u) — K(0)

s=o+ 1t Volume I — Technical Dossier, v5.1 — RH OPEN

(111.5)

(111.6)

(111.7)

(111.8)

(111.9)



112. The matched high-modulus channel and the large-sieve no-go 193

Let
2 27
= = 111.1
w =T +1 R ( 0)
For 0 < u < uy,
Au) =0  A*(u) = —K,(0) (111.11)

Thus the engineered hole annihilates the total lattice action. It does not annihilate the h # 0
correlation by itself.

PP171 correction: the spectral hole belongs to the total lattice

T T
1 1
1 | Illustration uses a normalized C-infinity bump W on [-1,1].
: ! The support thresholds and low-u identities are exact.
N . :
' :
1
! i
' :
1
! i
1 i
S i i
< 27 1 i
X ! |
> ] !
a : |
? ] !
N 1 i
© 1 H
B a |
i
< ] uo=2m/(K+1 ! uy=2m/(n—1)
Kl ! i
- 1 1
@ ] i
] i
. ! | /\ ——
4 v ~ o—]
| :
A®t=0 ] i
1
AX = —Kq(0) | !
] ! — total action A™Y(u)
1 1 . = off-diagonal.action.AX.(u) =APHu).=K{0)
T 1 I T
T - T L T T T
1 2 3 4 5 6

modulus ratio u =g/L

Figure 53: For a representative smooth nonnegative bump, the exact low-modulus identities and the
distinction between total and off-diagonal actions are visible directly.

For W >0, A**(u) > 0, while as u — oo,

A*Yu) = K- (0) + On(u™)  A*(u) = On(u™) (111.12)

The high-modulus diagonal channel can therefore reconstruct the explicit diagonal in total
action while becoming invisible off diagonal.

112. The matched high-modulus channel and the large-sieve
no-go

In the squarefree local specialization, the matched joint monomial has
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p—2 1
— [ay](Lp,oc — Lp1) = — (112.1)

avy|(Ly,1 — L =
[av]( p,1 p,O) D D

Their sum is the positive diagonal coefficient (p —1)/p?. A matched prime is assigned modulus
exponent one with relative probability 1 —1/(p—1) and exponent two with relative probability
1/(p —1). Because

log X 1
— (log X )4to() ~ O =o(1 112.2
p = (log X) "™ Lloglog X .ij—l o(1) (112.2)
J<r
the positive matched squarefree local channel lies at
¢ =rad(n) = n = Xl % = X3/11+e(1) (112.3)

This is A for the local matched channel and only candidate A for a global extracted singular
series. Other signed channels and their total variation are not controlled.

For prime p < L, let

Fpla)= >, fx(n) Bx,= > fx(n) (112.4)

n=a (mod p) (n,p)=1

Character orthogonality gives exactly

By 2 1 2
Y B - S = SIS () (112.5)
ac(Z/pL) p P= 5 ol
The classical multiplicative large sieve yields
> Var,(fx) < X°WLEx (112.6)
p=<L
The unsigned short-shift owner is
B2
Ux = LTX = LMy (112.7)
The desired absolute allowance is
XYy (112.8)

Using inequality (111.7),
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TR xI/AZE S xl/24e(1) 112.9
X71/4UX Mx — ( )

Theorem 112.1 (large-sieve normalization no-go). The classical blockwise character
large sieve misses the kernel-tested short-shift target by at least X1/2t°(1) Equality in
the exponent requires the unproved ¢! block localization; failure of that localization only
worsens the miss.

The additive identity itself is exact. With

Fx(a) =Y fx(n)e(na) e(t) = e*™ (112.10)

one has

> Kx(h/L)Rx(h) = /1 [Fx(a)*Y " Kx(h/L)e(—ha) do (112.11)

h 0 h

For the Fourier convention
FK(¢) = / K (x)e™ 2™ dy (112.12)
R

FEKR(§) = [W(2r§ —m) + W(2r& + 7)] (112.13)

Poisson summation therefore selects, modulo one, two windows centered at

1
— 112.14
T L ( )

with half-width 1/(27L). Controlling the energy in these windows after the correct diagonal /off-
diagonal subtraction is the direct surviving branch owner.

129. Nonlinear logarithmic spectral-hole persistence

The exact short-shift kernel is evaluated at

Hlog(l1+ h/n)

whereas the exact Poisson hole in Section 111 uses the linearized coordinate Hh/n. PP178
determines what finite-order nonlinearity does inside the factorized total-lattice model.

Let
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®y1.0(z) = Hlog <1 + ;) 1<v<? (129.1)

v = =

where v is the smooth dyadic n/X variable. Let p be smooth and supported in [1, 2], and let
X equal one near zero and be smoothly supported where 1 + z/(Hv) stays uniformly positive.
The factorized nonlinear total-lattice action is

At () = Z /12 p(v)x(mu/H)K(®p,(mu)) dv (129.1a)

mMmEZ

This is not the coefficient-weighted correlation Rx /@) For this section use the angular-
frequency transform Kung(w) = [p K(2)e ™ ™%dz, s0 Kang(w) = FK(w/(2m)) under (112.12).
If K = K, is defined by (109.12), then

supp Kang C [~ — 1, —m + 1] U [r — 1,7 + 1] (129.2)

Writing y = x /v, the cutoff composition through order three is

3
X(@/H)E(®p0(x) =D HIDK(y) + Ra,mo() (129.3)
j=0

with

DoK (y) = K (y)
2
DiK(y) = — L K'(y)

2
3 4 (129.4)
Yy Yy
DoK (y) = gK/(y) + gK”(y)
. y4 / y5 " y6 111
D3K(y) = _ZK (y) — EK (y) — ZSK (v)

Every higher coefficient has the same form: a finite sum of polynomial multiples of derivatives
of K. Polynomial multiplication and differentiation preserve Fourier support. Scaling by v
replaces the bands by their contractions by 1/v; smooth integration over 1 < v < 2 leaves the
outer edge at m + 1 and does not fill the central hole.

Here exact support belongs to the full jets D;j K (z/v), not to their products with x(z/H).
Replacing a cut-off jet by its full jet costs Oa n(H (1 + |z|)~") for every A, N, because the
difference is supported where |z| < H and every jet is Schwartz. This cutoff discrepancy is
absorbed into R g, before Poisson summation.

Consequently, with

2
T+ 1

ug =
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Poisson summation annihilates every finite smeared jet for 0 < u < ug:

2 /12 p(v)D;K(mu/v)dv=0  (j =0) (129.5)

mEZ

A smooth dyadic cutoff therefore changes only the outer Schwartz tail. For every fixed J, N,
after choosing the cutoff-tail order at least J, the combined composition-and-cutoff remainder
satisfies

Rimo(z) < CoinH 1+ |2))™N (129.6)

uniformly for v € [1,2]. Since the lattice sum of the right side is Oy (H /(1 +u~1)), PP178
gives

Theorem 129.1 (nonlinear persistence of the factorized total hole). For 0 <
u < up,

ASt(y) = Oy (H—J(1 + u_l)) (129.7)

and, after removing the zero lattice point,

A% (u) = —K(0) /1 ’ p(v)dv+ O, (H™ (14 u™)) (129.8)

At the pilot, u > L1, H = X3/ and L = X8/11. Keeping four jets gives
H (1 4+u ) <« H AL = x4/ = x—-1/Ax—5/4 (129.9)

Thus truncation at J = 4 is the first one whose remainder clears the required relative power,
with spare X ~5/44,
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PP178: nonlinear logarithmic spectral-hole persistence

Every finite nonlinear jet keeps the same hole Pilot leakage H/L = X(8~-3)/11

5/11

=2nju k=0 2n/u 0.4+
°® * ¢ . 2
1 1 1 0.24 first crossing
1 1 1 spare 5/44
1 1 1 x
1 1 1 £
1 1 outer edge m+ 1 € 0.0
1 1 1 g
1 1 1 g
1 I 1 X
1 1 ] o] -1/11
1 1 1 S -0.2
1 ] ] B - -
1 1 1 ©
1 ] 1 <
l | l ;
1 | | ~04 —4/11
1 | 1
I [} [}
[} [} 1
1 1 1 -0.61 _—
1 : 1
| smeare#:l jet support 1 711

central spectral hole — = target -1/4
-6 -4 -2 0 2 4 6 1 2 3 4 5

Fourier frequency & retained jet order /

The geometric leakage clears the target only after factorization; the actual coefficient-weighted extraction remains open.

Figure 54: Every nonlinear logarithmic jet preserves the two Fourier bands; at the rational pilot, the
fourth remainder is the first to cross below the target scale.

The scope is essential. Theorem 129.1 applies after factorization to the unweighted total
lattice, with smooth v-smearing and a harmless dyadic cutoff. It does not replace Rx(gm) by
a constant, construct cx(q), or control the growing-order factorization error. It proves that
finite-order kernel geometry is not the missing power. The surviving obstruction is strictly
arithmetic transport and extraction.

113. The closure contract

The branch can advance only after the following conditions are met.

Missing uniformity or

Arrow Direction Status theorem

all-rank folded positivity equivalence exact none

“~ —@’g CM

76)'5 CM <> one-point equivalence exact none

Hausdorff grid

full grid = every necessary exact converse not automatic
moving shell

PP157-PP160 source sufficient proved transition shell remains
region = G, i > 0 there

Oz >1/2= intended sufficient partial one uniform theorem
transition-shell must be mounted
positivity

additive-window saving
= return exclusion

s=o0+1t

conditional sufficient

branch-open
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Missing uniformity or

Arrow Direction Status theorem

return exclusion only at false without more open needs a c-neighborhood
c=1/2=06;>1/2 or stability theorem
transition-shell conditional sufficient open all complementary
positivity = full grid regimes must be joined

Two owners must therefore remain named.
GLOBAL-OWNER. Prove all-order folded complete monotonicity, equivalently the complete
one-point Hausdorff grid, by a positive source transport or another all-order source theorem.

BRANCH-OWNER. Construct the extracted finite-X object, or bypass it, and prove the
kernel-tested selected-window saving

X VA+e() (113.1)

with the uniformity needed by the return problem.

The exact-diagonal map makes the needed neighborhood plausible but does not provide it. If
the translated theorem held uniformly for

1 1

3 <c< §+€<CED(11/3) (113.2)
then returns through that coefficient interval would be excluded with a positive power margin,
yielding a strict lower return exponent. A theorem only at ¢ = 1/2 gives a boundary statement
unless a quantitative stability lemma transports the 1/32 margin to an interval.

Even after ©, > 1/2, one final theorem must state that the return bound closes every cell in
the transition shell and that Sections 105-106 cover the complement. Only then does (104.12)
return the argument to the RH-facing criterion.

Conditional closure proposition 113.1. Assume:

1. the selected additive-window estimate holds uniformly on a nontrivial c-interval
above 1/2 at By = 11/3;

2. continuous return exclusion transfers uniformly to the integer Postmaster saddles;

3. the resulting strict return exponent makes every transition-shell cell positive; and

4. the proved fixed-row, finite-prefix, and source regions cover all remaining cells.

Then the full grid is nonnegative, hence the complete-monotonicity criterion holds. None
of assumptions 1, 3, or the complete coverage in 4 is proved in the present corpus.

This proposition records the proof contract. It is not an RH theorem.

External-normalization firewall

The symbol S in this branch is defined internally by
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BlogT
T =
2s
PP174 supplies a useful partial internal dictionary. The unique Montgomery—Vaughan
error owner in (109.6)—(109.7) satisfies

(113.3)

_log X
~logT

X =710 5 +0(1) (113.4)

Thus g is the logarithmic length coordinate of the dominant 8 = 1 coefficient shell. This
identifies the internal physical owner and explains the threshold 32/17 in Theorem 109.1.

It does not yet identify the full packet with every standard external length parameter. The
distinction is theorem-level:

1. D4(t)" is an infinite Gaussian-weighted Dirichlet series, whereas a published large-value
theorem is normally stated for a hard block N <n < 2N;

2. passing from the global series to the block fx requires quantitative ¢? localization, and
any ¢! normalization remains separately open;

3. coefficient hypotheses such as |b,| < 1, value normalization, spacing, and the relation
between N and T" must be checked theorem by theorem;

4. Guth-Maynard’s condition N < T%/6=¢ describes one regime where their new estimate
improves earlier bounds. It is not a universal definition of a literature parameter o and
does not prove that all large-value methods are irrelevant when X > T

Accordingly, the firewall is narrow but remains necessary. No claim is made that Guth—
Maynard barriers, density-hypothesis exponents, or their numerical improvements apply
directly to (108.9). Conversely, the internal exact-diagonal geometry is not advertised as an
improvement to those external records. The absence of 32/9 from a search is expected for an
internal threshold, but is not itself a novelty theorem.

Guth—-Maynard arXiv:2405.20552 must be read at v2 (7 April 2026), and Chen—Gupta—Li
arXiv:2507.08296 at v2 (27 July 2026) proves the 7/3 zero-density exponent for Dirichlet
L-functions by an adaptation of that method. These are current background inputs, not
lemmas in the Postmaster proof.

s=o+1it Volume I — Technical Dossier, v5.1 — RH OPEN



Technical chapter XI. Finite Weil
models and controlled limits

Finite dictionaries and positive cutoff tails have precise scope. Ground-state and joint-limit
hypotheses needed for spectral recovery remain separate.

19. The actual-Weil ground-state criterion

Let Ay represent the full global Weil form, with bottom eigenvalue €y, next eigenvalue €, gap
Ay = €1 — €y, and normalized proxy vy = ky/||kx||2. Define the closed-form Rayleigh excess

Tx = qax[vA] — €0
If the bottom eigenvalue is simple, then

P

1= [{vx, )2 < <2
[(vx, &) A,

Because the proxy is even, r)/A) < 1 forces the simple ground state to be even. A sufficient
scale is

[[EAlI37 A

A, <C(1—-x2(0)

Together with bottom simplicity, proxy convergence, the published real-zero theorem, and
Hurwitz passage, this would imply RH. Bottom simplicity and the gap-normalized estimate
are open.

Every fixed finite Li/Hankel/localizing suite can be passed by a synthetic off-line quartet.
Therefore no fixed finite stopping point is an RH certificate.

44. Two-channel finite-Weil sampling

The coarse one-channel sampling cannot distinguish y = logn from L — y. The two-channel
construction samples
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1
T + kh and T+<k+2>h

or uses two polyphase classes on the fine lattice. The de-aliased prime frequency is

wlogn
L

Necessary attainable-weight constraints include

1
dowi=) wi=j

j even j odd

wj§

N =

and, at the cubic endpoint,

(-1 'wj=0 r=0,1,...,6
J
The construction has the following exact structure:

e seven-jet ownership Jy, ..., Jg;

e individual overlap order seven and operator endpoint order six;

o Newton/central-factorial coordinates;

o finite center/difference Weyl and Wigner identities;

o scoped deep-packet safety with the stated frequency normalization.

The open seats are sharp attainable-range characterization, multiplicative Ap/Ay comparison,
full edge recombination, and uniform bulk coercivity.

The half-grid channel resolves the Nyquist mirror that the coarse channel aliases

Integer grid: traces coincide Half grid: mirror acquires the opposite sign
1.00 A 1.00 A =0~ cos((k +1/2)6)
ror half-grid

0.75 4
0.50

0.25 4 0.25

0.00
—0.251 \

—0.50 A

0.00 1

—0.25 A

sample value
sample value

—0.50 A

—0.75 A —0.75 4
=@~ cos(k6)

¢ cos(k(2n-6)) ~1.004

—1.00 A

0 2 4 6 8 10 12 [¢] 2 4 6 8 10 12
sample k sample k

Figure 55: Integer-grid aliasing and its exact half-grid /polyphase separation.
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123. Exact finite Guinand—Weil dictionary 203

123. Exact finite Guinand—Weil dictionary

This section restates and checks the fixed-rank theorem of Groskin arXiv:2607.02828v3. The
attribution is load-bearing: no novelty claim is made for the external theorem. To avoid
collision with this volume’s Loewner order, write M for the external Galerkin band.

Fix ¢ > 1 and put

L 27
L=1 A= = 123.1
ogc 5 PT T (123.1)
For v = (v, ...,va) € RM*! use the isometric symmetric embedding
Yk 1<k < M) (123.2)
ug = v U = U_f = —= .
0 0 k 2 o) Sk
and define
M ) w
Tt = 3 ume™ K, (w) =2 / To(6)Ty(w — £) di (123.3)
m=—M 0
The associated Fourier weight and test function are
~ TKy(1—[£]/A), [§] <A /A ~ 2miz€
= z) = e d 123.4
gv(g) {07 |§| S A gv( ) A gv(g) 3 ( )
The finite source calculus can be checked before invoking any explicit formula. For
@
VYaw(x) = —sin(2nwz)
T
the divided-difference matrix satisfies
(v, Qawv) = aKy(w) (123.5)

Indeed, the off-diagonal coefficient is

sin(2rwm) — sin(27rwn)

“ w(m —n)

the diagonal coefficient is 2aw cos(2rwm), and expansion of (123.3) reproduces both; the
imaginary contributions cancel under u_,, = u,,. By linearity the source-to-form map factors
through the exact 2M + 1 coordinates

/wdu /Sin(27rk:w) du /wcos(27rk:w) dp (1<k<M) (123.6)
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The entries (0,0), (k,0), and (k, k) recover these coordinates, proving that the quotient
dimension is exact.

Theorem 123.1 (Groskin’s finite dictionary, audited). For fixed ¢ > 1, fixed
M > 0, and every real even Galerkin vector v,

<va<(>g’M)v> = Z gv(z) (1237)

z:¢(1/2+iz)=0

with multiplicity and absolute convergence.

The proof is the Guinand—Weil explicit formula applied to (123.4). Its Fourier support is
[-L/(2m), L/(27)], so every prime power ¢ > ¢ drops out exactly. The prime, pole, and
archimedean terms are then precisely those of the fixed-(c, M) truncated matrix.

Three qualifications are part of the theorem statement in this volume.

1. The map is coefficient vector to test function. It does not realize an arbitrary Guinand-—
Weil test function.

2. The theorem is finite in M and fixed in c.

3. The zero sum ranges over the actual complex zero multiset. No reality of the parameters
z and hence no RH assumption is used.

The finite Guinand-Weil dictionary has 2M + 1 coordinates

ONE LINEAR COORDINATE M SINE COORDINATES M COSINE COORDINATES

Jwdu [sin@2nkw) du [wcos(2nkw) du

1+M+M=2M+1, k=1,...M
Exact finite coordinate recovery; no infinite positivity follows from dimension alone.
Figure 56: At finite band M, one linear coordinate and two families of M trigonometric coordinates

give the exact 2M + 1-dimensional Guinand-Weil dictionary. Finite coordinate recovery is distinct
from positivity of an infinite operator.

124. Positive archimedean tail and the cutoff certificate

For T > pM, put ar =T/p and, for n € Iy ={-M,..., M},

1 1
pr(n) = p— qr(n) = p—— (124.1)

The algebraic hinge is
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m n

2 _m2 a

a —n2 1 1 1
m—n 2 <(a—m)(a—n) * (a—i—m)(a—i—n)) (124.2)

with diagonal limit (a? 4+ n?)/(a® — n?)?. Direct integration of the true archimedean source
gives at each integer node

2sin?(LT/2
S(Ton, L) = sin“(LT'/2) i n i

(124.3)

and differentiation before node evaluation gives exactly the same diagonal limit. Thus
the divided-difference matrix is formed from the true source, not merely an integer-node
interpolant.

Set

hy(T) = ?Rw(l + ZC;) —logm (124.4)

Its derivative has the positive partial-fraction expansion

T k+1/4
> +1/ >0 (124.5)

) = 5 2 G T @R

and hy(7) > 0.

Theorem 124.1 (Groskin’s archimedean tail order, audited). If 7, > T} >
max(pM,7), then

Qarch,Tg - Qarch,T1 - 5 h+ (T)
Vs T

1 (T2 sin?(LT/2
/ (p/) (bt + qrats) dT (124.6)

The increment is positive definite, and every ordered minor in the natural node order is
strictly positive.

Positive definiteness follows without a compactness guess. If a vector annihilates (124.6), the
rational function >°, .y %n/(a —n) vanishes on an interval. It therefore vanishes identically,
and every residue x,, is zero. For ordered minors, the pushed measure lies on two intervals
exterior to every node. Andreief’s identity expresses a minor as an integral of two Cauchy
determinants. Their signs depend on the same number of left-interval samples and cancel;
positivity on open sets makes the minor strict.
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Fixed-parameter Weil transport: exact dictionary and ordered archimedean tail

EVEN VECTOR VOLTERRA CALCULUS BAND-LIMITED TEST EXACT ZERO SUM
vERM* Tt) = Sume2int suppgy < [-A, A] (v, QL Mv)

Uon = U P A=log(c)/(2m) -

fixed ¢ > 1, finite M Kw) =2 prime powers g > ¢ vanish e g,,,:ag“m

TUt)Tulw — t)dt one-way finite dictionary

RANK-TWO CAUCHY DENSITY

ARCHIMEDEAN WINDOW CERTIFIED ORDER

T, > Ty > max(pM, 7) Qarcn, T, = Qarch, T, positive definite

ar=T/p . sin? (LT/2 every ordered minor positive
hitTi>0 :"zf"*m% 0<Q.—Qr<By

x (prpy +qrqy ) dT
pr(n) = (ar=n, qr(n) = (ar+n)~*

Scope: T- = is controlled only with (c, M) fixed; M- «» and c - «» are separate open limits.

Figure 57: At fixed prime cutoff and Galerkin band, the coefficient vector has an exact zero-sum
image and the omitted archimedean tail is an ordered integral of rank-two Cauchy Gram atoms.

For the total fixed-(¢, M) matrix define

1 fo° sin?(Lr/2
Br=25, e () 22 1 18 1 g ) (124.7)
Then
0< Q™ — Q™ < BrI (12458)
and hence
)‘j(QT) < )‘](Qoo) < )\](QT) + Br (124‘9)

This produces the exact two-sided decision rule:

finite-T" reading cutoff-free conclusion at fixed (¢, M)

Aj(QT) >0 2j(Qoo) >0
2j(Qr) < —Br Aj(Quo) <0
—Br < Xj(Qr) <0 inconclusive

For M > 1,

22M +1)p [ logT 1 T
Br < — log 124.10
TSTT 2 T— oM oM T oM ( )
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and, at fixed (¢, M),

(2]‘7{;;1)/) (1og % 4 1> (1+o(1) (124.11)

At (¢, M,T) = (100, 200, 800), direct arithmetic gives

Br =

pM = 272.875270768 . ..
bound (124.10) = 1.5754527435. .. (124.12)
leading (124.11) = 0.4051372811 ...

The sharper interval value reported by Groskin is not promoted because that ancillary
certificate is not mounted here.

Three-limit firewall

The tail theorem removes exactly one regulator:

T — oo at fixed (¢, M) is controlled M — oo and ¢ — oo remain open‘ (124.13)

It does not answer the general one-dimensional Putinar interpolation question: it constructs one
explicit positive Cauchy—Stieltjes tail rather than a universal moment-extension theorem. Nor
does it prove this volume’s all-order source inequality. The external M is a Fourier/Galerkin
band, not the matrix order in A%V; moreover the external prime and pole blocks are not made
positive by the archimedean increment.

125. Connes—Suzuki theorem and limit audit

The direct technical sources clarify why spectacular finite spectra do not yet form an RH
proof.

object established result missing identification
Connes—van Suijlekom, Prop. 5.10 finite real-root polynomial under applicability requires the kernel
simple spectrum and a hypotheses

one-dimensional even kernel
Connes—van Suijlekom, Thm. 6.1 £ has only real zeros when the those spectral hypotheses must be

lower-bounded operator has a simple  proved for the target Weil form
isolated even ground state

CCM, Zeta Spectral Triples self-adjoint rank-one perturbations and simple/even ground state and a

high-accuracy finite spectra zero-carrying joint limit are explicitly
missing

Suzuki, Thms. 1.3-1.5 continuity of Ay; small-a simple even a — oo recovery of zeta ordinates is
ground state; real zeros of W(a,6;z)  conjectural

Groskin numerical v4 16-cutoff computation and reported fixed-M bias and continuum limit are
307-329-digit recovery at the largest = not bounded
cell

CCM Section 8 states the two essential missing steps: prove that the localized Weil ground
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125. Connes—Suzuki theorem and limit audit 208

state is simple and even, then prove that the proposed k) approximates that eigenvector
strongly enough to carry its zeros to the zeta-zero limit. This is the controlling statement,
not the expository letter’s inaccessible continuation.

Suzuki’s finite/local results do not require RH. Spectral recovery remains a conjecture, and
Section 7 is explicitly heuristic, begins by assuming RH, and introduces A, only as a formal
symbol. Real zeros of the finite characteristic function follow from self-adjointness; their
identification with zeta zeros does not.

The high-precision numerical paper considered here is arXiv:2605.20224v4. It states that fixed-
M Galerkin bias is not independently measurable, labels its classifier verdict intermediate,
and makes no proof claim. At T' = 1200, the ¢ = 100 negative block rearranges rather than
disappears. These computations do not bound the continuum limit.

Connes--Suzuki limit firewall: finite real-zero mechanisms versus zeta-zero recovery

FINITE LOCALIZED WEIL OBJECT

prime cutoff ¢, Galerkin band M,
archimedean cutoff T, finite interval a

— S
T e = o
ARCHIMEDEAN LIMIT GALERKIN LIMIT PRIME-CUTOFF LIMIT SPECTRAL HYPOTHESIS
T at fixed (c, M) Mo com simple isolated even
CONTROLLED OPEN OPEN ground state: OPEN globally
+ r 2
FINITE REAL-ZERO MECHANISMS W (ZERO-CARRYING JOINT LIMIT
Cvs: conditional Fourier real-zero theorem ccm ion to the ground state

Suzuki: self-adjoint extension gives real zeros J L and convergence to actual zeta zeros: OPEN

L g
RIEMANN HYPOTHESIS: OPEN
Real zeros of a finite characl Tthout the missing joint limit.

Figure 58: The finite Weil-form results close the archimedean cutoff at fixed parameters; simple-even
control and the Galerkin/prime-cutoff limits remain distinct open bridges before any zeta-zero
identification.
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Technical chapter XII. Dilation,
cyclic resolvents, and source carriers

Finite dilation complements fail a Stieltjes sign. The sharp dilation frontier and cyclic-resolvent
theorem identify the full conditions, followed by source carrier formulas.

139. Universal finite-dyadic Stieltjes obstruction

Normalize
N z N N
and
_ By (2) _ 1 -N N
Gy(z)= =22 = 5 [0(s) — 27 Vo (2Vs))| (139.1)

On the upper lip of the folded cut, write

1+ 02

Zy = + 10, Ry (z,) =1v

Functional reflection gives the exact boundary identity

2~ N N-1 ,
G+ (20) = Té}%cb(Q (1+1v)) (139.2)

The positive Z kernel proves ®(o) > 0 for every real o > 1/2. Hence the right side of (139.2)
is positive for sufficiently small v > 0. A Stieltjes function must map the upper half-plane
into the closed lower half-plane. Consequently

VN >1: Gy is not Stieltjes and By is not complete Bernstein‘ (139.3)

This does not contradict preservation of the complete-Bernstein cone by &: cone preservation
by 2 does not make I — 2V positive.
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The moving terminal has the exact triangular coordinate

sy=2N"1" py=2N"1_1  ay=2Tpn. (139.4)

For six scales, (sg, 16, ) = (32,31,992) and 992 = 273;. The forbidden trace coefficient is

1if8USGN,+(qu) =2 Vp2V ) >0 (139.5)
V.

It tends to zero as O(N2~%) but never vanishes at finite N. This is the precise finite/infinite
boundary layer.

140. Holomorphy, positivity, and the surviving equivalence

Let ¥ = C\ (—o00, 0] with the principal square root. For every finite N, the terminal term
®(2NVs) is Euler-safe on ¥ and cannot cancel an off-cut pole of the first term. Therefore

‘G ~ holomorphic on ¥ <= RH (140.1)

Equation (140.1) is an exact equivalence, not a resolution. PP190-IH proves that Stieltjes
positivity is strictly stronger than this holomorphy statement for every finite block and fails
unconditionally.

The joint conclusions are:

ranks through twelve can be certified at the fixed completed-source node;
no finite dyadic telescoping block can be the global CBF seed;

Gamma and prime contributions must couple before positivity is taken;

the required owner is infinite, nonlocal, or exactly completion-compensated.

o=

The dilation and cyclic-resolvent theorems below refine the current proof map in Reading
Volume §R24; their exact identities retain the all-order source obligation.

142. Dilation innovations, reflection, and no-gain gates

The following exact statements organize the sharp dilation frontier. The proof map in Reading
Volume §R24 places their all-order quantifiers beside the completed source sign. Numerical
cutoffs and proof grades are stated at their theorem owners.

142.1 Divisor-square inversion and innovation

The divisor-square carrier and its exact dyadic inversion are

5)4
D(s) = () J(s) = 4A(s) — 2A(2s)
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A(s) =D 27k 2 J(2Fs) (142.1)
k>0

The coefficient positivity and derivative-level convergence proved in the source package justify
(142.1) in its stated half-plane. The normalized forward lift preserves the complete-Bernstein
cone in its proved domain, but its inverse difference does not. For the completed innovation
k = h — Z5h the directed endpoint enclosure is

—0.011543 < k'(0) < —0.011392 < 0 (142.2)
The exact reconstruction
h=>" 2k (142.3)
>0

is convergent but signed. The finite Euler-prefix/counterterm and fixed prime-translation
tests likewise fail. Thus a positive forward lift neither makes its difference positive nor licenses
inversion of the cone.

142.2 PP190-T reflection, inertia, and no-gain gates

For a nonreal folded shell ¢ = |g|e?, write

10/2
=A B
t+q z T 1Dy
The conjugate pair contributes
Ky(z,y) + Kg(z,y) = 2|q|(Az Ay — B.By) (142.4)

This is the exact reflection/Krein difference of squares. Every nonreal folded pair has shell-
local real signature (1, 1); inertia is invariant under invertible congruence, so no shell-local
change of basis can turn that pair into a positive atom. The negative-channel contraction
formulation is exact, but a Schur lift is a no-gain tautology unless the larger completed block
is independently proved positive. The zero-tail member has both a certified negative direction
and an independent positive by direction and is therefore genuinely indefinite.

142.3 PP190-1H continuous strengthening
For every finite real A > 1, put

0
G (2) =
The source package proves
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A>1= Gg\o) is not Stieltjes (142.5)

The printed dyadic theorem is the specialization A = 2. Independent positive-axis witnesses
include GV (30) > GV (12) and (G{”)(12) > 0. There is no contradiction with Bj(0) > 0:
the latter is a physical-axis derivative, whereas (142.5) is forced by the opposite orientation
on the folded upper cut.

143. Exact Stieltjes and complete-Bernstein dilation frontier

Let
1
R(z) = V1 +4z, s(z) = +§(2)
D(As(2))
S = —" T =2z5 A>0
A(2) () A(z) = 251 (2) >
and define the horizontal zero frontier
fx = sup Rp
P

Theorem 143.1
For every A > 0, the following are equivalent:

1. S) is a Stieltjes function;

2. T is a complete Bernstein function;

3. Sy is holomorphic on the principal slit plane;

4. X\ > 20,.
Consequently,

[{A>0:T) € CBF} = [28,,00)] (143.1)

Proof. Write =(w) = £(1/2 + w) and retain each reflected zero pair. The genus-zero paired
logarithmic derivative is

<I>(1/2—|—w)=2ma( L, 1 > (143.2)

(o) w— o w ~+ o

Here m,, is the multiplicity of the paired zeros. The pairing is essential: each paired summand
is O(|a|=2), while the two separated reciprocal-zero series need not converge absolutely. If
Ro > By, both reflected denominators in (143.2) have positive real part, so R® (o + it) > 0.
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For A > 23, the principal upper half-plane maps strictly into that positive half-plane. On the
upper folded lip,

RO(3(1+ivar—1))
SISy 4 (—r) = — <0 143.3
) )\7+( T) )\\/m ( )
The keyhole maximum principle then gives the Stieltjes property. Locally uniform closure
gives the endpoint A = 24,.

For necessity, if p = 4 iy and As(z,) = p, then

plp—A) (28 —A)
s v L VA

If 3 > A/2, the pole lies in the principal upper half-plane. Whenever A < 23, such a
zero exists, contradicting slit-plane holomorphy. The standard Stieltjes/complete-Bernstein
quotient equivalence finishes the proof. [

(143.4)

The source-normalized density is

RO(3(1+ivar—1))
wr(r) = W T (143.5)

In the strict range,

[ wa(r)
S\ () = /1/4 2 () >0 (143.6)

At the frontier, a zero of multiplicity m at p = \/2 + ¢y maps to

1 72
T'p == Z + 32
and contributes the positive atom
/\2
m/ (143.7)
i
The exact RH implication chain is therefore
1
RH «— p, = 3

<~ T, €CBF (A>1)
< T, € CBF for some \; | 1

s=o+1it Volume I — Technical Dossier, v5.1 — RH OPEN



144. Origin dilation and critical-line-centered dilation 214

Unconditionally, the frontier lies in [1,2], T is complete Bernstein, and every A > 2 lies in
the strict range. No sequence approaching 1 has been forced independently of RH.

Dilation isolates the exact endpoint still to be reached

CBF condition fails CBF condition holds
' ﬁ—»
|
1 28 2

T) CBF <= A=2B+« - B« €[1/2,1] - schematic threshold

Figure 59: The exact dilation threshold is A = 2f,, where 3, = sup, Rp. A CBF sequence with
Aj } 1 forces 5. = 1/2. The axis is schematic: the threshold value itself remains unknown.

144. Origin dilation and critical-line-centered dilation

Dilation about the origin and dilation about the critical-line center have different pole geometry.
Keep their basepoints explicit.

144.1 Origin-dilation complement

Define
0 z (0 0)
7O (z) = AR(Z)‘I’(AS(Z)) BY =h-1! (144.1)
On Q=C\ (—o0,—1/4],
false, 0< A <1
BE\O) is holomorphic on 0 <= {true, A=1 (144.2)
RH, X>1

For 0 < X\ < 1, every zero with Rp > 1/2 produces a terminal preimage at s = p/\ in the
principal domain. Cancellation would force an outward zero orbit and eventually leave the
critical strip. At A = 1, Bgo) = 0. For A > 1, RH moves both relevant pole families off
the principal domain or onto the removed cut; conversely, an off-line zero would require the
impossible outward orbit p, Ap, \2p, . . ..

For A > 2, the terminal is Euler-safe throughout the principal domain. For every A > 1,
the positive source value near the cut endpoint gives the wrong Stieltjes orientation. For
0 < A < 1, the orientation reverses but the terminal poles enter the domain. This is the
origin-dilation dichotomy. It does not settle arbitrary positive continuous mixtures, whose
moving singularity curves may collide and require a separate analysis.
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144.2 Critical-line-centered complement

Define instead

Th(z) = )\RZ(Z><I>(; + A (s(z) — ;)) By =h—T, (144.3)

The upper folded lip stays on the critical line for every A > 0. Hence the terminal cut
contribution has zero imaginary part. The precise holomorphy theorem is

B; =0, By, holomorphic on @ <= RH (A # 1) (144.4)

To see the converse, write each zero as p = 1/2+ «. Holomorphic cancellation for A # 1 would
make the nonreal zero multiset invariant under scaling o — Aa.. If A > 1, the orbit leaves the
critical strip; if 0 < A < 1, the orbit accumulates at o = 0, impossible for the discrete zero set.
Under RH, every centered preimage remains on the removed cut.

Equation (144.4) gives the centered-dilation geometry but supplies no forcing sign. The same
critical-line reality that removes the cut obstruction also removes the boundary leverage.

145. Cyclic resolvents and finite visibility of every off-line shell

Let g, = p(1 — p), combine equal folded shells with multiplicity M,, and write

€ q
h(x) =) M, Ly(x,y) =Y M;———— 145.1
() ; qx+q ( ) ; q(aH-q)(y—l-q) ( )
On the weighted shell space
H = QM) ralg) = — (145.2)
e z+q
the positive-node resolvents are cyclic.
Theorem 145.1
For every nonempty open interval I C (0, 0),
spanc{ry :x € I} =& (145.3)

Proof. If a € # is orthogonal to every r,, then the meromorphic Cauchy transform

Fo(z) =) W (145.4)

vanishes on I. Normal convergence gives a meromorphic function on the complement of its
poles. The identity theorem and the residues at z = —q force every coordinate of a to vanish.
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Conjugation symmetrization gives the corresponding real totality statement. [

If g0 ¢ R, choose a conjugation-real vector supported on ¢p, gy whose phase makes

E(f) =) Myqf(q)?

strictly negative. Approximation by (145.3) then yields

RH false =
a negative finite ordinary Léwner witness exists (145.5)

inside every positive node interval

)7k71

At any fixed x¢ > 0, the powers (z¢ + ¢ are likewise total: orthogonality makes every

derivative of (145.4) vanish at xg. Therefore

‘RH false = Vzo > 0 AN < 0o : Dy (h;z0) 7 O‘ (145.6)

There is no rank bound in (145.5)—(145.6). Positive rank-nine, rank-eleven, rank-twelve, and
fifth-rung point certificates are fully compatible with a later finite failure.

For a fixed finite node set X and a safe terminal,

Ly, (X) = Lp(X) = L1y (X) L1y (X) = 0

while L7, (X) — 0 as A — co. Hence

AN>2: Ly (X) =0 < Lp(X) >0 (145.7)

The identical statement holds for a fixed confluent block. This rank-adaptive complement is a
strictness reformulation, not an escape from the global gate.

Combining the inherited one-point theorem with (143.8) and (145.3) gives the exact implication
chain

RH <= £ is complete Bernstein
< Lp(X) =0 for every finite positive X (145.8)
<= Dpn(h;xo) = 0 for all N at any one prescribed z¢ > 0 .

< T), € CBF for some \; | 1

None of the arrows in (145.8) supplies the missing premise.

146. All-rank probability and common-carrier identities

At a fixed x¢ > 0, let
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Taylor’s theorem gives the exact all-rank generating function

bn(wo) = ¢

S by (g)zn ! = ME0) Z a0l = 2)) .
n>0 o
At 2o = 56,
R(z) =225 — 224z s(2) = 1+2R(Z)
Hio(2) = q)1(58) -(- Z)QI(;((;))) (146.2)

The terminal exponential has probability generating function

IL(z) = ! exp [— R(Zg_ 1t]

R() = > m()2" (1) =1 (146.3)

Let Bk (t) be the PP189 source polynomials in their controlling normalization. Coefficient
extraction from (1 — z)II¢(z) gives, for every k£ > 0,

e ¥ Br(t) = 7! (mya () — (1)) (146.4)

The exact replay reconstructs (146.4) through f23, including the degree-23 controlling range.
With

_ 224 15¢
“T o5 T

Tt n

e«
Tn(t) = - gamifn(c) 0o =(2n—1)0n1+ 0,3 (146.5)

The Bessel recurrence is the analytic return of the same quadratic Jacobian used in §R1 and
technical §34. For > 0 and t > 0, put K;(z) = e @) /R(z), with s(z) = (1 + R(z))/2.
Then

2e~t5(®) - /tR(x)
_1\" DT _ > ‘
( 1) DwKt(x) R($)2/’1+1 97‘( 9 > s r>0 (146 5a)

For completeness its polynomial normalization is
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@ -
FOEDY MUJ 0,41 = (v +2r + 1), — 00, (146.5b)

The last identity follows by coefficient comparison. Since DR = 2/R and D,(tR/2) =t/R,
differentiating (146.5a) gives exactly (146.5b), proving (146.5a) by induction from r = 0. The
same coefficients give 0,1 = (2r + 1)0, + v?6,_1 for » > 1, which is the shifted recurrence in
(146.5). Finally I1;(z) = ' K;(zo(1 — 2)); Taylor extraction at zg = 56 recovers the coefficient
formula in (146.5), including every scale factor.

All coefficients of 6, are positive, so K; is completely monotone. The multiplication by x in
the completed source must still be carried through:

e—ts(:c)
%[th(x)] — W(l + 22 — trR(x)) (146.5¢)

For fixed = > 0 this changes sign as t increases. The exact root-to-derivative connection
therefore preserves the source problem: positivity of the elementary kernel does not prove the
completed matrix sign.

The ratio recurrence proves that each 3,1 has exactly one positive zero. Individual prime
cells therefore change sign; completion, not atomwise positivity, remains necessary.

The same law has the mixed-Poisson density

et/? { xot?
l) = —_ — — t>0 146.6
0 = 5 expl dwo 4l = (146.6)
At xg = 56,
E;N = 56(t + 2) Var; N = 6328t + 25200 (146.7)

The endpoint estimates at £ = 0 justify the Rodrigues formula at ¢ = 0 as well as ¢ > 0:

(~1)7 A", (1) = m(fl)m /Ow et () ae (146.8)
For
ua(z) = Rf@”s(’”)“ Ko (a) = G| —ua) (o)

local uniform derivative bounds justify every finite differentiation, difference, Gamma integral,
and prime sum. Thus for each fixed finite (n,7),
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Gnr[h](z0) = — ar Ky (0)
n /00 Ky, (a) — e*a/QKn,T(O) 4

1 _e2a a (146.9)
+ D A(m) K (logm)
m>2
where ar = [1(1/4) — log7]/2 is the same scalar anchor as in §154. The local estimates

depend on (n,r); (146.9) is not uniform in rank.

Finally, put

Hp(t) = Bis (WO, A= % Dp(t) = diag(1, At, ..., (At)FD)

The exact leading coeflicient gives

%DR( ) ' Hr(t)Dr(t)™' = Mp+Og(t™") Mg = [(H—]ﬂ—l)'} (146.10)

Since Mg is nonsingular with alternating LDLT pivots,

inertia Hr(t) = (F;-‘ , V;J ,O) (146.11)

for every fixed R > 2 and all sufficiently large ¢t. Rank one is eventually positive. No effective
or rank-uniform threshold is asserted.

147. Exact carrier weights and finite-anchor map

The raw Groskin jump readout is

(v, dMy (u)r = Y~ Aa)g 2 10g4(du) (147.1)

2d2

Because ug = e~ 2k(-,a), evaluation at a = log ¢ absorbs the second square-root weight. At
the one-point cell,

> " A(q) K (logq) = Z )" A", (log q) (147.2)
q q

Equations (147.1)-(147.2) are exact arithmetic transport. The response matrix is already
indefinite at ¢ = 2 on the tested node pair; therefore the map is not a positive congruence
and does not prove Lt — Lp = 0.

s=o+1it Volume I — Technical Dossier, v5.1 — RH OPEN



147. Exact carrier weights and finite-anchor map 220

The finite anchors now have the following exact grades:

anchor certified statement authority boundary

local rank 9, x = 56 ‘Bgonf[h; 56] > 0; dyadic complement one basepoint; minimal only in that
first becomes positive at depth NV =79 dyadic family
with final pivot
1.5436100114. .. x 1027

local rank 11, z = 56 directed confluent certificate one basepoint

local rank 12, = 56 controlling PP190-T certificate with one basepoint and one manifest-bound
(138.2) cutoff/tail proof

fifth rung, z = 90 W5(90) = this anchor is one point; global

3.2334949506154321 ... x 10~8 > 0 zero-assisted positivity is in Reading
Volume §R13, while the independent
source proof remains open

Connes—CvS ¢ = 100 cell current package rebuilds the 501 x 501 exact supplied finite dyadic matrix

cell, selected positive value, ten only

recovery checks, and a directed

normalized residual

< 9.1042746997704021 . .. x 107501

The Connes—CvS bound is the normalized quantity

_ 140 = Aol

dist(X, o (A)) < llv]]2

< 9.1042746997704021 . .. x 10 (147.3)

The implementation encloses ||v||3 from below before division, so the certificate controls the
normalized residual. The eleven preceding negative values are nondirected branch diagnostics;
a directed inertia or branch-minimality certificate is not included.
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Technical chapter XIII. Completion

forms, reflection contours, and

realization limits

Positive auxiliary forms are compared with the actual Gamma-minus-prime form. Reflection,

conjugation and the topology of a proposed realization remain explicit.

103. Why the source problem becomes cancellation-first

The PP146-PP150 corridor closes a family of natural positive transports. It does not close all

conceivable transports.

103.1 The Mills calibration and the Stieltjes-cone obstruction

The normalized Mills owner

Gul(z) = mf/;)

is the Stieltjes transform of the x? probability measure

ot/2
d t) = dt
pn (t) o
Its moments and Hankel determinants are
N-1 N-1
=@ -1, A= [ AY =[] @i+
j=0 Jj=0

By contrast, one folded prime atom with log-frequency a > 0 is

e—as(z) .
Pa() = Rz)=vIitdzr s(z)= 1+2R()

221

(103.1)

(103.2)

(103.3)
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Its inverse Laplace density is

1 (u+ a)?
= — 103.4
) = 5= exp| L (103.4)
This density is positive, so p, is completely monotone. But
d 1 1 a?
-1 - 4 103.
70 log Kq(u) 5 1 + 2 (103.5)

is positive near © = 0. Thus k, is not completely monotone and p, is not Stieltjes. Positive
mixtures or subordinations that remain inside the Stieltjes heat cone cannot map the Mills
model to even one prime atom.

103.2 The triangular operator explains grading, not positivity

In Bargmann—Fock coordinates, with N = zD,,

2
T = %N(N +1) 2T+ il = (N - ;) (103.6)

The inverse on the zero-constant sector has the exact Beta representation

T lf(2) = 2/01 %f(tz) dt = /01 th2(1 —t)dt (103.7)

Thy1

This is a positive Hausdorff multiplier. The forward multiplier is not a moment or Loéwner
positivity preserver: applying Tj+1 to the Hausdorff sequence 1,1,1,... gives 1,3,6,... and

det (1 3) = 3 (103.8)
3 6

Because 7 and 7! are functions of N, they commute with every mod-4 projector. They
explain the residue grading but cannot supply the missing channel-changing positive operator.

103.3 One folded atom is not the matrix owner

For a prime log-atom y > 0, define

(o) = Eem
Exact differentiation gives
| R2+1 oy
h;(az) =e % SRS R2 (103.9)
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Hence h;(x) > 0 precisely when
2(R%+1)
R(RZ 1)

At R =4, n(4) = 17/30 < log2. Every prime atom is therefore decreasing for x > 15/4.
Prime-atom PSD cannot be the full source mechanism.

y <n(R) = (103.10)

Finally, the completed heat matrix has the cancellation-first identity

Dy Hy(z)Dy = /0 e 0 (u) Ex (u) Ky (2u) Ex (u) du (103.11)

Here Hy = [ReH4D) /(a4 b+ 1)!]2{,]_;0, Dy = diag((—1)?), and Ey(u) = diag(u®));'. The
pencil is

1 t
(a+b)! (a+b+1)!

Kn(t)ap = 0<ab<N (103.12)

The constant heat mode cancels only after the completed integral is formed. The pencil itself
is indefinite for every N > 2: for N = 2m its inertia is (m,m,0) for t > 0; for N = 2m + 1
there is one real crossing and otherwise both signs remain. Therefore the proof cannot be
pointwise PSD. The owner is signed cancellation across the completed Gamma and prime
components.

157. The endpoint-subtracted Beta—log Gram bridge
The Montgomery—Vaughan video factor is

627ri6y -1

Vo, .
Jy(0) = /0 20T (g — 575

The terminal —1 is the lower-endpoint subtraction. It removes the apparent diagonal singularity
and installs the derivative value y. Equivalently,

J,(0) =y (157.1)

sin Tu

Jy(8) = y €™ sinc(dy), sinc(u) = (157.2)

U

For L, =logn and F(z) =), ane%riLnx’

0< /01 /Oy P (2)2 do dy = /01(1 —W)|F () du (157.3)

After normalization, the owner is the probability measure

dva(u) =2(1 — u) du, 0<u<l1 (157.4)
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It simultaneously owns the reciprocal-triangular moments

1 2 1
k
u” dva(u) = = 157.5
/0 2= G D+~ Ton (157.5)
and the log-character Gram kernel
1
B(5) = / 2T 4y ()
201 o (157.6)
- M ¢ =276, B(0) =1
c
Its real part is
sin 6\ 2 .9
RB(5) = =5 = sinc*(9) > 0 (157.7)
With the inner product conjugate-linear in its first slot, for any finite frequency set,
Bin = B(Ly — L) = (e*™m e2miny o, (157.8)

is Hermitian positive semidefinite. Monomials and log characters may be placed in the same
Gram space, producing the positive block

(', u?)]  [(uf, e Ent)]
[[<€2ﬂiLmu,uj>] [B(Ln . Lm)]‘| =0 (1579)

This is a genuine source-side sesquilinear form. It is not yet the missing completed source
inequality. Its exact firewall is the accumulating gap

1 1
Lyt — Ly =log (1 + > ~ — (157.10)

n n
No fixed compact positive window can orthogonalize infinitely many frequencies whose gaps
approach zero. The PP204 replay shows that fixed-rank Jacobi projections resolve small
frequencies but fail uniformly as the log frequency grows, and a window capable of separating

adjacent labels near N must scale at least on the order of NV in the nearest-neighbor model.
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PP204 replay: dv, (u) = 2(1 — u)du owns a true Gram matrix, not a uniform diagonalizer
A. Fixed rank does not resolve unbounded log frequency B. The log-gap scale must grow with the cutoff

=

10°

10°

residual norm
=
)
L

-
S
&

adjacent coherence |B(aylog(1 + 1/N))|

1071 g g=2 =
q= q=1,000
—e— g=10 —e— g=1,000,000

1 2 3 4 5 6 7 8
polynomial/Jacobi projection rank cutoff N

Figure 60: Projection and scale diagnostics for the Beta-logarithm model. Each curve is finite and
replayed; the plotted trend is a firewall, not an asymptotic proof beyond the stated theorem.

The surviving target is not a larger scalar window. It is a source-defined, operator-weighted,
nonstationary compression whose final form has the translation covariance required by the
WEeil functional while its internal lift still couples the two reflection sheets.

154. Completion-coupled translation defects and the PP97
carrier

Reserve Ayni(m) for the von Mangoldt function. For a real finite resolvent combination
F =3, ¢ify, define

B(t) = /R Flwe ™ du,  gr(v) = (F,mF)

. (154.1)
Dp(v) = gr(0) = gr(v) = S| (I = ) F3
Here (7,F)(u) = F(u + v) and
1 1t 1 s
Weo(t) = e [%1#(4 + 2) — logﬂ] = [3‘61/1(2) - logﬂ} o (154.2)

The PP200/PP201 Gamma representation, independently rebuilt in PP205 and replayed in
PP206, is

/ |F(8) Pwa (1) dt = ar||F|12 + /oo Dr(v) dpr (v) (154.3)
R 0

where
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1/ /1
ar = 2<¢<4) - 1og7r> = —2.686091709612832791 ...

6v/2

d
2sinh v v

(154.4)

dur(v) = >0

The scalar anchor is negative; every translated defect is nonnegative. The formula is therefore
a signed anchor plus a positive continuum, not a positive measure representation of the
completed form by itself.

The density has the exact expansion

6v/2

— Ze—(2k+l/2)’v (1545)

2sinh v >0

To read the poles in the expanded variable, analytically continue the Fourier height t. With
ar =2k +1/2,

continued height s=1/2+1it folded point ¢ = s(1 — s) behavior of e~ itV
t = +iag s = —2k —2k(2k + 1) = —2T% etV grows
t = —iay s=2k+1 —2k(2k + 1) = —2T5y, e~ %" decays

These are the two sheets of the folded Gamma pole. The k = 0 point s = 0 is an endpoint of
the completed factor, not a nontrivial zeta zero.

The functional equation at its own fixed point supplies the exact anchor:

ar = —g(;) (154.6)

Indeed, £'(1/2) = 0, the terms 1/s and 1/(s — 1) cancel at s = 1/2 4 i0, and the completed
logarithmic derivative leaves (154.6). This is analytic continuation. It is not permission to
replace the divergent series Y, Aym(m)/y/m by ar inside a positive sum.

The prime channel is nevertheless exactly computable on the resolvent span. Put

1 1

a Tit 7 §i =5 T ai=0i +i0>1 (154.7)
and
T; CiCi x;, +1/2
Cogmt i (154.8)
2 Li
Bi=c 4a?
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Then

gr(v) =Y (A — Bw)e @ (154.9)

7

and, because every g; > 1,

Z \/» QF (logm) = Z lA‘ ( g) (si) — B; <€C/)/ (Si)] (154.10)

m>2 7

No prime table, cutoff, zero table, or tail estimate is required in (154.10). This is the practical
source-side closure of the carrier.

For one node, it agrees exactly with PP97:

quantity at z = 0.05 replayed source value role
(zG)’ —1.205641588399722174914 archimedean channel
(zP)’ —1.228733588379453600229 prime channel

Wi = (zG) — (zP)’ +0.02309199997973142531 completed difference

The completion is visible in the cancellation, not in separate positivity of the two channels.
For a cutoff M set

(M) = Y Avu(m) (154.11)

Then

-¥ 2 f 2O g flogm) = Y- © f Aln) - (1og m) — 0| 3 (154.12)

m<M m<M

Both terms on the right diverge. The tempting substitution #*(M) ~ ar is the named
regularization trap: it keeps the divergent positive-defect sum and replaces only its
compensator, manufacturing a false proof.

The geometric obstruction is sharper. The Gamma mass diverges at short shift,

dur(v) ~ 50 (v]0) (154.13)

whereas the smooth prime mass grows at long shift like ¢*/2dv. The densities differ by
the factor e” asymptotically. A positive scalar diagonal weight cannot move the required
compensation from one end to the other; an operator-weighted, genuinely two-point mechanism
remains the open class.
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158. Two measures that must not be conflated

Two exact measures have different triangular roles:

measure support and mass exact moments role
dva(u) = 2(1 — u)du [0, 1], probability fukdvA =1/Tj41 for Beta—Hankel and

k>0 log-character Gram owner
dur (v) = e¥/2(2sinhv)~'dv (0, 00), infinite total mass finite moments only for archimedean

k>1 translation-defect owner

For k > 1, expand (154.5) and integrate termwise:

k
Vdpr(v) = Y oy
/0 =0 (2m + 1/2)k+1

k! 1
= St g(k +1, 4) (158.1)

_ (;)f:lw) (i)

The first moment is

o0 1 1 72 +8G
— M (Z) = 2 °F
/0 vdur(v) P ( > (158.2)

where G is Catalan’s constant. At k = 0 the integral diverges; the finite quantity ap in (154.4)
is the renormalized scalar anchor and is not the zeroth moment of a finite measure.
The measure comparison figure in Reading Volume §R18 shows these distinct supports.

The phrase “triangular rail’’ therefore names two different exact appearances: reciprocal-
triangular moments on the compact side and doubled-even-triangular pole locations on
the Gamma side. Their common arithmetic vocabulary is not a measure identity.

137. Exact completed Weil/resolvent identity

For positive nodes x;, real coefficients ¢;, and

2
q(s) =s(1—s),  De(s) = q(s) (Z CZ(S)>

— Titq

PP190-T identifies the completed Weil form exactly. Let Wpair denote the folded-orbit
normalization used in this volume and let Wgaw denote the classical convention that counts
every zero. The compulsory fold factor is

1
Woair(¢) = ¢ (Ly — Lp)c = SWaw[H] (137.1)
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Ons:%+it, put

2
1 Ci
— (42 v
Hc(t)—(t +4) (Zt“%”) >0
3

and

1 —itu
ge(u) = %/RHc(t)e e

Then

Woair(c) = 47T/H { <+”> logﬁ] dt — Z gc (logm) (137.2)

m>2

There is no endpoint remainder for this test family. If a, = \/x + % and

fo(u) = e~ (1 + %sgn u)

da,

then H, = |f.|? and g.(u) = (fe, 7uf.). Thus (137.2) is a single completion-coupled nonlocal
quadratic form. It is not yet a Hilbert norm square. Separating its two finite-cutoff norm
channels produces divergent common backgrounds at infinite cutoff; only their coupled
autocorrelation difference converges on the resolvent span.

At x =56, ay = 15/2, and the prime sampling factor is exactly

m—1/2€—(15/2)10gm — m—8 (137‘3)

This is the exact adapter between the PP189 common-tail arithmetic and the completed
resolvent form.

148. Resolvent autocorrelation and the zero-margin firewall

For
/ 1 1 1
Ay = x‘i‘z fm(u)ze—az\ul <%+25gnu>
put
x el
k(z,u) = o

Parseval and one partial-fraction identity give the exact translation divided difference
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R (148.1)

At w =0, k(z,0) = z/y/1 + 4z is operator monotone and k(z,0)/z is Stieltjes. The prime
channel is

zP(z) = > A(m)m ™/ 2k(z,logm) (148.2)

m>2

and the archimedean channel is the signed spectral integral

2G(x) = /R m dowo (1) (148.3)
doao(t) = % [m(i + Z;) ~log 7r] dt (148.4)

Thus every prime power is a translate of one operator-monotone Gram anchor. The difficulty
is exact: translation destroys positive definiteness, while completion restores only a coupled
difference.

There is no pointwise symbol margin to exploit. Since Z(t) = £(1/2 + it) is real for real ¢,

&eé; (; + it) =0 (148.5)

away from its poles, unconditionally. The real parts of the analytically continued archimedean
and prime symbols therefore agree on the critical line. Any proposed proof based on a strict
Gamma-over-prime boundary margin is vacuous. The folded cut has no absolutely continuous
jump from h; under RH the representing measure is purely atomic at the folded zero locations.

The PNT-mode endpoint also survives:

/0 2 (le(u) - K"(u)> du = K'(0+) — %K(O) (148.6)

For the x = 56 resolvent, K'(0+) = 0 and K(0) = 2/3375, so

K'(0+) — K(0)/2 = —1/3375 # 0 (148.7)

A boundary counterterm or a test class with K (0) = 0 is compulsory.
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Reflection is the pairing the completed source must retain

FUNCTIONAL REFLECTION

pr—1-p

HERMITIAN PAIRING

pr—p

F(p) F(1 - p)

|7(p)|?

1-p=p < Ro=1/2

Figure 61: For a real-coefficient test, reflection and conjugation use different partners off the critical
line. The full resolvent family separates the distinction; a single multinode test may annihilate an
orbit. See §§159-160.

149. Cauchy—Lowner contour identities

The exploratory contour calculation is relevant because it identifies the precise complex-
analytic owner of every finite Léwner and confluent entry. Let I' be a positively oriented
contour inside a domain of holomorphy of h, enclosing the positive nodes x; and no singularities.
Cauchy’s formula gives

1 h(z)
271 jé (z — i) (2 — xj)

Ly(z,z5) = dz (149.1)

Consequently, for real ¢;,

2
1 C;
T Lyc= %ﬁh(z) (Z — x) dz (149.2)
Coalescing all nodes at x yields
’W”(@_lj{h(z)dz (149.3)
(i+5+1)  2miJr (2 — z)itit2 ‘

For the signed Dobsch normalization, replace z — x by x — z; this contributes (—1)"*7. On
the diagonal i = j = n, (149.3) reaches the native odd order

1+j+1=2n+1
which explains the repeated derivative order and factorial (2n + 1)! in the confluent/Hausdorff
hierarchy.

Equations (149.1)—(149.3) are exact but do not prove positivity. The integrand contains a
holomorphic square
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(o)

not an absolute square. A single contour therefore cannot create the conjugation demanded
by the nonholomorphic folded moment. The sharpened next question is whether completion
supplies a double-contour or sesquilinear kernel of the form

// Keomp (2, w)F(2)F(w) dz dw (149.4)

whose compression is (149.2) and whose positivity is source-visible. No such kernel is
constructed here.

159. Stationary-symbol blindness and the missing conjugation
Let
£'(s)
P(s) :=

(s) (5)’

Away from zero ordinates, E(t) = £(1/2 + it) is real. Hence i®(1/2 + it) = d(logE(t))/dt is
real and

s=o0+1it (159.1)

| RD(1/2 4 it) = 0 (159.2)

pointwise wherever the quotient is finite. There is no positive archimedean-over-prime margin
on the critical boundary; their real parts cancel exactly after completion.

The distributional boundary value is also lossy. An off-line functional- equation pair at
B =1/2+ 6 and height v contributes, with y =t — ,

o o

- =0 159.3
52 + y2 + 52 + y2 ( )

Thus the consistent distributional symbol is
Qt)y=7 > mpdy,(t) >0 (159.4)

p:Bp=1/2

unconditionally, while the pointwise regularization is simply zero. Both versions erase the
off-line content. A stationary difference kernel K (u,v) = k(u — v) that compresses only to
this scalar multiplier is therefore blind, not RH-equivalent.

For the meromorphic continuation
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Fo(s) = (1 - 8)Tx(q(s)) (159.50)

the exact completed zero form uses reflection and one representative per functional-equation
orbit:

Qx(e) = Y m, F_(p) F-(1 - p) (159.5)
(o]

whereas the corresponding Hermitian comparison is normalized as

1
5 2 M | F-(p)I? (159.6)
p all

For one fixed real-coefficient test, pointwise equality of the reflection product with the
Hermitian square holds exactly when

1
Rp = 5 or Ux(g,) =0 (159.7)

A multinode test can annihilate an off-line orbit, as the exact synthetic example in reader
(20.6b) demonstrates. A separating family is needed for the RH equivalence. For the nonzero
one-node carrier, no such annihilator exists, and equality is strict off the line. This names the
missing operation precisely:

Create the identification
s—1—s with s— 35 (159.8)

without assuming RH

The construction must retain reflection information lost by the scalar boundary compression
(159.4). Internal nonstationarity is one design strategy, not a proved universal classification.
Final translation covariance is compatible with the exact Weil form. Section 161 gives a
separate precise obstruction for regular measurable multiplier norms; it leaves singular spectral
measures and form limits open.

A finite conjugation-symmetric feature family can turn an aggregate holomorphic-square sum
into a tensor norm; Lamzouri’s Proposition 2.1 [66] provides a concrete example. This does not
make individual off-line summands nonnegative, and it does not identify the resulting finite
form with the completed source form. Its zeta application controls asymptotic proportions
of zeros. The present fixed-scale criterion instead requires an independent bound through
unbounded degree, with multiplicities and the complete source retained.

159.1 What the sesquilinear language contributes

Use the same convention as Reading Volume §R18A and technical §161: h(u,v) is conjugate-
linear in its first argument and linear in its second. It is Hermitian when
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h(v,u) = bh(u,v) (159.9)

and positive when h(u,u) > 0. In the complex setting the diagonal quadratic form determines
a Hermitian form through polarization:

4h(u,v) = Q(u+v) — Q(u —v)
—iQ(u+1iv) + iQ(u — v) Q(w) = h(w,w)

This elementary fact is useful because it makes the type mismatch visible. The reflected zero
pairing

(159.10)

bret (F, G) = % 2;1 m, F(p)G(1 — p) (159.11)
pa

is complex bilinear as printed; no conjugate appears. A Hermitian extension in the declared
convention conjugates its first test factor and keeps its second factor linear. On RH, real-
coefficient test functions obey

l—p=p.  G(p) =390 (159.12)

so (159.11), restricted to real-coefficient tests, agrees with the Hermitian pairing. A complex
Hermitian extension conjugates the coefficients in the first slot under our convention; a
complex bilinear form does not become sesquilinear by a change of notation. Off RH the
reflection/conjugation agreement is not available for a separating family. The lecture material
on sesquilinear forms therefore helps by identifying the exact algebraic type a successful lift
must have; it does not itself construct the missing lift. Any proposed polarization argument
must first exhibit a genuinely positive diagonal () on an enlarged two-sheet space. Applying
(159.10) directly to (159.11) would merely conceal the unproved step.

160. The reflection-contour normal form

For a finite positive node set X = (z1,...,zy) and real coefficients ¢;, define
N
Ux(q) = S s)=s(l—s 160.1
(q) ;xz " q(s) = s(1—s) (160.1)

and reserve

ZLr(s) = q(5)¥x(q(s)) (160.2)

This is PP205’s test symbol A(s) under a collision-free name. With s = o + it, its argument
is explicitly
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q(s) = (1 — o) +t* +it(l —20) (160.3)

Functional-equation symmetry gives

Lr(1—s)=ZLr(s) O(1—s)=—P(s) (160.4)
so Zp® is antisymmetric under reflection. Put

1414 4x;
2

For every 1 < og < 04, the exact single-contour formula is

>1 (160.5)

04« = min
T

Qx(c) = % /R Lr(og + it)®(og + it) dt

1

(160.6)
_ ./(ao)gF(S)(I)(S) ds

27

On this line o¢ > 1, the source expansion of ® is absolutely convergent. The poles of ¥ x (g(s))
lie outside the contour window, the horizontal edges vanish like O(log |t|/|t|?) or faster under
moment cancellation, and the enclosed poles are the nontrivial zeros. Reflection turns the two
vertical integrals into twice (160.6), while the residue sum is twice the folded form.

At the terminal line s = 1/2 + it,

ZLe(1/2+it) = |F@®)]> >0,  ®(1/2+it) € iR (160.7)

The positive object and the pairing are exactly orthogonal there. With the poles of ®
treated by symmetric indentation and symmetric truncation, the critical-line statement is
PV Ir(1/2) = 0; the integrand is not zero. The RH content lives in the contour shift and its
residues, not in a pointwise boundary sign.

Define

1
IU:—/.,Z”S(I)sds 160.8
r(o) 271 Jo) F(s)D(s) (160.8)
On any open interval containing no zero abscissae or test poles, Ir is constant. On its
admissible contour lines it is odd about 1/2. For endpoint lines avoiding poles and shifts
crossing no test poles, the residue argument gives the exact jump law

Ip(o9) = Ip(on) = Y mpLr(p) (160.9)

01<Bp<02
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This is a classical contour/residue mechanism in project-native packaging. It is not yet a
positivity theorem: Zr(p) is a holomorphic square at an off-line zero and has no manifest
sign.

The contour figure in Reading Volume §R20 illustrates this jump law.

Three fast screening tests now govern every candidate:

1. Reflection test. If it produces |Fx(p)|? in place of Fx(p)Fx (1 — p), it must prove
the required equality for a separating family; a fixed test can have accidental zeros.

2. Stationary-loss test. If the internal construction reduces to the boundary multiplier
(159.4), it has erased every off-line pair.

3. Terminal test. If it claims positivity from the integrand at o = 1/2, it claims a sign
for a contour integral forced to vanish.

The correct next object is a positive form before compression whose compression reproduces
(160.6) on op > 1. Section 161 adds a regularity test to this completion-coupled, two-sheet
target: an ordinary strong tensor-norm limit cannot supply the required spectral owner.

161. Regular translation energy: an obstruction

The varying-endpoint Gram in Reading Volume §R18B is a positive auxiliary object. Its
natural tensor lift, however, has a further obstruction. The distinction is between an ordinary
convergent vector series and a singular limit of forms.

Use the inner product conjugate-linear in the first slot. Put L,, = logn, let ¢,, be (EG.1), and
take a finite index set I C {2,3,...}. Define

RogF = butpn®@ (I —7L,)F  grp(v) = (F,7F) (161.1)
nel

Translation unitarity gives the complete finite expansion

HRb,IFH2 = Z binbn Ko [97(0) = gr(Ln) — gr(—Lim)
m,nel (1612)

+ gF(Ln - Lm)]

The final shifts are log(n/m). Pairs with the same reduced ratio must be grouped before a
coefficient can be declared noncancellable. For a reduced ratio a/b, those pairs are (m,n) =
(¢b, La). In an infinite construction the four displayed channels must not be separated without
an appropriate convergence argument.

Theorem 161.1 — regular translation-energy obstruction. Fix the coefficients and
auxiliary vectors independently of the input test and its node. Suppose (161.1) is a finite
sum, or its partial sums converge strongly in the fixed ordinary Hilbert space H ® L?(RR)
on the resolvent tests. Here H = L?(0,00) for (EG.1). Then its norm cannot satisfy
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IRy fzl|? = Wi(z) for every > 0. In particular, it cannot reproduce the completed
source form on every rational-resolvent test.

Proof. Under the forward transform e~#*, translation by L, acts as multiplication by e’

For finite I set

)= badn(1— ety My(t) = |Ar(6)]% >0
nel

Plancherel gives

IRaiFI = 5 [ 1P (161.3)

The same regular multiplier representation survives strong convergence. Fix xzg > 0. The
transform

1/2 — it

Py L2t
fao(t) 2+ 29+ 1/4

does not vanish on the real line. Strong convergence says that A; fgco converges in L2 (R H).
Divide its measurable limit by fxo to define A(t). For every other = > 0, the ratio fx / f;,;0 is
bounded, so the same multiplier works on all these tests. Thus (161.3) holds with M(t) =
IA(®)|* > 0.

Push forward M (t)dt/(2m) under ¢ = t?> 4+ 1/4 and call the resulting positive measure v. It is
absolutely continuous on (1/4, 00) and has no atom at 1/4. Equality of the one-node diagonal
would give

Wi(z) = /[1/4 . ﬁdu(q) (161.4)

Integrate from 0 to x. Tonelli applies to the nonnegative integrand; Wi = (zS¢)" and
xS¢(x) — 0 at the origin. Consequently

_ dv(q)
Se(x) = /[1/4700) o (161.5)

This integral is finite: its kernel is comparable to the one in (161.4), since ¢ > 1/4.

The completed fold has a different analytic requirement. Reflection removes the square-root
branch in

(I>0(x) = 5’5(33) = (161.6)
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Thus ®g is entire with real coefficients, and S¢ is meromorphic in the full plane, with discrete
poles and real values on real intervals away from them. A positive Stieltjes measure with this
transform must be purely atomic. Indeed, on any compact interval whose reflected interval
contains no pole, the two boundary values of S¢ agree and are real. Stieltjes inversion gives
zero measure there. Equivalently, integrate its Poisson-kernel form

198~y +ie) = / W[(qe_d;)(gl ) (161.7)

over such an interval and let € | 0. Local finiteness and the weighted tail integrability supplied

by (161.5) justify this inversion. Hence v is supported on the discrete reflected pole set. Any
off-cut pole would already contradict analytic continuation of (161.5).

The measure is thus both absolutely continuous and discretely supported, hence zero. That
would imply S¢ = 0, contradicting S¢(0) = A; > 0. No RH assumption was used. [

One exact resolvent identity would require two incompatible measure types

REGULAR TRANSLATION ENERGY| COMPLETED MEROMORPHIC RESOLVENT

M(t) dt +— dv(q) A positive Stieltjes representation
qg=t>+1/4 Selx) = [
Absolutely continuous; no atoms Requires an atomic measure

Both types would force v=0, but 5¢(0) =A; > 0.

Scope: finite or strong regular multiplier lifts. Singular form limits remain outside the theorem.

Figure 62: The regular-energy obstruction compares two measure types. An ordinary measurable
multiplier produces an absolutely continuous measure; a positive Stieltjes representation of the
completed meromorphic resolvent would require an atomic measure. Their only common measure is
zero. Singular form limits lie outside the stated class.

Comparison with the completed source. Section 154’s full Gamma-minus-prime form
has exactly the one-node diagonal W) used above, so the candidate’s regular Fourier density
cannot reproduce it, even if mixed rational-log translations are reorganized. Its integer-label
Gram may be nonstationary, yet its action on F' reduces to a scalar Fourier density.

Scope and surviving route. This theorem excludes finite sums, strongly convergent series
in the fixed ordinary tensor norm, and more generally regular measurable vector-multiplier
realizations with finite test energies. It does not exclude singular spectral measures, a different
source-defined norm, a discrete realization, or weak limits of quadratic forms that fail strong
vector convergence. Absolutely continuous measures can converge weakly to atoms. Such a
construction must specify its domain and topology, retain the Gamma/prime compensation,
and prove exact equality on the full resolvent span. Sections 163165 construct a source-defined
discrete sequence and prove a sufficient variation criterion; that bound remains unproved.

The new requirement is therefore an atomic positive spectral owner, or a rigorously justified
singular form limit, derived from the completed source. The trace target (23.3) and the
all-node source sign remain open.
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Technical chapter XIV. Completed
Bernstein rows and the fixed-scale
energy

Source derivatives determine the rows and their exact Pascal/Laguerre norm. The growth
theorem leads to a fixed-scale prime estimate; the elementary /Gamma part is controlled.

163. Row mass, refinement, and the generating function

Fix a > 0 and abbreviate S = S¢. All zero sums below are folded sums, with multiplicities
and conjugate folded values retained. Since Rg, > 0 and the zero count is O(T'logT),
> (0] Mp/la + gp| < oo. The existing Widder and shifted-zeta identities give

m k
Fh“x):(—UnDn%pksuﬂ::01+kﬂ§:cr+qS%M#l

[e] (163.1)

Substitution into (BR.1) proves its Bernstein expansion. For each complex 6, the binomial
theorem and degree-elevation identity imply

N
> By;=5(a)
7=0

N+1—j j+1
T I B+ L By
N1 ONHLi Tty PN

(163.2)

By, =

Taking absolute values, then summing j, proves S(a) < Vy(a) < Vny1(a): each coefficient
of the finer row is counted with total weight one. A negative entry at one degree forces a
negative entry at every subsequent degree. This statement concerns a finite negative witness,
not a method that guarantees one.

For the row polynomial Py(z) = Zj BN,jzj, finite Leibniz expansion gives an independent
formula entirely in source derivatives:

239
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Py(2) = 3Dl - a2)VS(a))

(a (163.3)
_Z< )S )aT(l—z)r

Summing for sufficiently small u, and then continuing meromorphically, produces

Z Py(2)u® = ! S(al — uz)
NS0 1—u 1—u
= My

B a+qp, —ulqy + az)

(163.4)

The first equality follows also from Yy, (V)u™ = u"/(1 — w)"*!. The completed source,
including its prime-dependent part, occurs in (163.3)—(163.4). Its asymptotic coefficients alone
do not determine these rows.

For later use, the falling moments satisfy

N
Z +Byj(a) = (N)ya"Zy41(a) (0<r <N) (163.5)

This is the binomial falling-moment identity, valid algebraically for complex 6. At N > 1,
Stirling’s finite change of basis between j” and (j), then shows

N
Z (j/N)"'Bn,j(a) — a"Zy41(a) for each fixed r >0 (163.6)

This moment convergence is unconditional. Weak convergence of the signed measures requires
a further bound on total variation.

163A. The exact Bernstein—Laguerre energy

The row coeflicients admit a norm that keeps the completed source inside one polynomial.
Let LE.O) (t) = >2—o (2)(—=t)"/r! be the ordinary Laguerre polynomials. Their coefficients are
precisely the signed grid entries ¢, divided by 7!, including Lo = 1. Define

N a"S"(a
§ jBN,J OIRIOEDY (i\f) ‘(5;1)2()75’ (163A.1)
r=0 :

To prove the second equality, expand each L; and use (163.5) in the form Zj (i )BNj =

(]X)a’" »+1. The sign in Z, 1 = (—1)’"5(’")/1"! cancels the Laguerre sign. Both factorials
remain. Independently, finite coefficient comparison gives the classical polynomial identity
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LW (ot) = Z ( ) —oyNILO (1) (163A.2)

It holds for complex 6. Thus (163A.1) also equals Y-, qug\?)(at/(a +q))/(a + q), with equal
folded values combined into m,. Every such sum is normally convergent for fixed degree, by
the summable resolvent weights.

Rodrigues’ formula L; = e!D7(e~'/) /4! and integration by parts give [5° e "L;Ly dt = §y.
The boundary terms vanish; when j > k, the j-th derivative of L vanishes, and when j = k,
its leading coeflicient gives norm one. Together with circle Parseval this proves

Ev(a) ;:/O et Qn(t: )2 dt = ZBN,J

1
27T

(163A.3)
/ Py (e )2 dv

The finite linear map 2/ — L§0) (t) is therefore an isometry between these two polynomial
spaces. It sends (1 — z)" to t"/r!; this is the exact connection between the source polynomial
n (163.3) and the second factorial in (163A.1). No equality with the earlier Laguerre flux
hierarchy is asserted.

The elementary coefficient-norm inequalities give

]ff(j-)i < &n(a), &n(a) < Vn(a) < mm (163A.4)

Consequently (BR.4) is equivalent to the following estimate at the same fixed a: for every
e > 0 there is a finite C, ¢ such that &y(a) < Cuc(1 +¢)2Y for every N. The polynomial
factor N + 1 is absorbed by first using a smaller positive epsilon. Positivity of the norm is
automatic; its upper growth bound is the missing assertion.

A finite algebraic form, useful for checking normalization, is

Ex(a) = i (N ) (N ) MQTJFSS(T)(a)S(S) (a) (163A.5)

2(5)2
o\ \s r1)2(s!)

The triangular row inside the energy matrix

The factorial coefficients in (163A.5) are the entries of a symmetric Pascal matrix. For a fixed
a > 0, collect the real completed-source derivatives into a column d™) and define
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d&N)(a): <N>‘1TS(T)(Q) (0<r<N)

s (T) i<y (163A.6)
(Mllifas)ﬁs = < )a (CN)T,J' = { /

r 0 gj>r

In the signed grid notation, (Cn),; = (—1)jcm- and (M]P\),as)r,s = (—1)"¢y45,. The figure
shows cells with row index at most 17; these matrix identities use the same array for arbitrary
finite indices.

The derivatives are real because the completed folded sum retains conjugate pairs. Direct
regrouping of (163A.5), followed by Vandermonde’s identity, gives

éBN(a) _ (d(N))TM}:fasd(N)

163A.7
MYS = CnCY,  det M™ =1 ( )

Indeed, 33; (5)(5) = ("t°) and Cy is triangular with unit diagonal. This classical Pascal
factorization is described in [65]. Its role here is to identify the exact matrix already present
in the completed-source energy. The first four rows and columns make the earlier triangular

numbers visible:

11 1 1
1 2 3 4 s+ 2

MPas — ML), = =T, 163A.8

3 L3 6 10l (MN")2, ( 5 ) +1 ( )
1 4 10 20

The last identity uses zero-based indices, N > 2, and 0 < s < N. Thus the third row and
column are triangular; the neighboring rows contain the constant, integer, and tetrahedral
sequences. These are the Pascal coefficients of §171, now acting as a Gram matrix on source
derivatives.

There is also an exact reflection of polynomial coefficients. Set (Uy);, = (—1)7 (;) for j <r

and zero otherwise. The identity Py(z;a) =", dgN)(a)(l —2)" in (163.3) gives

By =Uxd™, U3 =1 UJUy=M (163A.9)
Here By = (Bnyp, - - -, BN,N)T and (Un);, = ¢ is the transposed signed grid. The involution

is the substitution z — 1 — z in the polynomial variable: applying it twice returns the original
polynomial. This variable is independent of the source coordinate s and of the Cayley
coordinate in Reading Volume §R7. For N > 1 the change of basis is involutive but not
orthogonal in the ordinary coefficient norm; its Gram matrix is precisely M ]I\D,as.

The smallest nontrivial case reconnects this matrix to the reciprocal sequence of §171:
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11 +
Mf%=<1 2), a= 350 () = Pa) (163A.10)

Indeed AxA_ =1 and Ay + A_ = 3. The trace sequence is 2,3,7,18,47,123, ..., with the
same recurrence as (RP.2). The calligraphic P, is the existing reciprocal polynomial; Py
continues to denote the source polynomial.

For general N, (163A.9) gives

(ME*)™ = UNMESUy,  MAnv_j=1 (0<j<N), (163A.11)

where A\g < --- < Ay are the positive eigenvalues. The first identity follows by multiplying
U]T,UN and using U% = I; similarity then proves reciprocal pairing. The final diagonal entry
and the Rayleigh bound imply

v

2
2N
conda(ME™) = 2% ( N) (163A.12)
Thus involution does not make this change of coefficients orthogonal or well-conditioned at
large degree. This is the matrix counterpart of keeping the reflected coefficients and their
attached basis functions distinct in (SW.4c).

The Pascal matrix is positive definite for every N, regardless of the zero locations. Its
positivity explains the norm identity, while the degree-dependent vector d?¥) carries the
source information needed for an upper growth estimate. The diagonal entry (%{,V ) itself grows
exponentially, so the factorization alone supplies no such bound.

In particular & = S(a)? + 2aS(a)S’(a) + 2a%25’(a)?. The symbol &y denotes a polynomial
energy. The off-line heat defect £ in (HG.2) is a different quantity.

ONE COEFFICIENT VECTOR - TWO EXACT POLYNOMIAL NORMS

CIRCLE POLYNOMIAL COMPLETED ROW LAGUERRE POLYNOMIAL
Pn(z) = ZBN.ij (Bn,0s --» Bn,n) On = ZBN,/'L/'(O)
J J
n . v = »B2 . ® -
5= _ |Pu(e®)|2d9 N JZ N.j I, e~flon? dt

zfl—>Lj-(°)(t), (1—=2)"+—t/r

Exact finite isometry - The source upper growth bound remains open

Figure 63: The completed row has two exact polynomial realizations with the same squared norm.
The open assertion concerns the growth of that norm at one fixed source scale.
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164. Exact growth and the heat comparison
Fix a > 0. For a folded point ¢ put

_atla R(a) = sup Ry, (a) > 1. (164.1)

R (CL) - Y =
T Jatd] i

The completed Bernstein row of §163 has variation Vy(a) and Laguerre energy &n(a). A
verified zero height H gives the uniform finite-height estimate

a N/2
Vn(a) < S(a)V1+H2 (1 + (CHHQ)Z) : (164.4b)

This is extremely sharp at fixed a but still has one fixed exponential factor greater than one,

so it is not the arbitrary-e source bound.

Theorem 164.2. Energy asymptotics and ordinary limits
There is 0 < K(a) < oo such that

2N
Ex(a) ~ K(a) R% (164.5)
Consequently
1/N 1/(2N)
lim (VN(Q)) = lim (W) = R(a),
. Enyi(a) 2
lim ————= = .
e W ARG
The proof reduces to collisions of Bernstein rows. For 0 < p < 1,
N\ 1 =
Int) =Y (;) (1= p)?N-% = %/ [1 —4p(1 — p)sin®(9/2))Nav, (164.7)
i —T
so Laplace scaling at 9 = 0 gives
1 C
In(p) ~ (164.8)

2/7Np(1 —p)’ Inle) < VNp(1=p)’

Distinct centers have a strictly smaller exponential collision rate. The finitely many maximizing
folded orbits therefore determine the leading term (164.5), with equal folded values aggregated
before squaring their weights.
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Corollary 164.3. Bounded energy at one fixed scale

Since R(a) = 1 exactly when every folded zero is positive real,

RH < &n[S¢|(a) = 0 <= sgfpé"N[Sg](a) < 0. (164.13)

A bounded subsequence at unbounded degrees also suffices because the ordinary root limit
exists. Moving the basepoint with N is a different limit and can hide the obstruction. The
longer collision-kernel and multiplicity proof is preserved in earlier editions.

165. Bounded variation and the atomic source representation

Theorem 165.1. If supy Vn(a) < oo at one prescribed a > 0, then the measures
nn =>; Bnj(a)djn, N > 1, converge weakly on [0, 1] to the unique positive measure
with moments a”Z,1(a). Its Stieltjes transform is the completed S¢. The hypothesis is

unproved; the result is an implication from a source bound.

Proof. A uniform total-variation bound makes these signed measures weak-* relatively com-
pact as functionals on C]0,1]. Any subsequential limit has the moments (163.6). Polynomial
approximation implies uniqueness, so the whole sequence converges. Initially for |z — a| < a,
the geometric series in the following integral is uniformly convergent:

dn(t)
Sy = [
(z) 01 1+ (z/a—1)t
Its Taylor coefficients at a are exactly those of S. The right side is analytic on C\ (—o0, 0],

even for signed finite 7. Analytic continuation of (165.1) excludes every off-cut pole of S.
Since its poles are —¢,, RH follows. Under RH the explicit positive measure

(165.1)

m
N=2_ —"0uja+qy) (165.2)

has precisely the same moments and therefore is that unique limit. No positivity of the
original signed rows was assumed. []

The correct matrix normalization follows from h = zS. Put A,(t) = 1 + (x/a — 1)t. Its
divided differences, including the diagonal by continuity, are

1—-t
Lp(z,y) = /[071] LOA, 0 dn(t) (165.3)

For arbitrary complex coefficients this gives the Hermitian Gram norm [(1 —
)Y, ¢i/Ays,(t)|?dn(t) > 0. Thus the representation recovers all nodes at once. For
the finite-vector normalization of §R10A, weight n by 1/(1 — ¢) and push forward under
d =t/[a(l —t)]. The resulting measure v satisfies
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st = [ 1555

There is no extra numerator d in this finite-vector formula. The discrete measure (165.2) has
no atom at ¢ = 1; its weighted mass in (165.4) is finite by S(0) < occ.

v([0,00)) = S(0) =\ (165.4)

Completion before variation. The elementary source term 1/z alone produces By, ; =
a_léj, N, a persistent endpoint atom at ¢ = 1. The completed function removes the corre-
sponding pole at x = 0. The exact row mass, endpoint cancellation, and limiting positive
measure require the completed combination. Section 166A proves when separate channel
bounds can nevertheless establish the qualitative subexponential energy criterion. The source
basepoint a = 2 = 2717 gives s, = 2, an available Euler-series location; it does not change this
requirement or prove the variation bound.

166. What topology remains after the regular-energy obstruc-
tion

Section 161 excludes a regular measurable multiplier in the fixed ordinary L? norm. The
discrete rows above are instead measures on a compact interval. A weak limit of measures is
not a strong vector limit in that old norm. This difference is mathematical, not terminological.

For example, consider a sampling quadratic form Q(f) = 32, ¢;|f (t;)|> with ¢; > 0, discrete
support, and a domain containing compactly supported smooth functions. Choose an isolated
atom tg and shrinking smooth bumps with f,(t9) = 1 and support avoiding the other atoms.
Then

||fn||L2(dt) — 0, Q(fn — fm) =0 Q(fn) =co >0 (166.1)

This violates closability in ordinary L?(dt). It does not exclude the same sampling form on a
different domain with a norm controlling point values. A surviving source realization must
state that domain and norm, and prove its source identity. Referring generally to a singular
limit does not supply those data.

The existing dilation criterion and higher-moment support theorem give a second exact
crosswalk. Write 8. := sup, %tp and r¢ := sup, [®p — 1/2|. Functional-equation symmetry
implies 23, = 142r¢. The criterion of §143 and (GM.6) therefore give (HG.5). The normalized
L?™ norms increase to this support radius, so finite moments supply lower bounds. A source
proof reducing the dilation threshold to 1 remains missing.

The regular-energy obstruction, the discrete-measure proposal, and the dilation limit can
therefore be read together: they specify which object must converge, in which topology, and
which sign estimate has not yet been established. They do not turn the calibrated auxiliary
model into the completed source.
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166A. The remaining norm estimate and the fixed source scale

Extend (163A.1) linearly to Qn|[f], with S replaced by f, and let &x[f] = HQN[f]H%Q(e_tdt).
Use the same replacement in (163.3) to define Py[f]. The exact source in §54 gives

On[S] = a 'L + On[G] — On[P] (166A.1)

Indeed Qn[1/z] = aing\?) by direct differentiation. The exact energy includes all cross terms.
This identity concerns a degree-dependent source polynomial; it does not assert the existence
of the fixed regular multiplier excluded in §161.

A cut-plane estimate closes the Gamma part

Lemma 166A.1. If f is holomorphic on D = C\ (—o0, 0], then, at each fixed a > 0 and each
0 <r <1, a finite Cf 4, satisfies

EN[fl(a) < C3,,r 2N (N >0) (166A.2)

Proof. The source-polynomial generating function is (1 — u)~'f(a(1 — uz)/(1 — u)). For
lu| <1, |z| <1, its argument lies in D. In fact, an argument —v with v > 0 would require
u = (a+v)/(az+ v), whose modulus is at least one; a zero denominator cannot give a finite
solution. For |u| = r the image is a compact subset of D. Its maximum, multiplied by
(1 —7)~1, defines Cf.q,r- Uniform Cauchy coeflicient estimates give |Py[f](2)| < Cfﬂ,,nr*N on
|z| = 1. Circle Parseval proves (166A.2). O

This lemma applies unconditionally to A(z) = 1/x + G(x). On the principal branch R(z) =
V1 + 4x has positive real part in D, so (1+ R)/4 has real part greater than 1/4. The digamma
function in G = [¢((1 + R)/4) — log7]/(2R) has no pole there. Taking r = (1 +)~! proves
the required subexponential estimate for the whole elementary/Gamma channel.
Consequently the triangle inequality, now using this proved channel bound, gives an exact
qualitative reduction:

Ve >03C,. <oo: &En[S](a) < Cue(14+e)*N VYN

, . , aN (166A.3)
= Ve >03C,. <oo: &n[Pl(a) < (1+¢) VN

Use S = A — P in one direction and P = A — S in the other; constants absorb the squared
triangle bound. No positivity of A or P is required. Channel separation is therefore legitimate
for this growth criterion after the Gamma estimate is proved. Exact row masses, endpoint
cancellation, the limiting measure, and sharper numerical bounds still use the completed
combination (166A.1).

The first unproved assertion is now the right-hand estimate in (166A.3) for the full prime
term, at a fixed basepoint such as a = 2. The Dirichlet series for P and all its finite derivatives
converge there. That local convergence gives no uniform estimate at arbitrary degree. For
example, if |u| < r < 1/3, then |x —a| < 2ar/(1 —r) < a and the transformed source remains
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in s > 1, where the Euler series is available. Extending this argument to every r < 1 requires
control outside that Euler-safe region. One cannot assume P holomorphic throughout D in
order to apply the lemma: excluding its off-cut poles is the unresolved zero-location statement.

Each finite prime sum separately satisfies the lemma. Its constants need not be uniform in the
prime cutoff, and the raw Euler partial sums do not converge throughout the larger domain.
Thus neither finite prime truncation nor an exchange of the degree and cutoff limits proves
(166A.3). This locates the remaining analytic task without replacing it by positivity of an
auxiliary norm.

A moving basepoint erases the diagnostic

For every mnontrivial zero, ¢ = A + ib satisfies b> < A. Writing v = |q| gives v — A =
v?/(v+ A) <1/2; hence Ry(a)? —1 < a/(a+ A)? < 1/a. Also

Ia+(J\ !
Rat g a+A <1+ (166A.4)

The last bound uses A/(a + A)? < 1/(4a). Sum the positive real parts and apply (164.1) to
obtain, without assuming RH,

VY (a) I ( 1)N/2
< < — _ ]
1< S(a) = 14 1a 1+ p (166A.5)
Therefore every sequence ay — oo satisfies
. VN(QN))l/N VNIN) _ 1 1
1 —_— =1 < 1+— (N2>1 166A.
N ( S(an) sy ¢ Wity Wzl (166A.6)

These conclusions are unconditional and cannot prove RH. As in the fixed-rung large-z
theorem of §55, changing the source scale can hide the unbounded-order question. A sparse
sequence of degrees at one fixed a is allowed by (164.6); sending a to infinity with degree is a
different limit. The required fixed-scale source norm estimate remains open.

166B. Gamma Stieltjes repair and the bounded full-prime cri-
terion
The Gamma-pole analysis gives a shorter derivation of the Gamma measure used in this

criterion. Put Ry = /1 +4x, s, = (1+ Ry)/2, b(z) = /Ry, and ar = [¢(1/4) —logw]/2 < 0.
The quarter-centered digamma split is

2x
(Am+1)(dm+1+ Ry)’

hr(z) = arb(z) + Y gm(x gm(z) =

m>0

(166B.1)
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Each term has a positive Stieltjes representation. With y = v/4u — 1,

= —/oo o Imlz) _ /Oo 2y d (166B.2)
R, Jijamy(z+u)’ r JiarEm+1)((dm+1)2 +y?)(z +u) '
Thus
©d
G(z) = / or(v) (166B.3)
1/4 T+ u
with signed density
dO’r ar 2 Yy
- =—+= . 166B.4
du Ty 7rmz>:o (Am + 1)((4m 4+ 1)2 + y?) ( )

The total baseline shift between the completion-centered pole terms and these positive
quarter-centered terms is exact:

3

1 log 2
> =—+—=. (166B.4a)
s (dm+1)2m+1) 4

[\)

The repaired positive part pushes forward exactly to the Catalan-resolvent reserve of (155C.5),
plus the m = 0 Catalan measure. This is a reconciliation, not a new reserve.

At fixed a > 0, the weighted total variation is finite; its Bernstein endpoint is geometrically
small and the Gamma collision energy tends to zero. In particular,

Vw[Gl(@) < Cra),  |BunlGl@)] < Cr(@)B, Ba=- +“1 Z<h (166B.7)
and
Ex1/z + G)(a) = a=? + Ex[G](a) + 2a ' By n[G](a) — a2 (166B.8)

Theorem 166B.1. Bounded full-prime energy at one fixed scale
For P(z) = —(¢'/¢)(52)/ Ra;,

RH «— ]svup En[P](a) < oo
>0
— &n[Pl(a) — a2 (166B.9)

< &N|P —1/z](a) — 0.

The proof is the identity S¢ = 1/x + G — P plus the decay above and Corollary 164.3. No
separate sign is assigned to the Gamma and prime pieces.
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At a = 2 this becomes the explicit all-degree criterion
o\ 2
RH <= VN >0: &n[P](2) < <1 +log2 + 6) . (166B.11)
The constant has the triangular reading
T 1 1 1
1+log2+—=2->" o1+ =, (166B.12)
6 et 2Ty, 2 12 =1 T?
and the elementary bounds from §R4 imply the convenient rational equivalent
[RH <= YN : &y[P|(2) <5 <= VN : &y[P)(2) <5 (166B.12a)
Theorem 166B.2. Prime plateau
With the same K(a), R(a) as Theorem 164.2,
3 R(a)ZN
En[P)(a) — a2 ~ &En[P — 1/7](a) ~ K(a 166B.13
N[P](a) | /z)(a) ~ K(a) Wi ( )
The exact endpoint decomposition is
Ex[P)(a) = a2 + En[P — 1/x](a) + 2a ' By N[P — 1/z](a), (166B.16)
and the completed resolvent endpoint satisfies
N
By n[Sel( < ) , dq =minla+ q,| > a. 166B.17
| 5 Z |(I + Qp| a (ol | P| ( )

Hence the cross term is geometrically smaller than the leading spectral energy. The theorem

describes the two alternatives; it does not select the bounded one.

The adversarial Gamma-pole analysis also closes a tempting shortcut: splitting the integer
pole lattice into prime-power and complementary indices does not yield a positive Lowner
reserve. The exact rank-two witness is recorded in §48C; adding the full repaired complement

merely returns the RH-equivalent completed comparison above.

166C. Prime cutoffs, the persistent endpoint, and exponential

cutoff depth

Fix a > 0 and truncate the actual von-Mangoldt source by integer value, including prime

powers:
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1 1 "
Px(z)=— > A(n)n~*, R, =V1+4z, s, = R . (166C.1)

T 2<n<X 2

Every fixed cutoff converges at each fixed degree but loses the persistent endpoint at large
degree. The recovery transition occurs only when the cutoff depth is exponential in N: the
central-limit calculation retained in earlier editions gives the threshold log Xy ~ (N +1)/a.
Consequently no single cutoff-uniform subexponential cap can prove the full-prime criterion.
The point is uniformity in degree, not failure of any fixed finite approximation.

The support-count shortcut fails even earlier. Only 40 prime powers lie at or below 113, while
the true von-Mangoldt mass satisfies W(113) > 117.3867 > 114. Sparse support is therefore
not small weighted mass. The Gamma measure is continuous whereas d¥(e") is atomic, so no
finite constant gives literal measure domination of the prime source by the Gamma lattice.

A surviving cutoff argument must match the cutoff to the degree and control both pieces.
One sufficient formulation is to construct Xy and nonnegative Ay, Dy with

19N [Pxylll2 < AN, QN [P — Pxylll2 < Dy, An + Dy < V5. (166C.25)

Section 166D proves the remainder half for one explicit exponential schedule; the matched
main-term bound remains open. The exact endpoint coefficient, central-limit window, and
raw-cutoff negative control are archived in earlier editions (Zenodo version chain).

166D. An explicit full-row remainder for a growing prime cutoff

Section 166C proves that no bound is available uniformly over independent pairs (N, X), and
(166C.25) names the two estimates a surviving cutoff argument needs. One of the two is now
proved, unconditionally, for an explicit schedule. Throughout, o = (v/5 — 1)/2 and the norm
is the weighted one of (163A.3), ||Qn[f]13 = [o° e Y| Qn[f](t;2)[2dt = E;-V:O |Bn ;[ f1(2)]* —
not the unweighted L?(dt) norm and not the Euclidean norm of the monomial coefficients.

Theorem 166D.1. For every integer N > 0 and every integer X > 2, with no hypothesis,

5N
V5

In particular the schedule X = 20V*! gives

log X 1
o o)

lon[P - Px](52)l, < 5= X( (166D.1)

200 /(N +1)log20 | 1\ y
|on[P = Pxylll, < Dy i= == (== + 5)x" =0,
5
= oE 0.785035410093857 ... < 1

Proof. On the closed complex disk |z — 2| < 1 put w = 1+ 4. Since fw > 5, the principal

root satisfies Ry/w = /(Jw[ + Rw)/2 > V/5 and |/w| > V5, s0o Rs, > 1+ a > 1 — and this

s=o+ 1t Volume I — Technical Dossier, v5.1 — RH OPEN



166D. An explicit full-row remainder for a growing prime cutoff 252

is tight, the minimum 1 + « being attained on the boundary. The Euler tail is therefore
absolutely and uniformly convergent on a neighbourhood of the disk. Since 0 < A(n) <logn
and prime powers enter by their integer value as in (166C.1),

logn X« (logX i)
n1+0‘ - V5

the comparison integrating (log¢)t=1=¢, Which decreases for t > 2 because 1 — (1 +«)logt < 0
there. Cauchy’s estimate gives |(P — Px))(2)|/r! < Mx. With the exact Pascal conversion

(BE.1a), d, = (Y)2" f®)(2)/r! and By; = ,5;(—1)(})d, so

My := sup |P(z)— Px(x ’<WZ

2
la—2|<1 o e}

N N N N
1ONIAlly <D 1Bl <D 27 |dy| < Mx Y <T>4T = 5" My

j=0 r=0 r=0

which controls all N + 1 coefficients simultaneously, both endpoints and degree zero included.
For k < 1 exactly: a > 3/5 follows from (11/5)? < 5, and 20% = 8000 > 3125 = 5° gives
20 >5. 0

The surviving obligation is now one prescribed diagonal sequence. Put Ay =
| QN [Pogn+1](+;2) 2. The triangle and reverse triangle inequalities give | Ay —||Qn[P]2| < D,
so by Theorem 166B.1

RH <= sup Ay < o0 (166D.2)
N>0

This does not contradict Theorem 166C.4, which rules out bounds uniform over independent
cutoffs and degrees; here the cutoff is prescribed as a function of the degree. The exponentially
small error also transfers the prime-energy asymptotics of Theorems 164.2 and 166B.2 to this
schedule: under RH, A% = 1 + KC(2)N~Y2 4+ o(N~Y/2), using | A% — €%| < Dn(2en + Dy) =
o(N~12) with ey = ||Qn[P]||2; and if RH fails, A% ~ K(2)R(2)2VN~1/2 with R(2) > 1,
since Dy/en — 0. It is the norm error that is exponentially small; the energy statement
needs that displayed extra factor. Neither alternative has been selected by any source estimate.

Precise advance and remaining gap. The remainder half of (166C.25) is now explicit
for one generous exponential schedule; (166D.1) does not establish Ay + Dy < /5, and
no bound supy Ay < oo is proved. A finite set of computed degrees, a positive endpoint, a
bound depending uncontrollably on IV, or one fixed exponential allowance above one does not
discharge (166D.2). The schedule X = 20¥*! is a mathematical construction and is not a
proposal to enumerate 20V ! integers.

Scope note on generalization. If the fixed basepoint ¢ = 2 and radius one are replaced
by a general Cauchy radius h € (0,a) with o5, = (1 4+ /14 4(a — h))/2 and matrix factor
(1 + 2a/h)"N, the monotonicity step above needs X > e!/7»; the uniform integer assumption
X > 3 suffices. Near o5, = 1 the integrand need not decrease from X = 2. This qualifies that
generalization only, not the concrete a = 2 theorem.
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A smaller sufficient whole-row cutoff

Theorem 166D.2 (radius four-fifths). Put ay = (1/29/5 — 1)/2. For all integers N > 0,
X >2,

19n[P — Px](52)]]2 <

6N X~ /log X 1
(Og ) (166D.3)

29/5 \ a4 = af

Proof. On |xr — 2| < 4/5 the principal root /1 + 4z has real part and modulus at least
v/29/5. The preceding tail argument gives that disk supremum with 6% omitted. Cauchy’s
estimate for the r-th Taylor coefficient gains (5/4)", and the exact Pascal conversion now has
sum Y, (1;] )5" = 6. The tail comparison is decreasing from X = 2. O

For the prescribed schedule Xy = 13V*1 the error tends to zero with an explicit linear
prefactor and exponential base

6
K13 = T30, = 0.985728931213... < 1, RH <= sup||Qn|[Pisn+1](52)]2 < o0.
N

(166D.4)

Exactly, (12/5)? < 29/5 implies oy > 7/10, and 137 = 62,748,517 > 60,466,176 = 6'° implies
13* > 6. The equivalence follows from the triangle and reverse triangle inequalities and
Theorem 166B.1. No uniform norm bound is proved. The earlier base-twenty schedule remains
valid and has faster decay in its displayed majorant. Neither base nor disk is asserted optimal.
The base-five result below concerns recovered outputs and mixed derivative blocks, not the
whole row.

166E. Common-source recovery and the positive-scale error
transfer

Use Py, from Section 155A, ¢y j = [17]Pm(y)?, J = 2m, and the recovery weights of (104A.6)

for rates by, ...,by. If all observations share one moment perturbation du, finite summation
proves
J J+1 J
SAm(k) = embliop; = | wpdAm(k) = cmjop;. (166E.1)
j=0 k=1 j=0
Indeed >, wkbf = 1. A common error is combined before absolute bounds are taken.

Independent rounding residuals ey, still contribute >° |wy||ex|: if |du;| < €;, the complete
bound is }7; (e jle; + 22k [wkllex|. The correlation must be established and preserved, not
assigned after rounding independent outputs.

Theorem 166E.1 (a row-norm transfer at one positive scale). Fix a > 0, N > J,
and a real analytic source f near a. Define u§-a) [f] = (—=1)7 fU(a) /5! and use exactly the row
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operator of (163.3), with coefficients By »[f](a). Then

N
(a) 1 r
Hj [f]= M- Z <.>BN,r[f](a)7
(j)a] r=j J
min(r,J) i (7‘)
tm,N,a,k( )Z Z Cm,]b] (N])aj’
jzo J (166E.2)
Mo (R) =37 em il 1] = 1, v i BNLf],

=0
J+1
> wihdy o (B)] < NtmNaoll2 QNIFIC; )l p2(erar)-
k=1

Proof. Differentiate the polynomial in (163.3) at z = 1; equivalently use its falling-moment
identity (163.5). This gives the first line. Substitution gives the next two, and (166E.1) gives
ok Wetm Noak = tm, N,a0- Cauchy-Schwarz with the actual isometry (163A.3) proves the last
line. No sign assumption is used. [J

For a =2, f = P — Px, and a = (v/5 — 1)/2, Theorem 166D.1 gives

5 log X 1

P—Px —Q g

> wrhy o (k)| < ltmn2olla—=X ( + 2>. (166E.3)
k=1 " \/5 « (6]

This keeps the integer-value prime-power cutoff, not a substituted Euler product. The
completed positive-scale approximation Sx = 1/x + G — Px satisfies S¢ — Sx = —(P — Px),
so the same absolute bound applies. Furthermore

ltm,Naoll2 < VN + 1P (—1/a)?, Pp(—1/2) = 2m+1 _27m, (166E.4)

The binomial ratio is at most one and ¢, ; has sign (—1)7; these give the first bound. The
recurrence (155A.1) gives the second. Thus the prescribed schedule Xy = 20¥*! makes the
transferred error tend to zero for each fixed m as N — oco. Equations (166E.5)—(166E.9)
below prove uniform growing-degree versions.

The shifted output at a > 0 is not an actual Li coefficient. The full P has a pole 1/x
at the origin, while finite Px is regular there; Sx retains the uncancelled elementary pole.
Setting @ = 0 in (166E.2) is invalid. Section 155B supplies the correctly regularized boundary
functional, but no directed all-order boundary error bound or source sign is inferred from
(166E.3). The uniform cutoff-row norm in (166D.2) remains unproved. The finite-polynomial
reconstruction in Section 166G is a different operation, proved using a completed-source disk
and the full mixed-block amplification. It is not inferred from (166E.3); independent rounding
retains a separate budget.
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Growing degree and direct recovery

Write T N[ f] = ?Zo cm.;(—1)7 fU)(2) /5!, realized through row degree N > 2m. The earlier
row-norm bound already gives a useful growing window. Put C,, = 20~%(log 20/a + a~2)/+/5.
For 0 <m < |[N/8], (166E.4) and (166D.1) imply

[ Tra N [P — Pygv+1]] < 4CH(N + 1)%2(s4 /)N — 0. (166E.5)

Here a > 3/5 and 5% < 29 prove k41/8 < 1 exactly. More generally this row-norm argument
works for a fixed m < N when x4? < 1 and 2m < N. It remains available for analytic errors
known through their row norms. The prime-tail functional itself admits a sharper direct
estimate.

Theorem 166E.2 (the full admissible recovery range). Put a3z = (v/6 — 1)/2. On the
disk |z — 2| < 3/4,

X [log X 1
Myx = sup |P(z)— Px(z)| < < + > . 166E.6
X |I_2|§3/4| () — Px ()] 7 o T2 ( )

For all integers N > 0, X > 2,

|Tm N[ P — Px]| <

93N X~ /log X 1
<°g ) (166E.7)

46

Proof. On this disk the principal root has real part and modulus at least v/6, proving (166E.6)
by the same decreasing tail comparison. Cauchy’s bound is |f()(2)|/4! < Mx(4/3)7. The
alternating coefficients of P2, give | T n[f]| < Mx Py (—4/3)%. The polynomial recurrence
has characteristic roots 3 and 1/3 at this argument; its initial values give

max —
0<m<|N/2] Qs aj

gmtl _g-m 9 9

T Pa(—4/32 < Som < I 3N, (166E.8)
2 4 4

This proves the theorem, including m = N = 0. There is no whole-row amplification because

N enters the recovered functional only through its admissibility condition 2m < N. [J

Pm(_4/3> =

For any integer b > 5, define

. 3 o 9p—3 (logb 4 1 )
b= Toa b= T a2 )0

bes 4/6 \ as ' o3 (166E.9)
Qmi)j(\f |Tm,N[P — Ponv]] < Cyp(N + 1)QI])V — 0.

Indeed (12/5)? < 6 and 57 > 30 give a3 > 7/10 and ¢, < 1. For orientation, ¢z =
0.934429044142 . .. and g9 = 0.342142037896 . . .; the exact inequalities carry convergence.
The result covers the full admissible range, not just the coarser window (166E.5). It controls
one common analytic source error. Independent observation residuals still cost >°;. |wg||ex].
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No actual Li coefficient at the boundary or sign of a recovered output is certified by this
positive-scale estimate.

166F. Matched cutoff matrices at one fixed positive scale

The derivative cutoff can be attached to an equivalent target at its own basepoint. This defines
a separate positive-scale moment form; it does not identify that form with the boundary Li
matrix or take a limit a | 0.

For real analytic f near a and a polynomial p(y) =3, piy’, put

(=1 fY)(a)

Kalf;p) = [y Ip(y)? i

J

) (Ka,d[f])m = ICa[f; Pra /Ps} (166F'1)

The bilinear notation in the matrix replaces p?> by P,P,. The reserve R; remains exactly
(155C.8), in this same polynomial basis.

Theorem 166F.1 (exact common-error block constant). Let f be holomorphic on a
neighborhood of |z — 2| < 3/4 and real on the real axis, with disk supremum at most M. For
every d > 1,

_9
128

3d

R, Kol IR, (019" + T

(166F.2)

(o)

<1255,M, X4
P

Proof. The third-kind polynomials (155D.4) have alternating coefficients, since their j roots
lie in (0,4). At —4/3 their recurrence and initial values give V;(—4/3) = (31 + 377) /4. For
p = > j<aa;Vj, the coefficient absolute sum evaluated at 4/3 is at most 3,4 [a;|V;(—4/3).
Cauchy’s derivative bound and multiplication of these coefficient majorants give

2
Kalfspll < M (Z |aj|vj<—4/3>> < MS4lpl32(,) < 125MZRp]
j<d

Summing the geometric terms in V;(—4/3)? gives the stated exact ¥;. The supremum over all
nonzero real polynomials of degree below d proves the normalized operator-norm bound. [

The coarser (9% — 1)/8 also bounds ¥4, but is unnecessary here. This is the full mixed block:
its highest derivative order is 2d — 2. For f = P — Px use Mx in (166E.6). With

X, = 5241, gq = 1255,

X7 (log Xy 1
d (Og d ) (166F.3)

V6 \ a0}
one haseg = O(dqu_Q) — 0. The parameter match is N = 2d—2, so Xz = 5V +1. This controls

every admissible mixed entry together in reserve norm, not the entire Bernstein—-Laguerre row
at base five.
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The equivalent target at scale two

Fix a = 2 once and for all, and write

Ya,p = (a+ qp)_lﬁ

’Ca[p] = Ka[sé;p] = Z mpya,Pp(ya,P)Qa
(o]
Da[p] = R[p] — Kalp],

Baa= sup Dalp]/R[p].
p#0
deg p<d

(166F.4)

The actual shifted weights have finite absolute mass. Their bounded support accumulates
only at zero, and

%
S,

_ 166F.5
|a+qp|2 ( )

SYa,p =
Thus the shift preserves nonreality. Under RH the support is positive real and contained
strictly inside [0, 4].
Theorem 166F.2 (positive-scale criterion). A finite uniform upper bound on S5 ,, a

fixed polynomial upper bound, or an upper bound at every exponential rate in d is equivalent
to RH.

Proof. Under RH K5 is positive and BZ 4 < 1. For the finite-bound converse repeat Theorem
155D.1 with shifted moments: their generating function is S¢(a — 2) and has genuine poles at
z = a+ q,. Compact support of the hypothetical positive representing measure excludes a
nonreal such pole. For the subexponential converse define the exterior root by w+w™ = 2—ys ,
and let £o = sup(y2,). If a nonreal point exists, £ > 1 is attained finitely often, with a
strict gap to the remaining radii. The finite annihilator and real affine phase adjustment
of Theorem 155D.3 apply to these shifted points and their summable weights. They yield
ﬁj a4 c£2d at every sufficiently large rank. This contradicts any all-rate upper estimate. The
universal polynomial upper estimate on test values proves the matching rate, exactly as in
(155D.10). The rate is £9, not an identification with the boundary Li modulus £. O

The cutoff approximates this very target

Retain the full completion and define

1 ~ ~ _1/2a _
Sx(v) =~ +G(e) = Px(x),  Dsa=Ri—KaalSx,),  Bfg = Amax(Ry"*DaaRy"").
(166F.6)

The elementary and Gamma channels are present, not truncated out. Since Sx —S¢ = P— Py,
the sign of the exact error is

Doy — Doa=Kaa[P— Px,),  |Bsy— Bial <ea—0. (166F.7)
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The second assertion is the variational eigenvalue bound applied to (166F.2). Hence

RH «~— supﬁgrd<oo
d bl

— 3C,A>0Vd: B, <C(1+d)* (166F.8)
= Ve >03C: < ooVd: By, < Cee.

The vanishing error cannot hide the eventual exponential escape. A fixed unbounded rank
subsequence suffices for the all-rate condition by that same eventual escape, with rates
measured in the actual rank. The varying-cutoff matrices need not be nested, so their extreme
eigenvalues need not be monotone.

No upper bound in (166F.8) is proved from the prime source. This matched positive-scale
approximation bypasses a boundary transfer for this route; it is not itself that transfer. Section
166G separately reconstructs the actual boundary matrix with Taylor degree 15d — 1 and
cutoff 8'%¢. The raw cutoff retains its origin pole. Independent entry-rounding errors need
their own matrix estimate in addition to the common analytic bound.

166G. Controlled reconstruction of the actual boundary matrix

The raw cutoff Sx = 1/x + G — Px has an uncancelled origin pole. The construction below
instead evaluates a finite Taylor polynomial at zero. It uses the same boundary moments and
compensated reserve as Section 155C, not the shifted target Ks 4 of Section 166F:

(~17s¢(0) .
Here Cg is the coefficient matrix of Py, ..., P4—1. The cutoff includes full elementary /Gamma
completion and prime powers by their integer value; it is not a truncated Euler product. At
the safe point two, Sx —S¢ = P — Px.
Lemma 166G.1 (completed disk). The carried low-height exclusion [Sp| > 1 gives
holomorphy on a neighborhood of |z — 2| < 23/8 and

sup  [Se(2)] < 16A < 1. (166G.2)
|z—2|<23/8
Proof. For ¢ = A+iB one has A = %2 + 3(1 — 8) > 1 and |B| < |y| < A. On this disk
Nz > —7/8,50 |z+q|71 < (A-7/8)"1 < 8/A < 16R(1/q). The folded sum converges normally
by this summable majorant, whose sum is 16A;. Section 155C.1 gives A\; < 1/16. Every pole
lies strictly outside a neighborhood of the disk. This uses the low-height exclusion, not RH or
an unknown positive folded measure. [J

For rank d > 1 set Ly = 15d — 1, X4 = 8'%¢ and
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Lqg o)
Saz) =" SXZ(Q) (z —2)~. (166G.3)
=0 ’

Write a = (v6 — 1)/2, r = 18/23, qr = 3/8% and

23 1 (15dlog8 1
FO — 22,15d ( ) 15d’
d 5 r + 2\/6 a + . qr
0 =36(18/23)" < 1.

(166G.4)

Theorem 166G.2 (boundary disk and mixed block). Put ﬂgd) = (—1)j§6(lj)(0)/j! and
K9 = Cqg[gD ]CT. Then

sup |Se(2) — Sa(z)| < BY,

z|<1

A=y a6d _ 1 (166G.5)
_~FE?=0(de%) — o.

IR, (K — Ko)R; 2 lop < € := 125

Proof. Let 77, denote Taylor truncation at two. The completed remainder on |z| < 1/4 is at
most X1 /(1 —r) = (23/5)rEH1, since |z — 2| < 9/4. For fx = P — Px, the disk-3/4 estimate
(166E.6) is Mx = X *(log X/a 4+ a~2)/v/6. Consequently |Tpfx(z)] < My Y& 3" <
Mx3%+1/2. The exact polynomial identity

Sg —TrLSx = (Sg — TLS§) — TL(P — Px) (166G.6)

proves the first bound after L + 1 = 15d and X = 8'%¢. Neither term continues the raw cutoff
through its pole.

For a holomorphic boundary error f of supremum E, Cauchy bounds | £ (0)|/4! by E47. Write
p=2_<qq;V; in the Catalan-orthonormal third-kind basis of Section 155D. Its alternating
coefficients and the exact value at —4 give

364 — 1
35

AR N
L= =0

(=3+2V2,  |Kolf;pl| < E IplZ2(0y,  (166G.7)

where Ko[f;p] = 3, [y7]p%(—1)7 £9)(0)/4!. Cauchy-Schwarz proves the last inequality from
E(3|a;|Vj(—4))%. Apply Hp||%2(yc) < 125R[p] and take the absolute Rayleigh supremum.
This controls all mixed entries simultaneously. Finally a > 2/3 gives ¢r < 3/4 < 18/23, and
the exact integer comparison 36 185 < 23! proves the claimed decay. O

The required moment translation is finite:

X = S B Al = ; ; 29It (166G.8)
=J
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The highest boundary moment is psg_o, while the source degree is 15d — 1. For m < d
the odd-Li diagonal error is at most &?2 (R4)mm.- This is a signed polynomial identity, not a
replacement positive measure.

The matched boundary criterion and its error budget

Define [A)g =Ry— K g and its largest normalized eigenvalue Bg’+. The error sign and variational
estimate are

Di—Dj =K§—Kq B0 -8 <l —o0. (166G.9)

Section 155D therefore gives

RH <= sup Bg’Jr < 00
d

= 3C,A>0vVd: 7T <C1+a) (166G.10)
= Ve>03C. <ooVd: BT <Ceed

No bound in (166G.10) is proved from the arithmetic source. The order of operations is
complete finite source at two, finite Taylor polynomial, boundary moments, then reflected
mixed matrix. Holding X fixed while sending L to infinity would revive the original pole
obstruction. Section 166F’s smaller positive-scale cutoff is a separate result.

If the coefficients Sgﬁ)(2)/€! have independent errors e;, add 125(36% — 1) Zéi%*l leg|(9/4)¢ /35
to the matrix error in (166G.5). The common analytic error is not a rounding budget. The
bundled exact rational regression uses the retained synthetic model gy = 17/4 (multiplicity
two), g+ = 147/16 &+ 3i/2. Its positive shifted moments through degree 284 reconstruct a
negative A5, € (—0.598, —0.597), with rational error below 10730, This tests the adapter, not
the actual zeta source or an all-order upper bound.

s=o0+it Volume I — Technical Dossier, v5.1 — RH OPEN



Technical chapter XV. Remaining
proof obligations and countermodels

The full criteria and proved finite results have been separated above. These final references
identify the remaining source implication and its countermodels.

66. Finite results within the exact criteria

Reader §R12 gives the current scalar proof channels; §13 gives the zero-assisted finite rectangle.
Technical §§92-93 and 138 distinguish global order eight from rank twelve at one node. These
finite theorems are summarized once in Reading Volume §R22.

Their exact converse has no finite stopping rank: §49 gives an open interval with infinitely
many negative rungs if RH fails, while §§51 and 145 give finite witnesses at every prescribed
scale. A uniform source theorem is still needed to establish the positive side at every order.

67. The remaining source implication

The all-node inequality (54.8), restated at Reader (23.1), remains unproved. Sections 155D~
155E reduce equivalent source tasks to the compensated form’s one-sided growth or to
ordinary-Laguerre curvature. A polynomial upper bound on either parity of I,, suffices under
the explicit progression theorem; no such bound is proved. The compensation has a proved
polynomial bound, but the signed prime integral has not.

At fixed positive scale two, Section 166F aligns a complete cutoff matrix with its own RH-
equivalent target, with vanishing error at 52¢~!. Section 166G separately reconstructs the
actual boundary matrix by a controlled finite Taylor polynomial. Both one-sided source
upper bounds remain open. Whole-row convergence at 13V+! or 20¥*! does not supply
them. Sections 155F-155G show why an envelope, positive prime-power weights and a long
fixed exact prime prefix are insufficient. Sections 155H-1551 restore the exact divisor law
and identify its Mellin error with the denominator residual’s Hardy norm. The remaining
sufficient target is (155H.6), below every positive power of the actual prefix length; the two
tested families do not meet it.

The independent seventh-rung source certificate is the next finite-order task. Global Wy > 0
is not established by the independent source channel; W7 ~» F14) is the first open source
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69. Smallest countermodels that remain decisive 262

rung. No historical certificate has been promoted by these all-order reformulations.

69.

Smallest countermodels that remain decisive

A coarse one-channel sample cannot distinguish a frequency from its Nyquist mirror.
A nonnegative function can have a Fourier transform of changing sign.

A fixed finite moment/Weil compression cannot determine a meromorphic target Cauchy
functional.

A finite set of Li/Hankel inequalities can be passed by an off-axis synthetic quartet.
Any fixed positive Widder prefix can coexist with a later negative rung in a finite
synthetic Stieltjes test model.

The recurrence Wi = —(2k + 1)W], — W]/ does not preserve positivity without
derivative control.

Matching minimum eigenvalues does not determine ground-state parity.

Exact roots-of-unity cancellation does not survive nonlinear logarithmic phase without
curvature control.

The fixed counting and prime-supported countermodels in Sections 155F—-155G additionally
retain the specified positivity and PNT hypotheses without the actual arithmetic cancellation.
The divergent balanced primitive product in Section 155H rejects that one construction, not
all inverse-factor methods.

These countermodels should remain beside the positive theory. They prevent the next branch
from silently rebuilding an already closed route.
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Summary of the technical boundary

The Dossier starts with exact triangular arithmetic and reaches the completed source without
identifying its comparison measures with the actual folded zero data. Its common index set
is the reflection-pair set, with algebraic multiplicity retained. The canonical product and
resolvent therefore count an off-line quartet as two conjugate folded nodes. This indexing is
sufficient to recover the first-Li normalization and the Widder-zero-heat identities without an
RH assumption.

The inherited finite source certificates and exact arithmetic identities remain the results
recorded in the Reading Volume’s status key. Their receipt provenance is v5.0, not a newly
claimed replay. The independently unproved next source rung is Wx; the all-order, all-node
and all-degree requirements in the corresponding criteria remain unproved. Countermodels
exclude the listed shortcuts under their stated hypotheses, not every possible route to the
required source inequalities.

Thus the proofs establish their own domains, the certificates establish their own finite ranges,
and the empirical appendix establishes neither. Version 5.1 clarifies those interfaces but
advances no RH status. No entropy construction or semantic interpretation is a premise of
this Dossier.
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Part E. Empirical context and
historical transcriptions

Under the single master status key in the Reading Volume, everything in this
Part is numerical or transcribed evidence. It supports no theorem in Chapters I-XV, and no
result anywhere in the program depends on it. It is retained so that the empirical claims that
circulated alongside this work stay attached to the exact statements that replaced them.

Section 168 gives the exact counting and triangular-coordinate identities, including the
transport rule (168.6): an unchanged event requires transporting the complete selection rule —
windows, merging and support conditions — and applying 7, to the cumulative smooth zero
count is a different operation. The historical comparisons below provide context and possible
future tests; they are not an RH proof.

The broader report [62] scans 2.30-3.20 with lower controls and describes an enrichment shelf
near 2.70-2.81. The rational marker 11/4 = 2.75 is inside that reported interval. It is not
established as an endpoint of that shelf, and it is not the mean normalized spacing. The
statistic concerns random-surrogate preceding-marker hits near small-gap valleys. Different
supported-block sets must not be treated as a common-support ranking. The five-marker
figure retained below is a local comparison and cannot show the full shelf. The raw gap arrays
and complete randomization replay are not included here, so no significance level and no shelf
boundary is asserted.

The final three pages reproduce original report pages 11-13 as historical pages: not a fresh
replay, and not a confirmation of every interpretation in that report. This Part uses its own S
label namespace, and §168 retains tags (168.2)—(168.6).

Historical comparison, as transcribed
Historical section 168. What the reported spacing experiments contribute

The two historical reports [61-62] are retained as empirical instruments. They test different
coordinates and have different controls. The present revision transcribes their reported counts
and arithmetic comparisons; their raw gap arrays and full randomization replay are not
included here. No fresh search-adjusted significance level is claimed.
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Row-sector audit near the proposed modulus window

The orthogonal follow-up [61] scans 401 moduli from 800 to 1200 using six row sectors and
500 permutations. Its label “base-6” means six bins, not positional base-six notation. The
windows give:

adjusted p at best

window best reported modulus rank of 1009 modulus adjusted p at 1009
900 1133 48 0.079840 1
1000 1087 151 0.235529 1
1100 1133 143 1 1
1300 1022 58 0.938124 1

This audit does not validate a special 990/1009 row-sector mechanism. It also does not test
every possible ged or TFG partition. A reduced-ray experiment should declare ¢ = n/ ged(n, k)
and its reciprocal weights in advance, then retain the scan correction. Arithmetic equality of
totients or a useful decimal period remains true independently of this outcome.

A localized-enrichment comparison near 2.75

The second report [62] studies unfolded nearest-neighbor gaps s, = No(vn+1) — No(7n), with
No(T) = £ log & — &L +7/8. Its active marker is

2T 2
T 2 T 2
ay = —+ — +cosl~ 2.747718405031 a_ = —+— —cosl (S.1)
2 7 2 7

For r = 7 — 3, the identity cos 1 = sin[(1+7)/2] is exact. The approximation cos 1 ~ 1/2+ 2r?
has error about 0.000205346767 at this fixed r; it is not the Taylor expansion of that sine
function about » = 0. Both the exact marker and the useful approximation can be retained
with this distinction stated.

The original reported 22-block comparison totals 736 observed preceding hits versus 218
random-surrogate hits, ratio 3.376146789; each of its printed block ratios exceeds one. The
broader follow-up shows a band, with several neighboring markers:

marker supported blocks observed hits surrogate hits ratio

at 21 702 218 3.22018
11/4 22 743 224 3.31696
/8 21 692 190 3.64211
2.740 22 784 218 3.59633
2.780 21 570 158 3.60759

The primary summary reports 736 observed hits and 218 surrogate hits over 22 supported
blocks. The follow-up row for the same active marker reports 702 and 218 over 21 supported
blocks. These are different reported aggregates. The printed tables do not establish that the
difference is exactly one removed block, or that the repeated surrogate count means the same
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random sample was reused. Those questions require the block ledger and the randomization
record, neither of which is included here.

NEAR 2.75 - REPORTED FOLLOW-UP COMPARISON

ay - 21 blocks 702/218 = 3.220

11/4 - 22 blocks 743/224 = 3.317
7m/8 - 21 blocks 692/190 = 3.642
2.740 - 22 blocks 784/218 = 3.596

2.780 - 21 blocks 570/158 = 3.608

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Reported observed / surrogate hit ratio

Transcribed counts; different supported-block sets. No common-support ranking or fresh significance claim.

Figure 64: Reported follow-up counts near 2.75, transcribed from the empirical report [62]. Each
label shows its own supported-block count. Observed/surrogate ratios use different block sets and
cannot by themselves rank the markers on common support.

The denominator in this table counts random-surrogate hits, not hits at the sign-reversed
marker a_. The displayed support sets differ, so these ratios do not select a unique winner.
The report’s statistic searches a preceding window for a marker near a small-gap valley; it is
a conditional gap-pattern statistic. An unconditional pair-correlation value at separation 2.75
does not test the same event. Its random-center controls likewise do not preserve all local gap
correlations.

The useful next comparison is specific: use a common set of blocks for a4, 77/8, 11/4, and
nearby prespecified controls; retain the same windows, merging rules, exclusions, and support
thresholds; then run the complete statistic on held-out zeros and an appropriate correlated
null, such as a matched sine-kernel/GUE simulation. Include the full selection procedure in
any significance calculation. A decimal or triangular coordinate can organize this experiment
without predetermining its result.

The exact arithmetic of §§98 and 167, the measured enrichment band, and the source
positivity frontier therefore remain available side by side. Their proposed connection is a
research question requiring a transport identity or a successful independent test. RH remains
open.

Sources for this Part

[61] A Search-Adjusted Audit of Row-Sector Modulus Signals in Terminal Zeta-Zero Data,
unpublished historical report. The table above preserves the transcribed audit; it has not
been rerun.

[62] A Finite-Count Search for Localized Enrichment Near 2.75 in Unfolded Zeta-Zero Gaps,
unpublished historical report, 24 pages. The final three pages of this Part reproduce pages
11-13 of that report; those pages match the original copy in both extracted text and rendered
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pixels.

Original wider-scan pages follow

The next three pages reproduce pages 11, 12 and 13 of the original 24-page report, in
order. They include the active-marker follow-up, alternative-marker support, and the broader
threshold scan. Their original titles and page furniture are preserved so the historical source
can be identified.

Their original page numbers, figure numbers, table numbers and internal references — including
“Appendix D”, the “R141H” and “R142A” ledgers and the named companion rails — belong
to that report, not to this volume and not to this supplement. Consult the complete report
for those references. The facsimiles preserve historical evidence; they are not a fresh replay
and not a confirmation of every interpretation in that report.
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Table 4: Support-filtered expected-affinity family near 2.75.

Rail Active hits Random hits Enrichment
Primary valley crest near 2.7477 736 218 3.376 <
Basin companion near 2.74475 721 251 2.873 %
Tip companion near 2.7545 685 246 2.785x%

The companion rails do not replace the primary sign-control result. They are retained as
descriptive evidence that the enrichment appears in a small neighborhood of related marker values
and morphology classes. A continuous coordinate scan is required before making a stronger claim
about the width or peak location of this neighborhood.

4.4 Morphology rotation

The morphology-envelope diagnostic is descriptive. It shows that the active marker can rotate
among morphology states. In the evaluated aggregate telemetry, the strongest morphologies were
distributed among tip extreme, valley, and tight basin rows. This rotation explains altitude bands
where the primary fixed-valley cross-section weakens while the broader active neighborhood remains
enriched. Detailed rotation data is retained in Appendix D.

4.5 Coordinate-locality validation scan (R142A)

The primary R141H ledger establishes the frozen-design sign-control result. To test whether that
result is tied to a single coordinate or to a broader neighborhood, we then performed a coordinate-
locality validation scan, denoted R142A. This scan used the same frozen morphology grammar as
the primary ledger:

e=5x10"%, W =4, R =4, 7 =0.10.

The scan evaluated a regular coordinate grid over 2.30 < x < 3.20, the original active coordinate,
sign-reversed controls, nearby perturbations, and named companion coordinates.

R142A changes the interpretation of the geometric prior in an important way. The original active
marker remained enriched, but it did not emerge as a unique isolated maximum. Instead, it lies
inside a broader enriched shelf spanning approximately

2.70 <z < 281.

The active coordinate
T

2
AEuler+cos — 9 + ; + COS(l) Rz 2.747718

produced
702/218 = 3.220x

over 21 support-qualified R142A blocks. Several nearby coordinates were comparable or stronger. In
particular,

%T ~ 2.748894

produced 692/190 = 3.642x, while grid coordinates 2.740 and 2.780 produced 784/218 = 3.596 x
and 570/158 = 3.608 x, respectively.

11



Thus R142A supports a shelf interpretation: the original geometric marker successfully localized
an enriched coordinate neighborhood, while the empirical crest rotates among nearby rails. This
is stronger and more conservative than claiming that the prior identified a unique needle-point

maximuin.

Table 5: Representative R142A coordinate-locality results. Enrichment is computed as total pre-hits
divided by total random-pre hits over support-qualified blocks. This table is not a top-rank table;
it includes the sign-control floor, upper negative-control trend, frozen active coordinate, named

companions, and representative shelf rails.

Coordinate Value Support blocks Hits Enrichment
Sign-control floor 1.667114 22 60332/40657 1.483927
Negative control upper trend 2.450000 22 3461,/1382 2.504342
Active exact 2.747718 21 702/218 3.220183
Empirical basin companion 2.744750 22 707/226 3.128319
77/8 companion 2.748894 21 692/190 3.642105
a1 companion 2.749611 21 714/234 3.051282
2.750 grid / 22/8 2.750000 22 743 /224 3.316964
R124 tip companion 2.754500 22 651,239 2.723849
Shelf rail 2.740000 22 784/218 3.596330
Shelf rail 2.780000 21 570/158 3.607595
Shelf rail 2.805000 19 487/137 3.554745

R142A Coordinate-Locality Scan: Enrichment Shelf Near 2.75

—e— scan grid --=- sign-control level

’ active perturbations ——- active exact

3.5 named companions - n/8

X negative controls candidate shelf [2.70, 2.81]

==+ null ratio 1 — -~ negative-control trend fit =2.45
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Figure 3: R142A coordinate-locality scan. The horizontal axis is the unfolded target coordinate and
the vertical axis is support-clean aggregate enrichment, computed as total pre-hits divided by total
random-pre hits. Negative controls below x = 2.45 follow a smooth rising background trend. The
original active coordinate agylertcos = 2.747718 lies inside an elevated shelf spanning approximately
2.70-2.81. Nearby rails, including 77 /8, 2.740, and 2.780, show comparable or stronger enrichment.
The scan supports a shelf interpretation rather than a unique coordinate-local peak.
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R142A Delta Perturbation Profile
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Figure 4: R142A perturbation profile around the active coordinate. The profile remains elevated across
small perturbations of the active marker, with the local maximum occurring near agyler+cos + 0.005.
This confirms that the active coordinate is embedded in a finite-width enrichment shelf rather than
forming a sharp isolated spike.

R142A Cumulative Ratio Evolution

5.0
—8— active
—0— 7pi/8
4.5 / —o— 2.740

—&— 2.780

—8— 2.805
—@— 2.450 control

4.0 1

3.51

3.01

2.5

2.0

running support-clean aggregate enrichment

0 TP PR

(I) 1‘0 2‘0 3IO 4‘0 5‘0
sample block / chunk_id
Figure 5: Cumulative aggregate enrichment for selected shelf coordinates and the 2.450 negative-
control coordinate. The shelf coordinates stabilize above the negative-control trend as additional
blocks are accumulated, while the 2.450 control remains distinctly lower. This supports the interpre-
tation that the observed 2.75-neighborhood response is not driven solely by early-block transients.
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