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Start here

A triangle you already know

Stack bowling pins. Count handshakes in a room. Add up 1+ 2+ -+ n. The same numbers
appear:

n{n+1)

1,3, 6, 10, 15, 21, 28, 36, 45, 55, ... | T, = " 5 (R.1)

Two facts about them are usually met once and then walked past.

The triangular numbers are a column of Pascal’s triangle. Not a resemblance — an
identity:

(g) = k(k2_1) = Tk,1 (R.la)

Read Pascal’s triangle down its third column and you are reading 1, 3,6, 10, 15, ... exactly.
The next column over is the running sum of those: (g) =T +To+ -+ Tg_s.

And they collide with the rest of the triangle in a way nobody can fully explain.
The number 3003 = T77 occupies four distinct positions (*%%) = (7)) = () = () = 3003.
Each of those four positions has a mirror copy, so 3003 occurs eight times in all. No integer is
known to occur more often, and whether any does is open (Singmaster’s problem). Figure 12

of this volume prints the row where that happens.
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Put a sign on it 2

PASCAL'S TRIANGLE, ROWS 0-14

1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1 circled in the last row:
1 10 45 120 210 252 210 120 45 10 1 3003=T77= (%)= (%)
1 11 55 165 330 462 462 330 165 55 11 1 It is also (155 ), (728) and (30103) —
1 66 220 495 792 924 792 495 220 66 12 1 eight places in all, more than

any number is known to reach
286 715 1287 1716 1716 1287 715 286 78 13 1

364 1001 2002 3432 2002 1001 364 91 14 1

the third column is
(5) =Tk-1:
1,3,6,10, 15,21, ...

Figure 1: The familiar triangle, before any sign is attached. The tinted column is the triangular
numbers themselves; the circled row is the one that makes 3003 famous. Both features survive into the
signed grid this volume actually uses.

These are not decorations. This volume is about what one signed version of that same triangle
does when it is pointed at the Riemann zeta function.

Put a sign on it

Alternate the signs along each row:

k
R R i
7=0

Row k is nothing more exotic than the coefficient list of (1 — z)¥. Row 6 reads

1,—6,15,—20,15, —6, 1. Every row is generated from the one above it by a single subtraction,
Ck+1,j = Ck,j — Ck,j—1, from the seed cpo = +1. You can write row 17 without computing rows
1 through 16. Nothing in this grid is hard, and nothing in it is approximate.

What each row is for

Zeta’s zeros are hard to look at directly. Fold them. With ¢ = s(1 — s) — the same reflection
n +— —n — 1 that centres T,, now on the complex plane — every zero p of the completed
function £ becomes a single point g,, and its mirror partner 1 — p lands on top of it. Build
the resolvent of that folded set,
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Why zeta cares 3

Se(z) = % - +Pqp, Zp(x) = % m (R.1c)

so Z; = S¢ and each Z, is one more derivative of it; the sum runs over folded zero orbits [p]
with multiplicity m, (§R10).

Now the point of the grid. Define the k-th rung

k
Wk(:ﬁ) _ (_1)k_1D92ck_1 [xksg(l')} = (Qk‘ — 1)! Zmp (m) (R3)
(el P

and row k of the signed triangle is exactly its recipe, the identity (SW.4b) established in
§R12A:

CLOSED FORM Ewvery rung is a finite row of the grid

Wk(aj) k j k 9
(2k —1)! = chj ¥ Zy(x) = Zp — kaZya + o |T Zhrz =
=

This is an identity, not an approximation and not a truncation. The rung W is a (k+ 1)-term
combination of consecutive derivatives of one function, and the coefficients are read straight
off row k. The grid is not computationally irreducible, and no simulation is hiding in it.

Why zeta cares

Look at the right-hand side of (R.3). It is a sum of k-th powers of one quantity, the carrier
(11.1) of §R11,

ua(q) = ——=

(z +q)?
On the critical line Rs = 1/2 the carrier is a squared modulus, so u, > 0 and every power of
it is nonnegative. Off the critical line it need not be, and its powers can rotate. Widder’s
characterization of Stieltjes functions converts the whole family into an exact statement with
nothing left over:

RH-EQUIVALENT Ezact criterion

RH < Wj(x) >0 for every k > 1 and every = > 0 (R.4)

So the Riemann hypothesis, in this volume’s coordinates, reads:
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Where this volume actually stands 4

Does every row of a signed Pascal triangle, applied to the derivatives of one explicit
function, come out nonnegative?

Both quantifiers are load-bearing. No finite collection of rungs is an RH statement.
Nothing in this volume promotes one, and every place a finite result could be mistaken for
the full one is marked.

Where this volume actually stands

PROVED proved here or cited as proved: an unconditional theorem or an exact identity.

rigorous but computer-assisted, or dependent on verified zero heights; the finite
region it certifies is stated with it.

logically equivalent to the Riemann hypothesis. An equivalence is not a proof in
either direction.

not proved anywhere in this work, and not implied by any finite result in it.
numerical or empirical support only. It never upgrades a status.
the claim status

Every rung is a finite row of the grid, (SW.4b) 13 OAADIBY closed form

RH <= W, >0forall k> 1,z > 0, (R.4) RH-EQUIVALENT

W1 > 0 for all z > 0, from the source 1502 OAADIBY analytic

Wa, W3, W4 > 0 for all x > 0, from the source

Wi, > 0 for all > 0, every k < 4,712,664,392,502 uses a verified zero height
4z — 1 < R, at every fixed scale, (13A.2); analytic, pointwise in x

A =sup, (4 — Rz) < 1 is not proved

An independent source proof of W5, Ws

Wi > 0 for all & > 0, every k > 1

Lr — Lp > 0 on every finite node set, (23.1) RH-EQUIVALENT
&n[P](2) <5 for every degree N, Dossier (166B.12a) RH-EQUIVALENT

The Riemann hypothesis

What a certified row asserts. means the sign is established against the
certificate of record for the finite region printed beside it, and that the grade has been reviewed
and carried into this edition. It does not mean the certificate was re-executed while this
edition was produced. No historical certificate is freshly replayed in this volume, and the
fourth-rung multiprecision receipt is not bundled with it.

How far the criterion has been checked — and why that is not progress. The Ky
row is not a sample. Section R13 proves that if every zero up to a height H lies on the critical
line, then every rung with index at most [7/(2arctan(1/H))| is positive at every x > 0. Platt
and Trudgian’s verified height puts the lowest 12,363,153,437,138 zeros on the line, and the
index that follows from it, exact at (13.6) in §R13, is

| Ky = 4,712,664,392,502
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The one line that is missing

So the criterion (R.4) holds for the first four and a half trillion rungs, and the first four of
those need no zero data at all. It is still not evidence for RH. The quantifier in (R.4) runs over
every k; a finite prefix of a positive family says nothing about its tail; and a larger verified
height would only make the finite number larger. That distance is what this volume is
about, and it does not close it.

The one line that is missing

Everything exact in this volume compresses into a single statement that no argument here
supplies:

No source-side argument presently proves
Lr—Lp >0

for every finite positive node set

Here Lr and Lp are the two Léwner blocks that the completed source splits into — the
Gamma part and the prime part — built in §§R16-R17E from the same folded data as the
rungs. The displayed inequality is equivalent to RH. Section R23 states it as (23.1), locates it,
and says exactly what would close it; §R13A measures the distance in one number, and shows
that the Euler product reaches all but the last unit of it.

How to read on

Part I builds the triangular coordinate and its reflection. Parts II and III fold the complex
variable and construct Sg. Part IV is the centre of the volume: the rungs, the grid, and
the sector geometry. Parts V and VI carry the matrix and contour reformulations. Part VII
states what is proved and what is not.

If you read one Part, read Part IV. If you read one section, read §R12.
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Reader’s study spine

Why read this. Triangular coordinates lead to the completed source of the Riemann
zeta function, to exact criteria stated in that coordinate, and to the proof obligations
that remain. The Riemann hypothesis remains open.

TRIANGULAR ROOT TO COMPLETED SOURCE FRONTIER

1 - TRIANGULAR ROOT
Tn, jn=2n+1

Odd layers, midpoint tails, reciprocals

2 - ANALYTIC COORDINATE
x=2Ts_1, Dy=R-1D,

Sine, Gamma, Bessel derivatives

3 - COMPLETED FOLD
g=s(1-5s), Sg h=xS¢

Reflection with both sheets retained

4 - RUNGS AND MATRICES
Wi = Bok-1,k-1

Exact entries; full matrix quantifiers

5« EXACT SOURCE ENERGY
&n=2Bg;
j

Circle and Laguerre norms agree

6 * OPEN FULL-PRIME CAP
&vIP1(2) = (1 + log 2 + 11/6)2

Every degree; cutoff obstructions in Dossier 166C

The connecting identities are proved; the final source estimate remains open

Figure 2: The reading map for this volume. Arrows give the reading order, not an implication from a
finite certificate to RH. Section R12 controls the rung status; §R23 states the all-node frontier.

Status vocabulary

PROVED proved here or cited as proved: an unconditional theorem or an exact identity.

rigorous but computer-assisted, or dependent on verified zero heights; the finite
region it certifies is stated with it.

logically equivalent to the Riemann hypothesis. An equivalence is not a proof in
either direction.

not proved anywhere in this work, and not implied by any finite result in it.
numerical or empirical support only. It never upgrades a status.

Finite signs are where these labels do the work. the first source rung, by an analytic
proof that imports no zero data; the higher rungs through the fourth, global
matrix order eight, and the larger Widder rectangle that uses verified zero heights. Each
carried item names its certificate input in §R22; nothing in this edition promotes one. The

s=o+it Volume I — Reading Volume, v4.2 — RH OPEN



How to read this volume 7

two statements the volume does not have are

W ~s F10) by an independent source proof global rank 9 (R.2)
Lr — Lp =0 for every finite positive node set '

The zero-assisted theorem already gives Ws(z) > 0 for every = > 0; what is open is a
proof from the Gamma-—prime source that imports no zero locations. The
last inequality is equivalent to RH.

How to read this volume

The work is published in two documents: this Reading Volume, the continuous argument
in reader sections §R1-§R24 across Parts I-VII, and the Technical Dossier, the proofs,
certificates and empirical context in plain numbered sections with lettered insertions; see §R24.
A number without an R is in the Dossier. Equation tags are global, so (SW.4b) and
(166C.25) name the same equations in both. Every reader section states its own quantifiers,
and this volume can be read straight through before the Dossier is opened.

The dependency route is root to frontier:

step reader sections what is fixed there

1 §§R1-R5, R5C-R5E the triangular coordinate and its
reflection n +— —n — 1

2 §§R6-R8 the complex fold s — s(1 — s), and
reflection against conjugation

3 §§R9-R10B the completed function, Sg, and
h = xS

4 §§R11-R14 the W-rungs, the coefficient grid, the
boundary moments, and the sector
rectangle

5 §§R15-R17E Li data, Lowner matrices, and the
Lr/Lp source split

6 §§R17F-R17H the discrete measures, the fixed-scale
source energy, and the prime cutoffs

7 §§R18-R21B translation defects, the reflection
contour, and the missing conjugation

8 §§R22-R24 what is proved, the first unsupported

line, and the proof map

§R12 is the controlling status section and §R23 states the single absent forcing
statement on which the program turns. Dossier chapters attach along the same steps; §R24
gives the section-level map.

Notation visible at every analytic interface

The Riemann variable will never be allowed to hide its two real axes:

s=o+ 1t Volume I — Reading Volume, v4.2 — RH OPEN



role notation exact reading

point s s=o0+1it

reflection 1-—s 1—0)—it

conjugate s o —it

reflected conjugate 1-5 1—-0)+it

folded coordinate g=s(1—-29) o(l—o)+t2+it(l—20)
analytic triangular coordinate Ts—1=s(s—1)/2 (62 -0 —t?)/2 +it(c —1/2)
safe real source branch Sz (1+VT+4z)/2>1
source Jacobian R R=2s; —1=+1+4z
integer odd coordinate In Jn=2n+1

rung odd coordinate Ik Je=2k+1

The symbols s, p, and s, distinguish an arbitrary point, a zero, and the safe source branch by
mathematical role. Reflection s — 1 — s and conjugation s — § coincide exactly on o = 1/2;
identifying the two off that line is the positivity problem of §R20.

Part I. The triangular coordinate

The triangular coordinate, its half-step reflection and its Pascal column supply the arithmetic
vocabulary for the analytic constructions that follow. All identities in this Part stand
independently of zeta zeros.

R1. Discrete primitive and centered square

Triangular numbers integrate the integer sequence by one forward difference:

Ty —Th1=n T,=1+2+---+n (1.1)

A square displays both triangular copies at once. Split an (n + 1) x (n + 1) grid into the
entries above the diagonal, the entries below it, and the diagonal itself:

2T, +(n+1)=n+1)2 T+ Ty = (n+1)> (SQ.1)

The two strict triangular halves each contain 7;, cells, and the shared diagonal contains n + 1.
The border ending at n? and the border beginning there are consecutive members of one odd
sequence:

n?—(n—1)%=2n-1, (n+1)2—n*=2n+1 (SQ.2)

s=o+ 1t Volume I — Reading Volume, v4.2 — RH OPEN



R1. Discrete primitive and centered square 9

Summing the first identity gives n? = S°7_,(2k — 1). Equivalently n? = T,,_; + T},; taking
successive differences of this adjacent-triangle identity gives the same borders. Thus 2n — 1
and 2n + 1 describe the incoming and outgoing layers at the same square, with the index shift
stated explicitly.

THEEEEEEEE ... onomconm

. To =45 below the diagonal
. To =45 above the diagonal

| 10 diagonal cells

2Ty +10 =102

Figure 3: A 10 by 10 square splits into two 45-cell triangles and a 10-cell diagonal: 27y + 10 = 100.
The diagonal is counted once. This exact counting diagram also prepares the reflected index pairs
used later in matrices.

Introduce the centered odd coordinate

Jn=2n+1 (1.2)
Then

8

21 1 1\2 1
8T, +1=j2,  T,=2" :§<n+§> - (1.3)

The reflection n — —n — 1 becomes j, — —j, while T}, is fixed. Thus T, is the invariant
coordinate and j, is its signed sheet coordinate. This is the elementary model for the analytic
fold used later. In particular the two border counts in (SQ.2) are j,—1 and j,. Their squared
difference recovers the primitive exactly: j2 — j2_ ;| = 8(T,, — T,—1) = 8n.

The paper will keep three exact readings beside one another whenever doing so exposes
structure rather than adding notation:
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R1A. The general discrete primitive and its reflection 10

mainstream form triangular form centered form

n(nt 1) o, G2 -1/
n+(n+1) Tn+1 —Th-1 Jn
n— —n—1 Tn —Th Jn > —jn

This “three-language line” is an editorial convention, not a claim that every formula becomes
simpler after triangularization.

Triangular numbers are both a discrete primitive and a centered split square

Tn=Th-1=n Tx=%(X+%)2—%

80 — X(X +1)/2

70 4 +12 e centered form

60

50 1.5
o
340 3 =
g 1.0

30

20 0.5

45 fixed point (-=1/2, —1/8)
101 \
0.0
04 ‘\4’//
0 2 4 6 8 10 12 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
n X

Figure 4: Triangular numbers are the discrete primitive; centering at the half-step turns reflection
into a sign change.

R1A. The general discrete primitive and its reflection

The same polynomial identities hold for real or complex inputs. Define

oz +1)

T, = 5 , Je=2r+1

Then

Tp—To1=2, Tepn—-To=z+1  AT,=1

while the adjacent sum is

Ty + Tpy = 22 (TDP.1)

Factoring through the primitive difference gives the cubic identity

T2 -T2 | = (T — Ty 1) (T + Tpy) = 23 (TDP.2)

s=o0+it Volume I — Reading Volume, v4.2 — RH OPEN



R2. Odd and even power sums 11

The same adjacent pair also resolves the square index:

To=T2 | +T7? (TDP.3)

Indeed, the right side is 22((x — 1)? + (z + 1)?)/4 = 22(2? + 1) /2.

The forward adjacent product and its reflection can be kept on one line:

2T, = (T, —To )(Tos1 —T),  Too1 =T, (TDP.4)

With j, = 2z + 1, the centered sheet coordinate is visible without a new symbol collision:

-2 2

2-1 1 1) 1

T, = _ - ) oo TDP.5
8 2 (x+2 8 ( )

Thus the half-shift and the value —1/8 are not numerical coincidences. They are the split-norm
coordinates of two consecutive counting legs.

More generally, for a fixed gap D > 0,

z(x + D)= ($+ ?)2 - <§>2

This is the common null-coordinate grammar behind the Casimir square, complementary
phase states, and reciprocal uniformization. It is a scalar grammar; a shared operator must
still be proved separately in each family.

The square-index recurrence and the two Pell constructions are proved in Dossier §5 (Theorems
TDP-A-TDP-C); the identities above are the algebraic reference used below.

R2. Odd and even power sums

Let Sp(n) = >_p_; kP. Reflection about n = —1/2 forces the Faulhaber parity split

[ Somi1(n) = Pu(Tn),  Som(n) = jnQm(Tn),  jn=2n+1] (2.1)

for polynomials P, Q,, with m > 0 in the odd formula and m > 1 in the even formula. The
case Sp(n) = n is excluded from the even formula. The first examples are

_JnTn _ 2n+ 1T,

1 2 3 3
in T (6T, — 1
T2(4T,, — 1) Gn T, (1272 — 6T, + 1)
55 = 3 56 = 21
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R3. Factorial switch and diagonal defect 12

The square-sum formula follows from these same adjacent quantities, without a separate
counting hypothesis. Set A(n) = j,7,,. Then

A(n) —A(n—1)=2n+ 1T, — (2n — 1)T,,_1 = 3n? (2.2a)

Since A(0) = 0, summation proves 3S2(n) = j,T,,. Factoring T2 — T2 | uses the same
primitive difference n and adjacent sum n?, giving (2.3). The square and cube branches
therefore follow from one adjacent-triangle calculation.

In the half-step variable u = n 4 1/2, odd power sums are polynomials in u? while even sums
are u times polynomials in u?. The factor j, = 2n + 1 is therefore not an accessory: it records
the odd sheet of the same centered geometry.

The cubic identity is the cleanest instance:

(e e N O N ) (2.3)

The same adjacent pair resolves a square-index triangular number:

T =T2 |+ T2 (2.4)

R3. Factorial switch and diagonal defect

The factorial form makes the triangular polynomial appear by exact cancellation:

st = (3) () =" =T (3

The two-variable continuation

Fa(z,y) = W (3.2)

restricts to T, on the diagonal. At regular points with T, # 0, its exact relative defect is

FA? D ?Ei i 3 e x; Dy 2)+ 0 (33)

The reduced factor (n +1)/(2(n — 1)!) still carries the successor-prime numerator gate before
multiplication. After the factorial cancellation, the whole expression is the integer T},; the
reduced-numerator signal is not a separate invariant of the product.
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R4. Reciprocal triangular numbers as moments 13

R4. Reciprocal triangular numbers as moments

The reciprocal sequence begins with a telescope:

1 2 1 1 =1
T, n(n+1) <n n -+ 1) nZ: T, (4.1)

Adjacent reciprocal integers polarize into the same centered coordinate:

1 1 1 4 1 1 ] 45
n n+1 27, ji-1 n n+1 27T, ji-1
Thus
1 1
= + -
n bl =, =2n+1 (4.2a)
n ntl
Their squared sum retains the triangular unit:
1 1 1 1
il I 4.3
n2+(n—|—1)2 Tn+4T7% (43)
Summation gives the exact bridge
1 3 1 1
Yo =802)-12 (2= st 7w (4.4)
n>1""7 n>1""
For m > 0, define the adjacent reciprocal power sum
1 1
R =—4+ — 4.4
) 1= o+ o (4.42)

The sequence has initial values Ro(n) = 2 and R;(n) = j,/(21,). For m > 2 it obeys the
triangular recurrence

Jn 1
Rm(n) = 7Rm_1('n) — ﬁ

= o Rp_s(n) (4.4b)

This is the systematic owner of the later 1/7;, identities: the coefficients are exactly the
reciprocal sum and difference in (4.2), not unrelated rational simplifications.

Squares, cubes, and finite remainders

The square and cubic primitives in §R2 also have reciprocal readings:
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R5. The triangular coordinate as a real analytic chart 14

1 1
2 T @ oz =6 (4.4¢)

n>1

Here the denominators are exactly n? and n. Powers of the reciprocal triangle form a different,
related sequence. Subtracting adjacent reciprocal squares and cubes gives

1 1 n 1 1 6T, + 1
_ _ s - 4.4d
n? (n+1)2 472  nd (n+1)®  &I3 (44d)

Summing these telescopes through N > 1 proves the exact finite remainders

q‘u.

Consequently

_4(1_(Ni1)2>, 62%—1—%%—8(1—@) (4.4¢)

n=1

Z > 7 —8—6 Z — 80 — 48¢(2) (4.4f)

n>1 n>1

.
ﬁw\

The third reciprocal power also retains the odd coordinate in a convergent owner for ((3):

N SRR S 1E S B
nd  (n+1)3 4T? 813 16 — T3

(4.4g)

The first equality follows by expanding n® + (n + 1)3; summation and (4.4f) give the second.
These formulas distinguish the sum of reciprocal squares from the square of a sum. In
particular 7,72 = 8((2) — 12 ~ 1.159472535, whereas (3. T, )? = 4. The first sum is not
1/4; already its n = 1 term equals one. No extra symbol for either sum is needed.

More structurally, reciprocal triangular numbers are Hausdorff moments of a compact proba-
bility measure:

1
Tkt

= /01 u* 2(1 — u) du (4.5)

This measure later owns both a Hankel moment matrix and a positive Gram kernel on
logarithmic characters. It must not be confused with the Gamma defect measure on (0, 00).

R5. The triangular coordinate as a real analytic chart

Replace the integer index by a real source variable s > 1 and define
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R5. The triangular coordinate as a real analytic chart 15

r=s(s—1)=2Ts R=2s—-1=+1+4x (5.1)
At s = n + 1 this reads

z=2T,, R=2n+1]| (5.2)

Thus the repeatedly occurring 2n + 1 is the Jacobian dz/ds of the folded safe-axis coordinate.
The integer centered coordinate and the analytic source Jacobian are the same object on this
lattice. Writing R(z) = +/1 + 4z makes both neighboring values visible, for n > 2 on the open
source half-line:

1
R(2T,)=2n—1,  RQL)=2m+1,  Dy= 4D, (5.2a)

This is the route by which the elementary odd coordinate enters the source derivatives. Dossier
§34 uses this differential operator to obtain the rung denominators, and §146 derives its Bessel
polynomials.

A noninteger example makes the interpolation visible:

Ty=6<Tr="""") 7 T, 65055985273 (5.3)

Indeed, T, is increasing for real z > —1/2, and 3 < m < 22/7 gives 6 < Ty < Thy/7 = 319/49 <
7. The value lies close to, but above, the midpoint 6.5. At s = 7w + 1, the source chart has
x = 2T;; the same reflection identity holds exactly: T, =T _,_1.

Value scaling and horizontal-coordinate scaling must be separated. The polynomial T, has
zeros at —1,0; its reciprocal has poles there. Multiplying its value by 2 leaves those locations
fixed. Replacing the horizontal coordinate by u = 2z changes the displayed locations:

expression symmetry center zeros; poles of its reciprocal
T, =z(zx+1)/2 z=-1/2 z=-1,0
2T, = z(z + 1) z=-1/2 z=-1,0
2Ty 2 =u(u+2)/4 u=-1 u=—-2,0

The general coordinate rule, for ¢ > 0, is

u(u+ c) 1 2c?
Ty = = =—= SC.1
u/c 202 Tu/c u(u+ c) ) Ucenter 9 ( )

o

The centered coordinate carries the same change explicitly. In the shifted input s used by the
completed function,

Jso1 =25 — 1, 8Ty 1+1=(2s—1)2 T, =T (SC.2)
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R5C. The even-triangular rail and the half-step sequence 16

The symmetry center is now s = 1/2, with reciprocal poles at s = 0,1. For the particular
squared-root condition (2s — 1)? = 2, the two branches are s = (1 £+/2)/2 and T,_1 = 1/8.
Squaring removes the sign of the centered coordinate; keeping js_1 retains the branch. This
is why the integer 2n + 1, its shifted real version, and the imaginary 2it will continue to be
printed beside the triangular fold.

Equations (5.1)—(5.2) are the safe-axis specialization of the full discrete primitive and centered
split recorded in §R1A, especially (TDP.4)—(TDP.5).

The expanded Riemann variable: s = o + it, reflection, conjugation, fold, and triangular center

A. The two involutions coincide only on the balance line B. Fold expansion: g = (o +it)(1 —o—it)
3 — critica| line 0 =12
1-5=(1140)+it s=0+it q=z+
2
24
14 g 17
©
>
0 ) o
'; 0- reflect conjugate S
c 0
—— o
[=}
£
-1 8
-1
—27 1-s=(14o0)-it
[ ) 5 — Rg=¢(l-0)+t2
-3 — 3qg=t1-20)
0.0 0.2 0.4 0.6 0.8 1.0 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
o=Rs oatfixed t=1.5
C. Triangular safe-axis chart D. Self-dual magnitude x~*2 = 1/Vx
601 ___ x=s(s-1)=2Ts_1 10° 4 —_— 03 e %05 x0T

—— R=2s-1=V1+4x
50+

40

Xx~0=x-(1-0)

for all x iff c=1/2
30+

coordinate
magnitude

20+
1071+

10+

1 2 3 4 5 6 7 8 10° 10t 102
real safe-axiss=0>1 (t=0) X

Figure 5: The expanded variable, its involutions, the folded coordinate, and the real triangular safe
axis.

R5C. The even-triangular rail and the half-step sequence

The even-index subsequence deserves its own visible line. For n > 1, put

1 1
an=2n+ = ‘% ap = =2n(2n+1) = 2Ty, (TR.1)

Geometrically, 275, is the 2n by (2n + 1) rectangle formed by two equal triangles. Centering
the two side lengths at a, writes its area as a2 — (1/2)2. This is why the quarter-square
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and odd coordinate occur together. The even indices also pair successive factors in the odd

factorial, as (PR.6) will show. Its reciprocal sequence is

1 1 1 1
A, = = — — = TR.2
"oy, 2n 2n+1 a2 —1/4 ( )
n even triangle T, adjacent product 27T%, reciprocal Ay, centered root an
1 3 6 1/6 5/2
2 10 20 1/20 9/2
3 21 42 1/42 13/2
4 36 72 1/72 17/2
5 55 110 1/110 21/2

The same fractions have two useful sums:

log2=1-> A,,  ((2)=3-2log2+ > A2 (TR.3)

n>1

n>1

The first follows from the alternating harmonic series. For the second, square the adjacent
reciprocal difference and use Y,5,[(2n)7? + (2n + 1)7?] = ((2) — 1. These are ordinary

convergent sums of positive terms.

This selection by even index is distinct from the ged selection in Dossier §170. The latter
groups rational rays and their multiplicities; here we select a specific adjacent-product sequence.
Both remain rooted in T;. In the later real source chart the same entry is x = 275,,, s = 2n+1,

and R=2s—1=4n+ 1 = 2a,.
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R5D. One real coordinate, several roles for 7 18

EVEN TRIANGLE - ADJACENT RECTANGLE - CENTERED SQUARE

(9/2)? = (1/2)?> =20

2T, =4-5=20
remove 1/4
ay = 9/2
Two equal triangles: 10 + 10 General area: a,z7 —1/4 =2T,,

Figure 6: Two triangles form an adjacent-side rectangle. Centering its side lengths gives the same
area as a square minus one quarter. The even index is the one used by the odd-factorial product.

Later, the Gamma scaffold has poles at —2T5,, (§R17). Voros’s auxiliary half-step sequence
is precisely a, [56, equation (59)]. Equation (TR.1) therefore supplies an exact triangular
dictionary for that sequence. The analytic continuation built from A, will be introduced only
after the completed source has been defined (§R17A). Its regularized values are a different
operation from the convergent sums in (TR.3).

R5D. One real coordinate, several roles for 7

The polynomial T,, = z(x 4 1)/2 accepts every real input, including 7. This matters when we
pass from counting to analysis: the same coordinate can be read through an adjacent product,
a Gamma ratio, or a centered square. For x > 0,

T_x(:v+1)_l"(:c+2)_(2:c+1)2—1
o2 ol(x) 8

(PR.1)

The Gamma recurrence proves the middle equality. The quotient continues to the polynomial
after removable singularities are filled. If a factorial is written at a noninteger input, its
meaning is explicitly z! := I'(xz + 1); it no longer counts permutations. The input x = 7
therefore belongs to the existing chart, without a new interpolation rule.

The two adjacent triangular values retain both powers of 7:
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R5D. One real coordinate, several roles for 7 19

7T2—7T

2
T —Ton=m,  TotTn=n (PR.2)

T2 -T2 =7 ~ 31.0062766803

T—7r =dg-1 =

The polynomial identities describe the input 7; by themselves they do not independently
evaluate it. An evaluation from integer triangular numbers follows from (4.4) and Euler’s
Basel identity:

3
2 § :

Taking the positive square root and using the cubic reciprocal sum (4.4f) gives two equivalent
evaluations with 7 isolated:

1 1 1 1
W:?)JHHZTQ:JNSZT?’ (PR.4a)

n>1"" n>1""7

The square root acts on the whole expression. It cannot be distributed over its constant and
sum, or through the sum term by term. The same identity isolates the remnant above 3 and
the near-integer cubic remnant:

1
T—3= 1+ =Y T°-1
’ B(J 12n>1 )7

3/2
1
3 —2
7T—31——27(1+12E Tn) —31

n>1

(PR.4b)

The leading digits 31.00 have a short exact certificate from the first three terms of the cubic
reciprocal sum: (76.6d)-(76.6e) prove 31 < 7® < 31.01. The decimal 31.0062766803. .. is
useful as an approximation; rounded to two decimal places it is 31.01. The separate occurrence
312 = 8-5!+1in (76.6a) comes from the triangular-factorial square test. The centered product
below makes its precise connection visible, without identifying the two roles of 31.

Euler’s sine function supplies both the foundation and the bridge

The classical sine series and Euler product can be displayed together [63]:

n2

sin(ra) _ § (S (l . ) (PR.5)
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R5D. One real coordinate, several roles for 7 20

The removable value at z = 0 is 1. Comparing the coefficient of 22 gives Euler’s Basel identity
2on>1 n~? = 72 /6. Pairing successive factors of the odd factorial exposes the triangular layer:

m m
@m+ 1) =J[@r)@r+1) =[] 2T (PR.6)
r=1 r=1
The empty product for m =0 is 1.
The signs alternate —,+,—. If ¢, = (—=1)""/(2m + 1)!, their recurrence is ¢p+1/cm =

—1/(2T2m+2). In particular the coefficient 1/7! connects the even-index triangular product to
the earlier reciprocal bridge:

7 = (21%)(2Ty)(2T%) = 180T+
111 (PR.7)
7' 8ThTyTy  1807%

The odd factorial also has a central-Pascal factorization. Put C,, = (2;:) /(m + 1) and
b = 4™(m!)?/(2m + 1)!. Then

Cm 1

— 2 —
(Qm + ].)' == T2m+1(m') Cm, bm47m == T2m+1 .

(PR.7a)

Thus 180 = (3!)2C5. This holds at every odd index; the numerator transition p — 1 occurs
at indices p — 1 — p for an odd prime p. Triangular weighting of the sine coefficients
gives 3°,,50(=1)™m22mF L /[(m!)2C,,] = 2 cosz — 2%sin 2/2. Dossier Section 95A proves this
and the specified Catalan-Beta product measure. These are comparison identities, not
completed-source signs.

Gamma reflection supplies a third reading of the same normalized sine:
sin(mx) 1

mr T(l+a)(1—a) (PR.8)

The Gamma formula is understood by analytic continuation at removable values. The
factorization preserves the odd index 2m + 1 and explains where the even triangular subfamily
enters. No inference about zeta-zero locations is needed to obtain it.

Angles, quarters, eighths, and the factorial scale

An angle with degree measure « has radian measure ar/180. Combining this convention with
the exact arithmetic 18077 = 7! gives (4A.5). Neither conversion is omitted:

1\° =« 1 1 1
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R5D. One real coordinate, several roles for m 21

Quarter-turn and eighth-turn cycles make the factors 4 and 8 geometric:

degree measure radian measure unit complex phase

0 0 1

45 /4 1 +4)/vV2
90 /2 i

180 T -1

With wg = €/4, we have w2 =1, ws =1, and i* depends on k mod 4. Conjugation reverses
the sign of the angle. The 8 in 87T}, + 1 = (2n + 1)? has an additional arithmetic role: every
odd square is 1 (mod 8). An integer v > 0 is triangular exactly when 8v + 1 is a perfect
square; its root is then odd, and the inverse index is n = (v/8v + 1 — 1)/2. The congruence
alone is necessary, not sufficient for that square test, as the 7! example in §76 illustrates.
The two appearances of 8 are linked by the displayed formulas, not by assuming a common
spectral mechanism.

Radicals normalize both the circle and the analytic kernel. The elementary |(1 +i)/v2| = 1
becomes |Z,, /+/n| = 1 for the polar shells. The same scale has an integral owner, for n > 0:

—1/2g=nu g, F<m + 1) 2 VT (m>0) (PR.10)

2) = 4mm)

The two half-integer values should be distinguished explicitly:

p(1> - F<3) _ 1r(1> _vr (PR.10a)

2 2 2 \2 2

The second value is also the half-Gaussian integral [;* e du = v/7/2. For integers m > 0,
the recurring half-step coefficient has the exact dictionary

r 3/2 1 g r 1/2) (>
(m+3/2) _ 1 _gn Dm+1/2) _ Co) PR10b)
I'(m+1/2) 2 2 m!T'(1/2) 4m
Thus the odd coordinate j,, = 2m + 1 supplies the Gamma step, and normalizing its

accumulated product gives the central-binomial coefficients. The first value in (PR.10a)
normalizes the 1/y/n integral in (PR.10); the second occurs in the triangular determinant
calculation (PC.7) of §R17C. The ratio in (PR.10b) supplies the pole coefficients (PC.1) of
the same section.

The same central-binomial coefficients expand the inverse Jacobian of the triangular source
chart:

m 4

R(z)™ = (1 +4a)7 12 = i (-)™ <2m> ™ |z < ! (PR.10c)

m=0
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R5E. The half-step, reciprocal operations, and Euler fixed points 22

In Figure 12 the coefficient of 2™ is exactly the central entry comm: 1,-2,6,—-20,70,....
The normalized half-Gamma ratio in (PR.10b) is (—1)"cam m/4™. The figure displays these
central entries through m = 8; the identities hold for every m > 0.

Thus half-Gamma coefficients return as the local coefficients of D, = R~!D,; §R17C uses the
same half-step in its spectral determinant. There is also a convergent centered product that
closes this section’s loop from triangles back to 7:

~ 8T, = (2n)(2n + 2)
=4 " 4 ANA - — PR.10d
4 H8Tn+1 nl;[l (2n + 1)2 (PR-10d)

n=1

For a finite product through N, the product without the leading 4 equals T'(N + 1)I'(V +
2)['(3/2)2/T(N + 3/2)%. The large-N Gamma ratio tends to one, and I'(3/2)? = 7/4 proves
(PR.10d). This is the centered Wallis product, also obtained from (95.4) at ¢ = —1/8. The
factors at n = 1,3, 15 are respectively 8/9, 48/49, and 960/961. They are exactly the three
dyadic triangular-factorial solutions of §76. The full product includes every positive integer n;
those three factors do not determine its value by themselves.

In (PR.10), the inverse-square-root integral follows by scaling the Gamma integral, and
the half-integer formula follows by recurrence. Reflection and duplication formulas give the
broader Gamma setting [59]. These are actual routes from factorials and radicals to Mellin
and heat analysis.

Finally 10 = Ty permits a triangular reading of decimal scale: log;yy = logy, y. Changing
that scale preserves the phase when all factors are carried through. For v = log;,n,

n=s =107 = lo—Uve—it(ln 10)v
(PR.11)

n=s = 10" Ve itin10w, d(lnn) = (In10) dv

Thus decimal charts can preserve exact information. The factors In 10, the conjugate phase,
and the Jacobian must remain visible when the chart enters the source integrals. Section
167 retains useful finite decimal approximations with exact error terms; §168 compares the
reported unfolded counting coordinates and explains the broader empirical context.

The same even-index triangular factors produce the odd factorials in the sine expansion
and in the normalized Widder rows of §R12A. The convergent reciprocal sums also return
in the explicit source-energy constant of Eq. (166B.12). These are exact coefficient and
constant identities. The Gamma factor then enters the completion of zeta; identifying a
positive triangular benchmark with the completed resolvent additionally requires the full
source identity.

R5E. The half-step, reciprocal operations, and Euler fixed points
The finite factorial product in (PR.6) has an integer upper limit. It is not a finite product at

m = —1/2 or at a complex value. Its Gamma continuation is a separately defined function:
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R5E. The half-step, reciprocal operations, and Euler fixed points 23

S i
Cm) = FGm+2) ~ 2 T (m + )T (m £ 3/2) (HS.1)

Duplication proves this identity, with 22™*! = exp[(2m + 1)In2]. The reciprocal Gamma
function is entire, so removable values in the second expression are filled by continuation. At
m = —1/2,C(—1/2) =1, while 2m + 1 = 0 and T,, = —1/8. This is the centered triangular
point, not a factorial pole.

To compare it with the later Riemann coordinate, declare the shift m = s — 1, rather than
silently replacing the discrete summation index:

. L.
s=-+i1it = m=-—-+it

2 2
, 1 ¢2
1 1
= 9T, = -+t C =
q(s) m =t (m) T(1 + 2it)

The conjugate pair has a classical sine/Gamma owner:

C(—;—i—it)(?(—;—it) :sin}217(r2;rt) =11 <1+f§> (HS.3)

n>1

The value at t = 0 is 1. Gamma reflection and Euler’s sine product give the equalities by
setting the sine argument to 2it; conjugation makes the left side a modulus square. This
identifies an exact positive Gamma object. It does not identify it with the completed zeta
source or replace the prime term in that source.

Equal values, commuting operations, and involutions

The equality v/2/2 = 1/+/2 is a rationalization of the same positive scale. Reciprocal inversion
I(z) = 1/z is an operation: I(I(z)) = z for z # 0, and it exchanges v/2 and 1/+/2. Dividing
by 2 agrees with inversion at v/2 because its square is 2; division by 2 is not inversion as a
function of a general input.

The diagonal unit phases make the operation and its reverse visible:

1+ _ 1—4 . _
= —, wl=o="—"0, w? =1, ww =1 (HS.4)
V2 V2
Conjugation and reciprocal inversion agree on the unit circle. Reflection and conjugation
agree on the critical line. Off those loci the operations must retain their separate names and

domains:

w
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operation action applying it twice
conjugation C' z+— Z C?z =2
inversion [ 2 1/2,2#0 [?z2=z¢
reflection J z—1—2z J2z ==z

The maps C' and I commute where defined, as do C' and J. The maps I and J generally do
not: J(Iz) =1—1/z, whereas I(Jz) = 1/(1 — z). Section R7’s Cayley coordinate converts
reflection in the s-plane into inversion in the circle coordinate. The side and order of an
operation therefore matter.

For s = o +1t, addition in Cartesian coordinates becomes multiplication under the exponential
map:

ea—i—zt — eaezt7 eo—zt — eae—zt (HS5)

The factor 4t itself is the product of i and the real t; adding it to o specifies a point.
Multiplication by 4 acts instead as i(o + it) = —t + i, a quarter-turn of that point. Formula
(PR.11) carries the same distinction into the Mellin weight and its base-ten chart. None of
these coordinate changes permits dropping the conjugate phase.

A precise power-tower connection

Euler’s iterated-exponential setting [64] offers a useful fixed-point comparison. For a positive
tower iteration y,11 = b¥", a finite positive limit must satisfy

_log L

L = bt b= LYE log b
b ) Og L

(HS.6)
The derivative of the final expression is (1 —log L)/L?. The largest base on this fixed-point
curve is therefore el/¢, attained at L = e. At a fixed point the iteration derivative is log L, so
local attraction has the strict derivative criterion |log L| < 1; boundary cases require separate
convergence arguments.

The familiar base /2 has fixed points L = 2 and L = 4. Starting from yy = 1, iteration
increases within [1,2] and converges to 2. The L = 2 fixed point is locally attracting, whereas
L = 4 is repelling. Thus 2 is a meaningful limit for this specified tower; it is not the universal
tower boundary, and a tower with base 2 has no finite positive fixed point.

Inverting the limit variable, » = 1/L, gives another exact reading:

1
b=r"", logb = —rlogr, Tmax = — (HS.7)
e

This explains the reciprocal appearance of e in the geometry. The logarithm, factorial/Gamma
continuation, and sine product all belong to the classical analytic foundation. A further
connection from this tower iteration to the completed source would require an additional
identity; the fixed-point observation alone supplies no zero-location theorem.
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Which roots form a reflected pair?

The 1+ inside a radical in (PR.4a) suggests a useful comparison with the centered-square
inverse, but the branch operations must be named. For the analytic fold ¢ = s(1 — s),

(2s—1)2=1—-4¢=1+8T,1, s= 1=viz4g V;_4q (HS.8)
Reflection s — 1 — s exchanges these two inverse branches. If ¢ > 1/4 is real, they are the
conjugate pair s = 1/2 +iy/q — 1/4. For complex ¢, conjugation also sends ¢ to ¢, so it need
not exchange the two roots at the same ¢. In (PR.4a), the positive radical evaluates 7; its
two algebraic signs would give the opposite real values 4+, not a nonreal conjugate pair. The
next sections keep these operations separate.

Part II. From the half-step to the complex
fold

The fold ¢ = s(1 — s) identifies the reflection pair, the Cayley chart expresses it as inversion,
and the Mellin factor fixes the weight 1/y/n. Equation (6.4) is the key conclusion: a folded
zero is real exactly when its zero lies on the critical line.

R6. Folding the two axes of s =0 + it
Define

g=q(s)=s(1—s)=0c(1—0)+t*>+it(l—20) (6.1)

The centered identity is

o=t (s 1Y (62

This is the analytic continuation of the centered split in (TDP.5): the signed coordinate 2s — 1
is squared and the two sheets s and 1 — s fold to the same gq.

Three specializations should be kept side by side:
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locus in the s-plane condition folded image

critical line s=1/2+it ¢q=1/4+12 € Rxo

real safe sheet s>1,t=0 ¢g=—-s(s—1)=—-x<0
general point s=o+it Sg=1t(1—-20)

There is no omitted real-zero branch. For 0 < ¢ < 1, the alternating Dirichlet eta function
satisfies

(o) = (1-277)¢(e) > 0 (6.3)

Since 1 — 277 < 0, one has ((¢) < 0. Thus every nontrivial zero p =  + iy has v # 0, and

GER = 1(1-26)=0 = = (6.4)

Therefore RH is exactly the assertion that all folded zero orbits land on the positive real
g-axis.

R6A. Sum to product, and the model in which the hypothesis
is true

Equation (6.4) says RH is the assertion that every folded orbit g, is real and positive. Before
six Parts are spent on it, it is worth writing down the assertion’s model: a node set for

which it holds, whose product is closed in elementary terms, and which the volume has been
carrying since Part I without saying what it was for.

One dictionary. Let A = {a;} be positive with multiplicities m; and >>;m;/a; < co. Put

Ea@) =T[(1+5)",  Sat) = ?j@) =3 e~ /Ox Sa) = EAl(ac)
; j j J
(6A.1)

Sum becomes product here by one operation: integrate the resolvent and exponentiate. Three
objects are compared through it.

instance nodes a; resolvent product

triangular ladder 2T, =n(n+1) (6A.3) (6A.2), closed
folded zeros qp =p(1—p) Se, (9.5) X(—z)/X(0), §48B
primes not a node product P, §R16 ¢(sz)/¢(2), Euler

The prime row is the odd one, and the distinction is not cosmetic: its passage from sum
to product is unique factorization, a product over primes rather than over the nodes of a
resolvent, absolutely convergent only for Jts > 1. Dossier §48B keeps its three cutoffs apart —
the prime-power cutoff, the truncated Euler product and the finite Dirichlet sum are three
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different objects, equal at X = 2 to exp(27*), (1 —27°)"! and 1 + 27%. The two node rows
are what this section compares.

The triangular instance is closed, and it is already proved. Dossier §11 evaluates
Ia(u) =1,(1 —u/T,) = 1/[T(1 4+ s)I'(2 — s)] under u = s(s — 1)/2. That substitution is
the fold: z = —2u = s(1 — s) = ¢(s). In the fold coordinate, with v = |/ — } (imaginary for

z < 1), the same identity reads

CLOSED FORM the triangular model

T sinwts  coshmv 1 mtanh7vy 1

IT(+ ﬁ) = = ’ 2 TTm T W =

WS n mq(s) T e+ 2T v x
(6A.2-6A.3)

the second being the logarithmic derivative of the first, and I' reflection carrying one form to

the other. The removable values are 1 at z = 0 and 4/7 at v = +

-
Keep the parameter signs visible. The numerator cosh v is entire of order one-half in
this model parameter; its zeros are exactly x = —27,, for n > 0. Division by 7wz removes

the zero mode. The model’s reflection variable gives z = ¢(s) and Fa(q(1/2)) = 4/m. The
completed source instead uses x = —q(s), so its centered value is F¢(—1/4) = X (1/4)/X(0).
At the common positive comparison parameter x = 1/4, its value is X(—1/4)/X(0). These
are distinct evaluations, not an identification of spectral measures.

The completed determinant F¢(r) = X(—2)/X(0) also has order one-half, but the property
shared with the triangular model is a zero-set condition:

RH <= E¢(xz) = X(—x)/X(0) has all its zeros on the negative real axis. (6A.4)

Equal order does not mean equal type. Dossier Section 12B proves, unconditionally,
log En(x) ~ my/x whereas log E¢(x) ~ /xrlogz/4. The model has finite type 7; the
completed determinant has infinite type at order one-half. An independent positive realization
of the completed product remains missing.

A multiplicity-one operator. Dossier Section 12A realizes the product by Ax = —d?/d#? —
1/4 on (0,7), with f(0) =0, f/(w) = 0. Its normalized half-integer sine eigenfunctions have
eigenvalues 27,,; removing m = 0 gives det ([ +33Ajrl) equal to (6A.2). Unlike the full spherical
Laplacian, this realization uses each positive degree once.

The same modes are unitary images of the reflected polynomials in Section R15. With
n = 2m + 1 they satisfy

1 _omu\  sincg(u) )
EPm <4 sin n) = S, (u/n) — sineg (u). (6A.5)

Their squares are finite Fejer kernels: the pair counts give n + 27,,_; = n?. The finite sine
projection has an interior sine-kernel limit; at the boundary its reflected-sum term survives.
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Section 61A matches its bandwidth to N ~ T?log(T/(2m))/2. This is a proved comparison
limit, not a completed-source kernel limit or a theorem about zeta pair correlation. The latter
prediction uses 1 — sinc, (u)?, not the nearest-neighbor gap density [79].

Three entries, with their status.

quantity triangular model folded zeros

Z]. m;/a; >, 1/(2Ty) = 1 exactly Se(0) = A; = 0.0230957 ... (9.8)
at comparison parameter 1/4 En(1/4) =4/ E¢(1/4) = X(—1/4)/X(0)
odd-factorial layer 2m+1)! = HT 275, (PR.6) rung weight (2k — 1)! (13A.3)

The model nodes start at 2, while the zeta nodes start near 200. The shared odd-factorial and
hyperbolic identities therefore identify constructions, not their measures: nothing transfers
without a source theorem, and no bound on A of (13A.2) follows from the model. An operator

with spectrum g, has not been supplied. That is precisely the input this volume cannot supply
for (.

R7. Reflection, conjugation, and the Cayley circle
Use the global Cayley coordinate

s zo zZo

1—s szl—i—zc q:(1+zc)2

zo(s) = (7.1)

Then

1 1
S =24 204 — (7.2)
q 20

This is the reciprocal coordinate of Dossier §171: yo = z¢ + 251. The same Pascal recurrence
now has coefficients expressed through ¢(s), so the arithmetic reciprocal fold returns here as
an exact analytic identity, with its inverse branches retained.

Reflection becomes inversion z¢ — 1/z¢, while conjugation becomes z¢ — Zc. They agree
on the unit circle. Hence

1
§Rs:§<:>|zc|:1<:>1—8:§ (7.3)
The subscript C' distinguishes this global s-plane coordinate from the scale-dependent Cayley

complement ¢;(q) = (¢ — x)/(q + x) used in §RI11.

This is a useful uniformization, not a proof engine. Differentiating a self-inversive reformulation
does not import the Cohn or Speiser one-sided conditions: the derivative zeros of the completed
symmetric function inherit inversion symmetry. The point zc = —1 is an isolated essential
singularity of {(z¢ /(1 + z¢)), with transformed zeros accumulating there.
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Why 1/Vn: the one abscissa where reflection and conjugation agree

A. the phase moves, the length does notB. reflection vs conjugation: they meet onceC. the square-root scale is the split point

1.0

0.5

0.0

-0.5

-1.0

. 100 L :
— Rn"2-18) NSl ~~~= n=p~1-9=1n, n=2 —— n 2=1/Vn
—— R®p-l2-i(141347) - = ISt tpr—r="5 \ - _1/n, the reflected product |
12—ty _ 12 Q SO TS0 i T . ¥ 1/V'n'is the common factor per side:
In = ] Sl =1/n, h=1L | © \ a.self-dual normalization of the
n - - © Mespgplicit formula
o SN ‘\\ g \
L 10! Lthotioacisefolduenia = n
= 9 &
v~ < o _
k9] exactlyato=31 1§ N S < 10714
> < ~ ~d )
k=] : S N
o) 1 N tr
s dashed: n=n=*=n7?° Sy
| —sa—(1ds) _ ~
every negative frequency travels with solid: n=*n~t =) = ;1/” N
its positive conjugate: same envelope 1024 H ~
10 20 30 0.2 0.4 0.6 0.8 10 20 30 40
n o=%s n

Figure 7: Why 1/y/n. The modulus of n™% does not see the imaginary part; reflection and
conjugation give two different products of a term with its partner; and those two products agree, for
every n, at exactly one abscissa. The shared square-root scale is geometric, and does not identify two

different problems.

R8. The self-dual Mellin magnitude

For n > 0,

n% = n—ae—itlogn n% = n—ae-i—itlogn —n—s |n—s| —n° (8.1)

Every negative-frequency factor is therefore carried together with its positive-frequency
conjugate. Their sum and product are

n~* +n"% = 2n"7 cos(tlogn) n"Sn"% =n"% (8.1a)
Reflection and conjugation give two products:
1 1
—s,—(1=s) _ = —Sp—s —

n *n" V7% = - n °n=s = o (8.2)

They agree for every n exactly at ¢ = 1/2. The common factor per side is

1

V- 8.3
= (53)

The conjugate pair e¥?1°8™ changes phase but not length. This explains the self-dual A(n)//n
normalization in the completed explicit formula. It does not identify the Gauss circle error
term with the zeta zero problem; the shared square-root scale is geometric, while the arithmetic
coefficients and summation problems are different.
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Part III. Completion and the folded zero
resolvent

Completion removes the pole and trivial zeros of (, leaving the entire function ¢ with
symmetry s — 1 — s. Folding halves its order and gives one point per orbit {p,1 — p}. Its
logarithmic derivative is the absolutely convergent simple-pole sum S¢ in (9.7). Section
R9 gives the Gamma—prime source formula; Sections R10-R10B give the zero-side criteria,
positive realizations and off-line heat trace. Part IV differentiates this same resolvent.

R9. The completed function

The completed Riemann function is

§(s) = %5(8 —Dr*P0(s/2)C(s)  E(s) =&(1—s) (9-1)

Here the half-Gamma value in (PR.10a) fixes a normalization: 7—1/2T'(1/2) = 1 and lim,_,; (s—
1)¢(s) =1 give £(1) = 1/2. On the critical line, however, the argument of this Gamma factor
is s/2 = 1/4 4 it/2. The distinction between the source variable and the Gamma argument
matters when using a half-integer identity.

Because it is invariant under reflection, it factors through the fold:

&s)=X(q), q=s(l—s)=-2T,;, 4g=1-(25—1) (9.2)

for an entire function X. Define

Se(x) = Me(—x), x>0 (9.3)

On the safe real sheet

1+1I+4
s$:¥:a$+io>1 (9.4)

one has the absolutely convergent source formula

111 1

1 1
Se(x) = = gﬂL o1 §logﬂ+§¢(5x/2) —1;2

AVM (TL)

nse
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This formula is the source-side entry: Gamma and primes are evaluated where their defining
expansions converge.

Where the zeros enter. Write [p] for one functional-equation orbit {p,1 — p} and m, for
its multiplicity; an off-line quartet contributes two conjugate folded values, each counted once.
This convention is used in every folded sum in the volume.

€ is entire of order one. Since ¢ = s(1 — s) is quadratic in s, the entire function X of (9.2) has
order one half in ¢, so it has genus zero: its Hadamard product needs no exponential factors
and converges absolutely [5],

X(q)=XO)]] (1 - q) p (9.6)
dp

Taking —X’/X and evaluating at ¢ = —z turns that product into the identity every later
Part differentiates:

mp

Se(w) =) ) Z (9.7)

[p]l'+qP B $+Qp

This is what the fold buys, and it is worth being explicit about it. In the s-plane
¢ has order one and genus one: the Hadamard product carries a factor e%/? at every zero,
and Y o p~ ! needs a symmetric grouping to converge; pairing p with 1 — p supplies one. The
fold performs that pairing in the variable itself. The order halves, the exponential factors
disappear, and Z[p] m,,q;l converges absolutely on its own. The underlying resolvent is an
absolutely convergent sum of simple poles at x = —g,, all in the open left half-plane. They lie
on the negative real axis exactly under RH. Higher resolvents and derivatives have higher
pole orders on the same set; the safe-axis source formulas use x > 0.

One number, for orientation. At x =0,

Se(0)=%" ? =1+ & _log(2/7) = 0.0230957089661 . (9.8)
o] 7P

with vg Euler S constant The middle expression is the classical value of ) p —1 and the
pairing p~t+ (1 —p)~L = qp is why the folded sum reproduces it. This same number returns
as the boundary moment g in §R12 and as Li’s A; in §R15. Three names, one number,
and it is the value at x = 0 of the function in (9.7).

R9A. The first zero, in these coordinates

The volume is written in ¢ and z and never evaluates them. One worked orbit fixes the scale
of everything that follows, and the natural one is the lowest.

The first zero of ¢ on the critical line sits at vy, = 14.134725141734693790 . . ., so by (9.2) its
folded coordinate is
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One orbit, one point, one pole: what the fold buys

A. the zeros of & B. g =s(1 —s) folds an orbit to one point
=3 $£(1 o} N\ e )
g=tH1—261=6
401 a hypothetical off-line exactly when o =1
quartet, for contrast 20 A 2
L 2 ./
d | "o G5
20 10 1 N
an orbit [p] = {p, 1 - p}
Ky counted once
i 04 ,ET) 0 — P —
_10 4
—20 . con? letion clears the pole [ ]
at 52 i and the trivialp —20- both members of an on-line orbit
zeros, and leaves these . land on this one real point
—40 vertical scal¢ exaggerated
-0.5 0.0 0.5 1.0 1.5 2.0 0 500 1000 1500
o=%Rs Rg

C. one simple pole per orbit, at x=—q,

Se(x)

0.0154 RH < everypoleisreal, at x< —%
poles, first six orbits
R T Y T Y Y
0.005 A ]
0.000 the volume works here
—1'500 —1600 —5'00 0 5(')0 10100 15‘00

X

Figure 8: One orbit, one point, one pole. The zeros of £ come in orbits {p,1 — p}; ¢ = s(1 — s) sends
both members of an orbit to a single point, real exactly when the orbit lies on the critical line; and S

has one simple pole per orbit, at x = —¢,. Every argument in this volume is made to the right of all
of them.
@1 = L +77 =200.0404548323868594 . .. = —2T),,_4 (9.9)

The second equality is (9.2) read at s = p;: the folded image of a zero is —2 times the
triangular number at its centered index. For a critical-line zero that index is —% + 17,
and (—3 +7)(3 +i7) = —(3 ++?), which is why ¢ is real there and, by (6.4), nowhere else.

What this one orbit carries. By (9.8) the folded resolvent at the origin is 0.0230957.. ;
the first orbit supplies 1/q; = 0.004998989. .. of it, just under 22%. The second orbit sits at
qs = 442.1761 .. ., so the ratio that governs the boundary of the whole ladder is

L 0.4523999 . .. (9.10)
q2

Section R12 uses exactly this number.

On the prime side the same zero is the slowest wave. In Riemann’s formula [74]
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R9A. The first zero, in these coordinates 33

each zero contributes an oscillation of period 27 /v in logx, so p1 gives 27/ = 0.4445212. ..

— the longest wavelength in the prime error, repeating every multiplicative factor e2™/7 =
1.5597432. .. Everything faster comes from higher zeros. The rungs and the primes are reading
the same list of numbers in two different coordinates.

Riemann’s own count does not locate it. The smooth part of the zero-counting function
is No(T) = £ log & — L + I, which differs from 6(T) /7 + 1 by 1/(48T) + O(T~3) (Stirling;
this is the 0.0022 between the two heights below), so it first reaches 1 essentially where
the Riemann—Siegel angle first vanishes: at T'= 17.8478 ..., against a first Gram point at
17.8456 ... The first zero is at 14.1347.. ., lower by 3.71. At this height the smooth term is
not in charge and the entire discrepancy is carried by the oscillating part S(7') — the term
every effective result in the subject has to bound, and the reason a counting statement and a

location statement are different problems.

One constant, printed three times. The 7/8 above is not a third 7/8. It is the same
number as the value 3¢(0) = 7/8 computed exactly at (TV.2), and as the coefficient of
1/x in the large-z expansion (OP.1) of S¢. The three agree for one reason: by the Mellin
representation, the coefficient of ! in Z[p] mp(x + qp)_l is the value at p = 0 of E[p] myq,?,
the regularized number of orbits; and for a spectrum whose counting function is a smooth
main term plus 7/8 plus a mean-zero oscillation, the main term contributes to the poles of 3¢
and only the constant survives at the origin. So the constant in Riemann’s counting formula,
the regularized count of folded orbits, and the 1/x coefficient of the source expansion are one
number.

™
¢) sinmp

The mechanism, displayed. From (z + ¢)~ = 55 Ji r7PgP~1dp (0 < ¢ < 1), summing

over orbits for 0 < ¢ < %,

1 T
_ - _ —p
Se(x) omi J snp 3e(l—p)a~Pdp (9.11)

Moving the contour right: the double pole of 3¢(1 —p) at p = %, inherited from the smooth
count, gives the 2~ /2 logz and z~'/2 terms of (OP.1); the simple pole of 7/sin7p at p = 1,
where 3¢ is regular by (TV.2), gives +3¢(0)/z = I/z. The oscillating part S(T") contributes
to no pole at p < 1.

That identification is checked in the source package from the source side alone: computing

Se from (9.5), with Gamma and primes only and no zero used anywhere, (Sg(z) — %)

takes the value 0.87495... at z = 107; the limit as x — oo is 7/8. A finite evaluation is not
the limit, and the two are printed separately.

Grade. The identities in (9.9) and (9.10) are exact; their printed decimals are approximations.
The prime-side period is classical. The 7/8 identification is an identity among quantities the
volume already carries, confirmed to four digits by an independent computation that uses no
zero. None of it is evidence for or against the hypothesis. It is the scale of the objects,
and it is here because a reader is entitled to see the coordinates carry a number at least once.

s=o+ 1t Volume I — Reading Volume, v4.2 — RH OPEN



R10. Heat, Stieltjes, and complete Bernstein owners 34

R10. Heat, Stieltjes, and complete Bernstein owners

The folded heat trace and its Laplace transform are

O¢(u) = Z mpe” " Se(x) = /OOO e "O¢(u) du (10.1)
[p]

Three classes of function, and what each one contributes. The chain below uses them,
and they are worth stating plainly.

« A Stieltjes function on (0, c0) is one of the form a+ [3°(z +u) 'dpu(u) with a > 0 and
14 a positive measure: exactly a nonnegative constant plus a superposition of simple poles
on the negative axis, with positive weights. Comparing with (9.7), S¢ is of that shape
already — one pole per orbit — and the whole content of the class membership
is that the poles are real and the weights are positive.

e A complete Bernstein function is one whose quotient by x is Stieltjes; equivalently
it has an integral representation with the same positive measure, read one power lower.
It is the form in which the criterion becomes a statement about h(x) = xS¢(x) rather
than about Se.

» h is operator monotone on (0,00) if A < B implies h(A) = h(B) for all positive
operators. Among nonnegative functions, Lowner’s theorem identifies this class with
the complete Bernstein functions. Operator monotonicity alone is not sufficient for that
class. The actual h = xS¢ is positive.

Widder’s theorem is the discrete counterpart used from Part IV onward: it characterizes the
same class by the sign of every derivative combination (—1)*~*D?~1[z* f], which is precisely
the family Wj. So the rungs of Part IV are not a new criterion. They are this same
equivalence, read one derivative at a time.

The exact equivalence chain is

RH <= S¢ is Stieltjes
<= h(x) := xS¢(x) is complete Bernstein (10.2)

<= h is operator monotone on (0, c0)

For positive nodes x1, ..., zy, the Lowner matrix of h is

h(i) — h(z)

, 17
(Lhlij = Ti— Xy (10.3)
h/(l‘i), = ]
Lowner’s theorem gives the all-node criterion
RH < Lj(z1,...,2n) = 0 for every finite positive node set‘ (10.4)
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This is one global matrix owner. The scalar Widder rungs of Part IV are local derivative
shadows of it. In particular, its one-node entry is h'(xz) = Wi (x). Higher W}, are not additional
diagonal entries of this same matrix: their exact connection uses the derivative array and
boundary moment matrices developed in §§R12-R15.

R10A. Positive realizations: trace and finite-vector forms

An operator model must reproduce the particular scalar function S¢. Two compatible positive
representations have different normalizations:

representation scalar resolvent Gram vector for Ly,

positive trace-class operator D Tr[D(I + xD)™ 1] DY2(I +zD)~! in Hilbert-Schmidt
space

positive operator D and finite vector v {(I +zD) v, v) (I +2D)~ v in Hilbert space

In either row, equality with S¢(x) for every o > 0 supplies a positive Léwner matrix. The proof
is the elementary resolvent identity: the divided difference of x/(1+ xd) is [(1+ xd)(1+yd)] .
The trace route has Tr D = Ay; the finite-vector route has [|v]|? = A1, where S¢(0) = A is the
first of Li’s coefficients, defined at (15.1a) and equal to the boundary moment fy.

The source itself fixes which normalization is possible. Expanding (9.5),

logz —2log(2m) 7 log x
Se(x) = N +8x+0(a;3/2) (OP.1)

Consequently zS¢(z) — oo. A proposed finite-vector formula S¢ = (D(I + 2D)™'v,v) would
instead imply z.S¢ < ||v||%. It fails even under RH. The extra factor D is valid inside a trace, or
for the different finite-vector function [Sg(0) — S¢(x)]/x; it cannot be silently moved between
the two rows.

For the canonical folded diagonal Cy, the eigenvalues are d, = 1/q,, counted once per reflection
orbit. It is a normal trace-class operator unconditionally. The classical zero-counting estimate
gives

1
CeeS, <= p> 3 (OP.2)

Positivity of this diagonal is equivalent to RH. It is a useful exact spectral representation;
an independent positivity theorem is still needed. In particular, an ordered model with
d, = O(n™2) has a critical trace sum with at most a simple pole at p = 1/2. Section R17A
will exhibit the double pole required by the completed source.

A fixed indefinite quartet metric has another limitation. Congruence preserves its inertia, so
a matrix of signature (2,2) cannot become a positive metric merely by changing coordinates.
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This says nothing against a different positive realization proved from the full source. Zero-
indexed representations are not automatically circular; assuming their positivity would be the
missing step.

R10B. What an off-line orbit leaves in the heat trace

The triangular imaginary part is an exact off-line marker. Write g, = a, + ib, in this section,
with explicitly defined real coordinates

a, =7+ B(1-PB)>0,  by=~(1-28)=-23T,, (HT.1)

Since v # 0, b, = 0 exactly on the critical line. A conjugate pair of folded orbits contributes

2me ™" cos(ub) against 2me” "¢ | u>0 (HT.2)
—_— —_———
heat contribution phase removed

Thus off-line geometry creates an oscillatory heat contribution. The total heat trace does not
vanish under RH; it is then a positive sum of decaying exponentials. The meaningful absence
statement concerns the off-line defect, not the whole trace.

Define the real-part envelope and its gap by

Oenv(u) = Zmpe_““f’ Dp(u) = Oenv(u) — O¢(u) (HT.3)
(o]

Conjugate pairing gives the nonnegative identity

Dp(u) =Y mpe "*[1 — cos(ub,)] > 0 (HT.4)
(o]

All sums converge absolutely for u > 0. Therefore different orbits cannot cancel in this gap.
A single orbit can still have a resonant zero at ub € 27Z. Vanishing throughout any open
interval of u excludes every nonzero b, whereas vanishing at one selected time alone does not
supply that argument.

A resonance-free version uses the squared imaginary coordinate:

En(u) = Zmpbie_“ap = 4Zmp(%Tp,1)26_““p (HT.5)
[e] [e]

For every fixed u > 0, each off-line orbit contributes strictly positively. The sum is finite,
since b?) < 72 and Gaussian decay dominates the zero count. Consequently

’é’H(u) =0 < RH at any one prescribed u > 0 (HT.6)
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This is an exact detector, not an independent source estimate. Its weights still use the unknown
transverse zero coordinates. In the language of §R21, it has the regularized distributional
representation £ (u) = (4m) " (Alog €], (3¢)2e~"R9) over the critical strip. This supplies a
source representation but leaves the zero-forcing bound unproved.

There is also a direct bridge back to resolvents. Put Seny(z) = 321, M,/ (7 + a,). For z > 0,

Senv(x) — Se(x) = /OOO e "Dy (u)du

b,% (HT.7)

ER AP FRn s R

To prove the displayed fraction, integrate e~ (**®%[1 — cos(bu)], obtaining 1/(z + a) — (z +
a)/[(x + a)? + b?]. Every nonzero b gives a strictly positive summand. Thus equality in (HT.7)
at one prescribed z is again equivalent to RH. The missing step would be an independent
source proof of the reverse inequality Seny () < Se(x), or a source proof that Ep(u) < 0. The
envelope itself is not presently recovered from an independently positive source model.

The established heat criterion remains

RH «<— (—1)’“@? (u) >0 forevery k>0, u>0 (HT.8)

This is complete monotonicity, stronger than positivity of the total heat trace. For example,
the synthetic folded spectrum with two atoms at 1 and one at each of 2 £+ ¢ has O(u) =
2e " + 2e 2 cosu > 0 for all u > 0, despite its nonreal pair. It is not asserted to be the
Riemann spectrum.

Heat trace and off-line heat defect are different objects
A. A positive total trace can hide a nonreal pair B. The gap can resonate; squared-imaginary energy cannot

= = real-part envelope 2.0 -
= total heat trace

1.5
100 4

1.0

0.5+

trace (log scale)
normalized contribution

—0.5+
Synthetic atoms: 1,1,2+/,2 -/
O(u) =2e7¥ +2e2cosu>0

1.0+ ---- normalized squarde-infaginary energy: 1
0 1 2 3 a 5 0 n P 3n an
heat time u heat time u (pair has b=1)
Figure 9: Synthetic heat traces: the total trace stays positive despite a nonreal pair, while the
normalized off-line heat gap has isolated resonant zeros. The squared-imaginary-coordinate detector

avoids those resonances.

Finally, the source already retains the prime heat term explicitly:
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—u/4

O¢(u) =1+ Or(u) — Op(u), Op(u) 2\/ﬁ z>:2 vn

—(logn)?/(4u) (HTQ)

The prime term is beyond all algebraic orders as u | 0. This explains why matching the
regularized fractions and the complete algebraic short-time expansion need not identify the
heat trace itself. Conversely, a hypothetical off-line zero above the verified height contributes
the factor e™ "% with a, > H 2. at fixed time its signal can be extremely small. Proving its
exact absence is a source theorem, not a numerical detection threshold.

Part IV. The Widder ladder and the sector
geometry

This Part develops the reduced-Widder rung Wy, of (R.3), and the criterion (R.4), proved
by Stieltjes characterization in Dossier (33.1). No finite prefix of this family is an RH
statement. Section R12 controls the status: W1y,..., Wy > 0 from the source, and a larger
rectangle using verified-height input. Section R11 fixes the carrier, R12A the shifted-resolvent
basis, R13 the sector rectangle, and R14 one prescribed scale.

R11. Carrier, Cayley complement, and rungs

Everything in this Part is built from one identity of Part III: S¢ is the sum of one simple
pole per folded orbit, (9.7). Differentiating it produces the resolvents Z,; combining those
produces the rungs. The object that makes the combination work is the carrier.

For x > 0 define

1-—s B . - g
m uz(q) = Fu(s)Fa(l ) (11.1)

On the critical line s = 1/2 + it,

Fu(s) =

1 3 —it
Fx<2+zt>—t2+x+}l ua(q) = >0 (11.2)

The reduced-Widder ladder is
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R11. Carrier, Cayley complement, and rungs 39

k
) = Jk— 1'Zmp< :c+qp) ) Jek—1=2k -1 (11.3)

[P]

Phase and the complete sum. For positive ¢, the carrier is positive and peaks at ¢ = .
A nonreal conjugate pair contributes 2|u,|* cos(kargu,). For ¢ = |¢|e?’ and sy = log(z/|ql),
4x|us(q)| = 2/(cosh sg + cos 0) < sec?(0/2), with equality at = = |g|, where its phase vanishes.
Also argu,(q) = 0 tanh(so/2) + O(6). At a fixed nonzero phase ¢, this individual pair first
becomes strictly negative at k = [7/(2]¢|)] + 1. This does not locate the first negative rung
of the complete sum.

The correct all-zero evaluation retains the complex shifted ordinate:

= (p—-1/2)/i=v+i(1/2 - pB), qp:1/4+r2
X 2 k _
fra(t) = [M} , Wi(z) = (212495)1 > g fra (7))

p all

(11.3a)

The factor one-half converts all zeros to reflection orbits. Only on the line is 7, the real
ordinate . Theorem 22A.1 proves at least k Fourier sign changes on the positive axis. Its k = 1
transform is ge_“‘”‘ [42 — 2% (14 alu|)], @ = /= + 1/4, negative beyond (1+1/(2z))/a (below
log2 when x > 2.68). The exponential-polynomial transform is not compactly supported.
Scalar Fourier nonnegativity cannot prove the rung sign; a completed Weil-form or two-variable
source argument is not excluded. The verified-height sector result gives a lower bound on the
earliest possible negative rung, not an upper bound on how late it may occur.

The normalized Cayley complement

4xq
t =4 = — 114
lies in (0, 1] for ¢ > 0. Equivalently, with the scale-dependent coordinate
q—
= 11.5
o) =12 (119
one has
1-c¢ 2
uz(q) = Z(Q), te(q) = 1 — cz(q)? (11.6)
x
In the log-scale variable s = log(g/z) these are hyperbolic functions:
h?(s/2
o) =tanh S, () = FNCD () = sen?? (11.7)
x
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The carrier: one rational function whose k-th power is rung k

A. u(q)=ql(x+q)? forg>0 B. on the critical line the two are one curve
0.14 0.05
| —_—x=2 —u,<(q)withq=%+l“2
0.12 — X =6 0.04 1 Y12
| the maximum is at g = x, — x=18 ’ [Px(z +it)]
0.10 where uy = 1/4x a squared modulus ig = 0§ andfso iS\every one
0.03 1 of its powers: that ig'the wWholefof thq positivity
= 0.08 1 9] RH gives the rungsffor fre
= =
3 0.06 1 € 0.02
0.04 1
0.01 4
0.02 —
e for every g>0 0.00
0.00 T T : : : ! | I ! ! I !
0 10 20 30 40 50 60 -15 -10 -5 0 5 10 15
q t
C. off the line, some rung goes negative
= 3 CONjugate pait contributes 2{ux[“costkarguy)
3 1.0+ 0= pinneaat T 0=0.90
£ o051
o
S 0.0
: o
© —0.51 =0.
8
oy
2 _1.01

0 20 40 60 80
rung index k
Figure 10: The carrier. A: u,(q) = q/(x + ¢)? is positive for every ¢ > 0 and peaks at ¢ = z. B: on
the critical line it coincides with [F, (5 + it)|?, so every power of it is nonnegative — that is the whole
of the positivity the hypothesis gives the rungs for free. C: off the line a conjugate pair contributes
2|u,|* cos(k arg u, ), the sector theorem of §R13 excludes negative complete rungs through its stated
finite order.

and (11.6) is 1 — tanh? = sech?. So the rung (11.3) is a sum of sech?® bumps centred on
the orbits in log-scale. The half-maximum interval is exactly |s| < 2arcosh(2'/?*), so the
half-width is ~ 1.665109/vk and the full width is ~ 3.330218/v/k. Multiplying the full
window by the smooth mean density gives a smoothed count ~ 1.665 k~/2\/zlog(\/z/2r) /27
of zeros a rung sees with weight above one half. That is a high-height smoothed estimate and
not a bound on the actual count: at x = ¢; the first zero carries weight one for every k, so no
literal count there is below one. This is the same quadratic complement that appears in the
compact Hausdorff/Beta geometry. The disk fact |c,(g,)| < 1 follows already from g, > 0
and carries no RH content by itself.

R12. One ladder: explicit rungs, boundary moments, and proof
channels

Write S = S¢. The differential and zero-side definitions are the same object:
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k
_ k—1p2k—17, K _ q,
The first six rows are
Wy =8+ xS’
Wy = — 65" —6xS" — 225"
W3 = 605" + 6025" + 15228® + 2250)
W, = — 8408" — 84025 — 2524250) — 282386 _ 445(7) (12:2)
W5 = 151208® + 15120250) + 5040225
+ 7202397 + 45228®) 4 5550)
We = — 3326405 — 33264025© — 118800225
(12.2a)

—198002°9®) — 1650248 — 6627510 — x65011)

Leibniz’s rule gives the coefficient of 27 S*+i=1) as (—1)F1(2k — 1)'(’;)/(k +j — 1)! for
0 < j < k. They are the factorially weighted rows of Figure 12; equation (SW.6) gives the
exact conversion and the coefficient form of the recurrence.

Every next row is generated by the same centered odd coefficient:

Wig1 = = Wi — aW{ = o D, [o? W] G =2k +1 (12.3)

The repeated 2k + 1 is therefore the rung version of the centered coordinate j, = 2n + 1; it is
also the odd derivative/factorial index in the confluent Léwner hierarchy. For k = 4,

Wy = —z 82wy 124
4

Define the folded boundary moments p, = Z[p} mpq;T_l, for r > 0. Then the exact comparison
at every rung is

CLOSED FORM boundary value of every rung

Wi (0)

m = k-1 = Zx(0) (12.4a)

Here Z,(x) = 32y mp(z + q,) ™" is the r-th shifted resolvent, defined again with its derivative
reading at (SW.2). Li’s A-coefficient expressions are printed in §R15.
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Here F(s) = (s — 1)((s) is the regularized source, distinct from the two-index functional Fj,
of (13.2).

is there a source-side proof

rung exact boundary value is the sign true for all x > 07 of it?
Wh o 1S OAADIBE analytic 1A OAAIBE analytic,
through F(2)
Wa 3lu1 CERTIFIED mm through
F 4
W3 5! o CERTIFIED m through
F 6
Wy s CERTIFIED (@) SHNIPEDIBY through
F(8)
W 9! g CERTIFIED (@295 independent F(10)
verified-height theorem proof
We 11! ps CERTIFIED (O} independent F(12)
verified-height theorem proof
Wi, 7T< k< Kg 2k — 1) pg—1 CERTIFIED [EEhtS OPEN
verified-height theorem,
§R13
Wi, k> Kg 2k —Dpg—1 OPEN OPEN

What a certified row asserts is stated with the status table in the front matter: the grade
was established against the certificate of record and reviewed for this edition, not re-executed
while this edition was produced.

Read the two right columns separately. The third column asks whether the inequality
is true; the fourth asks whether this program has proved it from the Gamma—prime source
without importing zero locations. For W5 and Wy the answers differ, and the difference is the
live research question, not a bookkeeping remark. The certified signs rest on directed interval
certificates with analytic tails and, from W5 onward, on a verified zero height; each certificate
is stated with the finite region it covers. Here Ky = 4,712,664,392,502 is the largest rung
index admitted by that height, fixed exactly at (13.6).

This table is the controlling rung-status record for the whole volume; other sections point to
it rather than restate what is open.

The boundary column does not need certifying. The second column is Wy (0) =
(2k — 1)! pug—1, and those values are governed by one number.

CLOSED FORM boundary dominance

Order the folded orbits so that g1 < g2 < |g,| for every other orbit. Then for every k > 1

k q1 F m
‘qluk1—1‘§0(> , C=qp ), £<o (12.7)
q2 A
[p]#([p1]
With the verified zero data q1/q2 = 0.45240... of (9.10) and C' = 8.0019..., so the
right-hand side falls below 1 at £k = 3 and
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‘Wk(O) > 0 for every k > 3, with no hypothesis assumed‘ (12.8)

Proof. Multiply (12.4a) by ¢¥: the first orbit contributes 1 and each other contributes
my(q1/4p)*. For k> 1 and |gp| > g2, |g1/a,* < (a1/a2)" ¢2/]4p|; summing gives (12.7). The
series converges because |g,| =< 72 while the zero count is O(T'logT). When the bound is
below 1 the left side cannot reach —1, so q’f,uk,l >0. 0

The constant C' has an exact bound that needs no zero-counting tail estimate. Every orbit
obeys |argq| < arctan(l/H) at the verified height H, so 1/|q| < v1+ H=2%(1/q), and
absolute convergence gives

1
0<C—Co<ph(VI+HZ2-1)< % . CGo=a(M- a) (12.7a)

using v/ 1+ h —1 < h/2. The printed decimals of C retain the conditional scope of the carried
enclosures for q1, g2 and Ay; (12.7a) is what removes the unproved tail expression, not those
enclosures.

What it says, and what it refuses to say. It says the boundary values are asymptotically
a single real number, pr—1 ~ q; ¥ with a geometric error fixed by the first two zeros: the
constant in (12.7) is C' = g2(A; — 1/¢1) up to 1.4 x 1079 from orbits above the verified height,
C < 8.001938048 with no hypothesis, and C(q1/q2)® = 0.741 < 1 while C(q1/¢2)? = 1.64, so
k >3 in (12.8) is where this argument starts. It also says that positivity at the boundary
is free: for k > 3 it follows from the lowest zero being real, and would survive almost any
rearrangement of the zeros above the verified height.

So the boundary column of this table is not where the hypothesis lives. The criterion (R.4)
quantifies over every k£ and every x > 0, and x = 0 is the one place where the family is
positive for reasons that have nothing to do with the question. A verification of boundary
positivity, finite or infinite, is not evidence for RH. Positive boundary values do not
control interference between all orbits at positive scales. The single-orbit carrier identities do
not confine the complete sum to half-gap windows.

The boundary, in the classical literature. The boundary column is the power-sum side
of Newton’s identities. With e, the Taylor coeflicients of

€L +4/1+x) Ay n N W0
% =TI +5) " =Y e, nen=3(-1)"ens (21_(1)), (12.9)

(o] p n>0 i=1

The ordinary coefficients e, in (12.9), normalized at x = 0, form a PF, sequence exactly
when the completed genus-zero function has only negative real zeros, hence exactly under RH
[75]. This criterion concerns every Toeplitz minor of this specified ordinary sequence. The
cited Turan and Jensen results [7,76-78] concern their own coefficient normalizations and
polynomial families. No transfer to these e, and all these minors is proved here, so those
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The first zero, in the volume's coordinates

A. the boundary row is one number B. the average does not locate the first zero
104 /a0, = 0.45240 8 the gap between the two is S(T),
< 91/92 =0 ~ the oscillating part; at low height
is vacuous 2 7 1 Itisin charge
2
[TRP
from k=3 the bound is below 1: c6
10-1 N(0) > 0 with no hypothesis ] 5 ]
SN Q
D =
-2 § 4 -
10 ] y1=14.1347
N 3 i
kS
1073 @ 24 =1atT=17.8478,
Sso ié the first Gram point
~
. ~
10-41 —e— everything but p; S 21 —""No(T), the smooth count
--~- bound C(q:1/q,)%, C=8.002 0 —— actual count N(T)

2 4 6 8 10 12 14 10 20 30 40 50
rung index k T
Figure 11: The first zero, in the volume’s coordinates. A: the deviation ¢{uz_1 — 1 against the
bound of (12.7); from k = 3 the bound is below one, which is (12.8). B: Riemann’s smooth count
reaches one at the first Gram point, while the first zero sits well below it; the gap is the oscillating
part S(T), and at this height it is in charge.

finite-minor statuses are not assigned to (12.9). The boundary power sums and the complete
PF hierarchy are different sign questions.

Thus

Wi (z), Wa(z), Ws(z), Wy(x), Ws(x), We(xz) >0 (x> 0) (12.5)

The scalar claim W5 > 0 is closed. The remaining fifth-rung task is an independent Gamma-—
prime proof of the same sign, equivalently

(W) <0 = W5;>0 (12.6)

without importing zero data. This is a proof-channel frontier, not an unresolved truth value
for W5. The zero-assisted theorem in §R13 extends far beyond these six rows to W; > 0 for
1 < j < Kp; the table marks the current independent source depth. Neither this finite prefix
nor the exact W—pu dictionary supplies an all-order proof.
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One grid, several bases. The coefficient-shape crosswalk in Section R12A distinguishes
row k, a segment of row 2k, reflected positions, the central column and Pascal anti-diagonals.
The conversions are exact, but the lists are not literally one row. Section R15 displays the
worked W triple.

family one entry is how it meets the grid defined at
Ch,j the grid entry itself (—1)7 (’;) (R.1Db)
uz(q) the carrier at one orbit its k-th power expands using (11.1)
row k
Zr(x) the r-th shifted resolvent the objects a row multiplies (R.1lc), (SW.2)
Wi (z) rung k . ' row k against Zy, ..., Zoy (R.3), (SW.4Db)
Apj the coefficient of 27 S**+7=1) row k, factorially weighted — (SW.6)
Fp k() the full Widder functional  row k, resolvent index (13.2)
shifted by n
e the boundary moment row k read at z =0 §R12, (12.4a)
Wy t1(0)/(2r + 1)
hn(xo) a Hausdorff entry at one row r is difference order r (14.1), (14.3a)
scale
An Li’s coefficient row 2k converts A to ux—1  (15.1a), (15.3a)
Bn,j(a) a completed Bernstein row N —j §R17F
coefficient

Four equivalents and one source channel. The first four rows below are RH-equivalent
assertions whose source proofs remain open. The last sign is already established by the
verified-height theorem; only its independent Gamma—prime proof remains open.

statement quantifier stated at
Wi(z) >0 every k> 1, every z > 0 (R.4)
(hn(z0))n>0 is a Hausdorff moment  one prescribed zo > 0, all orders (14.2), §R14
sequence on [0, 1]
completed row variation Og ((1 + a)N) one prescribed a > 0, every N (BR.4), §R17F
Lr—Lp>=0 every finite positive node set (23.1), §R23
(z°W,)' <0 every z > 0; the W5 source channel (12.6), above
only

The equivalences organize possible source estimates; combining them does not establish one.
Sections 166D—-166F construct controlled cutoff approximations. At the boundary, Sections
155D—155E reduce the problem to one-sided growth of the compensated defect or its arithmetic
curvature. The required source estimates remain unproved.

R12A. The same rungs in the shifted-zeta basis

The differential coefficients in (12.2) become ordinary Pascal coefficients in a shifted resolvent
basis. Define

_ —-1/2 1
Z(p;v):Zmp(Tg+v) P Ty = pi/’ (JpZsz‘i‘Z (SW.1)
[p]
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Here 7, need not be real: this notation does not assume RH. For v = x + 1/4, > 0, the
principal-power series is absolutely convergent when Rp > 1/2. Conjugate folded orbits are
retained together. For positive integers r, write

o) Z(re _ mpy _ (=D e,
Zp(x) := Z(r;x + 1/4) %}:(qu)r (r—1)!S€ () (SW.2)

For integers n, k > 0, define the full Widder functional

a

Fop[Sel(x) = (=1)" Dy [a"Se (2)] = (n + k)! Z“%W

[e]

Voros’s shift identity [56, §6.1] reads 0, Z(p;v) = —pZ(p + 1;v). The elementary expansion
q = (x 4+ q) — x now gives the full array:

(13.2)

Foi(x) B k AE\ . .
S WA "

For fixed k, every value of n uses the same signed row k of Figure 12; only the resolvent index
shifts. Its seed row is valid in this full array: F, o/n! = Z,,1 for n > 0, and Fyo = Z; = S.
The reduced ladder instead selects n = k — 1, which requires k > 1.

In particular, with the odd factorial (2k — 1)! always in the denominator,

Wo =2y —aZy, W2 =12y—2025+2°Zy, Wi =275 3aZy+ 32725 — 27,
Wo = Zy — daZs + 62° Zg — 42° Z7 + 2" Zs, (SW.4)
Ws = Zs — baZg + 102° Z7 — 102° Zg + 52 Zg — 2° Z10

% = Zg— bxZ7+ 15ZE228 — 201‘3Z9 + 151‘4210 - 6.1:5Z11 + 1‘6212 (SW.4a)

For all k£ > 1, the diagonal n = k — 1 of (SW.3) is

CLOSED FORM rung k in k+ 1 terms, for every k > 1

@k—1)1 > (=1 ( ‘>$]Zk+j =Y chj ! Zpyj (SW.4b)
: =0 j =

No row of this identity is a truncation, an asymptotic, or a numerical fit. Row k of the grid is
the complete answer for rung k, and the grid’s own recurrence writes any row directly. What
the closed form does not supply is the sign: knowing every coefficient of W}, exactly says
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nothing on its own about whether the sum is nonnegative, and that sign is the whole of the
open problem.

At x =0, (SW.4b) reduces to Wy (0) = (2k—1)!Z;(0) = (2k—1)!uug—1, joining the Li dictionary
in §R15.

One grid, several coefficient chains. With the convention ¢ ; = 0 outside 0 < j < k, the
signed Pascal array starts at

(K
Ck,j = (_1)] ] ) Co,0 = +1a
k (SW.5)
Ck+1,j = Ck,j — Ck,j—1> Z ck:,jzj =(1- z)k (k> 0).
j=0

The row sum is 1 at £ =0 and 0 for k£ > 1, so the top-left +1 is the algebraic seed of every
displayed row.

Raising the carrier to a power is the same act as taking a row. Write ¢ = (z +¢) — =z
and expand:

CLOSED FORM the carrier and the grid are one object

J
ug(q)* = 1 = Z Ck,j S (SW.5a)

Summing (SW.5a) over the folded zeros with multiplicity gives (SW.4b) immediately.

Not every family occupies a whole row. The table in §R12 gave the chains and the
identity that defines each; this one gives the shapes the remaining families occupy. All index
formulas continue beyond the finite rows printed in Figure 12.

family and location shape in the grid reading Figure 12

Li boundary rows, §R15 row segment Row 2k, columns £ — 1 down to 0,
with common sign (—1)*+1.

Half-Gamma, inverse Jacobian and centre column The central entries cam,m, with the

pole ladder, (PR.10b)—(PR.10c), displayed sign and scale.

§R17C

Reciprocal polynomials, Dossier §171 paired rows Two unsigned rows and the
neighbouring-cell difference in (RP.3a).

Bernstein rows and Laguerre, rescaled rows Row N — j for each Bernstein entry;

§§R17TF-R17G row r divided by j! for L.

Pascal energy matrix, §R17G anti-diagonals Entry (r,s) is (—1)"cpts,r: its

anti-diagonal r + s = k is unsigned row
k, and its row r = 2 is the triangular
track M(2,s) = Ts1.

Triangular tracks, this section columns Column j =2 is Tk _1; column j = 3 is
the running sum of triangular
numbers.
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+1

+1

il

+1

+1

+1

il

+1

+1

+1

il

+1

+1

+1

il

+1

+1

+1

<Al

+3

+6

+10

+15

+21

+28

+36

+45

+55

+66

+78

+91

+105

+120

+136

-1

-4

-10

-20

-120

-165

-220

-286

-364

-455

-560

-680

FULL SIGNED WIDDER-PASCAL GRID

All 171 coefficients: rows k =0 to 17, columns j =0 to 17

4 5 6 7 8 9 10 11 12 13 14
Tl
+5 -1

5 -6 Tl

+35 -21 +7 -1

+70 -56 +28 -8 +1

+126 -126  +84 -36 +9 -1

+210 | -252 | +210 | -120 | +45 -10 +1

+330  -462 | +462 -330 +165 -55 +11 -1

+495 | -792 | +924 | -792 | +495 | -220 | +66 -12 +1

+715 -1287 +1716 -1716 +1287 -715 +286 -78 +13 -1

+1001 -2002 +3003 -3432 +3003 -2002 +1001 -364 | +91 -14 +1
+1365 -3003 +5005 -6435 +6435 -5005 +3003 -1365 +455 -105 +15
+1820 -4368 +8008 -11440 +12870-11440 +8008 -4368 +1820 -560 +120

+2380 -6188 +12376 -19448 +24310 -24310 +19448 -12376 +6188 -2380 +680

The shaded row is the coefficient seed. Even rows reverse unchanged; odd rows reverse sign.
Blank cells have j > k. Every nonblank cell is printed; no half-row convention is used.

15

-1

-16

-136

Figure 12: The complete signed coefficient grid beside the W}, arrays (SW.4)—(SW.4a): all 171
entries ¢ ; = (fl)j (I;) for 0 <k <17, 0 <j < k. The shaded seed is cyo = +1; in the full array it
gives Fy o = S¢, without defining a reduced Wy. For k > 1, row k multiplies 27 Zy; in Wy /(2k — 1)!.

s=o0+1t

Both edges and both halves are printed.
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A shared shape is a shared coefficient list and nothing else. It transports identities, and it
transports no inequality: two families can occupy the same row and still have unrelated signs,
because the objects the coefficients multiply are different.

Two external instances, one each way. The arrangement is not peculiar to this volume.
In a line running from Cloitre’s tauberian approach of 2011 [67], through the floor-function
characterization that introduces regular arithmetic functions [68], to the two-volume treatment
of 2026 [69], a triangular two-index kernel G(n, k) with G(n,n) # 0 is solved rank by rank and
assigned a regularity index: the exponent at which its partial sums change behaviour. The
Riemann hypothesis appears there as the statement that Ingham’s kernel G(n, k) = (k/n)|n/k|
has index 1/2. The shared triangular shape and the shared rank-by-rank solve carry structure
and an equivalence across, and carry no inequality: that index is a growth exponent, not a
sign. Read the other way, Xu [70] obtains positivity in every degree for Chenevier’s critical
vectors by controlling the sign of every Verblunsky coefficient of an associated circle measure.
There the inequality does transport, through a named mechanism rather than through a
shared shape. The two together mark the gap in which this volume works. Both are recorded
as read and are verified nowhere in this work.

On the k/n coordinate. The reduced rational address z = a/q of Dossier §171 and the
ratio k/n inside Ingham’s kernel are the same coordinate, reached by different routes; the
constructions raised on it are not the same object, and the two indices are not the same
quantity. The present work reached its coordinate independently and without knowledge of
[67]-[69], which have priority in the published record.

For the differential basis write W, = Z?:o Akyja:jS(kH*l), with A ; = 0 outside this range.
Then

erii (2k—1)
Agj= (-1) i 1m Ck,j»

Apir1j=—Apj—1— 2k +2j+1)A;
—(+DECk+j+ DA, k=1

(SW.6)

The first line is the substitution (SW.2); the second follows by differentiating each term in
(12.3). It generates the displayed arrays from A; o = A;; = 1. The polynomial source-jet
arrays in Dossier §§34-38 add the Jacobian substitution S = L/R, D, = R~ D to these
same weighted rows; their additional factors are stated there.

The remaining finite arithmetic of the grid itself — how its columns read as tracks, the
reflection identity, the interior triangular collisions including the eight positions of 3003, the
k = 0 seed, and the odd factorial as an accumulated triangular product — is worked in Dossier
§173. None of it is used below. The alternating rows encode cancellation, and neither they
nor those collisions supply positivity: the proof channels and their current depth are exactly
those tabled in §R12.

Dossier Theorem 32A.1 also represents every F), , as a Laguerre transform of the heat trace.
Its scalar kernel has exactly k simple sign changes for £ > 1; an undifferentiated positive heat
trace alone does not supply the required sign.
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R13. Height-to-sector theorem and the full finite rectangle
For ¢ = a 4 b with a > 0,

argu,(q) = argq — 2arg(z + q) (13.1)

As x runs from 0 to oo, this phase moves continuously from — argq to 4 arg g, crosses zero
at = |¢|, and remains inside that closed angular band. Consequently a folded zero cannot
rotate a fixed power outside the right half-plane once its height reaches the explicit threshold
H > cot(m/2M) proved below.

The full functional F,, j is defined at (13.2) in §R12A; its reduced diagonal is W; = F;_ ;.

Full zero-assisted sector theorem. Suppose every nontrivial zero with 0 < |Sp| < H
lies on the critical line. Put M = max{k,n + 1}. Then

H> cot<2§/[) — FilSe)(@) >0 (2> 0) (13.3)

To see the full two-index phase, put § = argq and ¢ = arg(z + ¢). A summand has phase

a=kl—(n+k+1)o, la] < max{k,n+1}|0] (6 #0) (13.3a)

For z > 0, ¢ lies strictly between 0 and # when 6 # 0. If § = 0, the summand is positive
real and the strict angular inequality is not needed. For an unverified zero above height H,
0] < arctan(1/H), since Rg = v* + B(1 — B) > 72 and |Jq| = |y(1 — 28)| < |7|. Conjugate
folded summands have opposite phases, so their real sum is strictly positive under (13.3).

Platt and Trudgian proved the verified height

H = 3,000,175,332,800 (13.4)

and, in the same theorem, the full integer count: the lowest

12,363,153,437,138 (13.5)

nontrivial zeros lie on the critical line [42]. The largest integer admitted by the displayed
height condition is now certified:

™

Kn = {2 arctan(1/H)

J = 4,712,664,392,502 (13.6)

Exact rational enclosures prove that the number inside the floor lies strictly between
4,712,664,392,502 and 4,712,664,392,503. Thus (13.3) gives
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R13. Height-to-sector theorem and the full finite rectangle 51

ka[Sg](x) >0 (l’>0, 0<n< Kyg—1, OSI{?gKH) (13.7)

The exact lineage is

Wj=Fj1;
xn
= _F
G k() (n+k+nlm“ﬂ&K@ (13.8)
xr—l xr—l
Gr—l,r—l - WWT = jrfl!WT

Hence the same theorem gives Gy, ;(z) > 0 for every > 0 and 0 < n,k < Ky — 1. The
fixed-x = 56 theorem instead bounds n by 6,901,269,318 and permits every k > 0; the two
rectangles are incomparable. On the reduced W) diagonal, the height-to-sector rectangle is
stronger.

Differentiating the summands also gives

FAk = —Ln+1,k Fn,k+l = (n +k+ 1)Fn,k — $Fn+l,k (139)

Hence the certified rectangle includes finite strings of alternating derivative signs. In its
interior, 0 < n < Ky —2and 0 < k < Ky — 1, one has

/

zF,
0<——"—<n+k+1 (13.10)
Fn,k

This is a finite zero-assisted A-CAT theorem. It does not prove the source-side F(10) inequality,
and a finite rectangle—however large—does not replace the all-order quantifier in RH.
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The Widder sector mechanism — exact geometry, finite zero-assisted reach
A. Every ux(q) phase stays in one sector B. First possible sign crossing moves with height

1.00 { — B=070, y=20 —— B=0.90, y=100; e
— B=0.70, y=100 B=0.55, y=100 ~

-0.25+

signed phase / |argq|
)
o
)
cos(klarg ql)

—0.50 -

-0.75 -

blind radius x = q|

~1.00 - —

107° 1073 107t 10! 103 10° 0 50 100 150 200 250 300 350 400
x/|q| rung index k
C. Verified height buys only a finite rung prefix D. Powers sharpen the band around the blind radius
1014 . T
— k. =n/(2|argql) 1.0+ —_— k=1
--- large-height slope 1 i —_— k=4
1012 — k=16
verified height H 0.8 -

1010 certified Ky = 4, , 664,392,502

o
o
'

108 -

[4xq/(x + q)2 1%

106 -

=)
IS
B

first sector crossing k«

0.2+

0.0
162 1(‘)4 165 163 1(510 1(312 10"3 10"2 10"l 10° 1‘01 1(‘)2 163
zero height y positive folded coordinate q/x
Figure 13: Four views of the sector mechanism: phase band, first cosine crossing, linear
height-to-rung scale, and the blind-radius band pass.

R13A. How far the ladder is from the hypothesis, in one number

Dossier §48 writes the ladder at scale x as a power series Gp(2) = Y 51 Wi(x)2571/(2k — 1)!
whose poles sit at z,(g,) = (z + ¢)?/qp, and Dossier §49 proves that its radius R, satisfies
R, > 4x for every x exactly when RH holds. Three facts locate the hypothesis inside that
radius.

The deficit identity. For ¢ = |¢|e”’ with R¢ > 0 and 2z > 0,

A — |Z (q)| — A sin? g _ M max(4m . ’Z (q)’) _ (‘Q| - %Q)(3|Q| - m(])
X 2 }) T

lq| 250 lq

(13A.1)

the maximum at = = 2|g| — Rg; at the blind radius = = |¢| the deficit is the strictly smaller
2(]q| — Rq), which for a zero at abscissa 3 and ordinate v is (28 — 1)2(1+ O(y72)). An off-line
zero cuts the radius at its own scale by a height-free reading of its distance from the line.

The exact remainder. Write d = 28 — 1, v =42, ¢ = (1 — 3), A = Rg = v + ¢ and
w = |q| — A >0, so that w(2A + w) = vd?. The gap between the deficit and the squared
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R13A. How far the ladder is from the hypothesis, in one number 53

transverse displacement is not an estimate but an identity, every factor positive off the line:

2
2 _ ~ wlw® +¢(3lq| — A4)]
d 1}6138((41* |zz(q)]) = oldl >0 (13A.1a)
together with the two-sided chain
" ? < 2w < max(4z — |2:(q)]) < d? (13A.1b)
4")/2 +1 >0

Both are proved at Dossier (48.29)-(48.30); the lower bound reduces to v < v + +. This
replaces the parabola estimate of earlier editions, which carried an unnecessary height factor.
On-line orbits have deficit —(q — z)?/q < 0. Hence

CLOSED FORM the last unit of radius

‘ 4r — 1 < R, for every fixed z > 0, with no hypothesis assumed ‘ (13A.2)

Put A = sup,- (47 — R;) and di = sup, [2Rp — 1|. The minimum defining R, is attained
at each z, so (13A.1a) gives A < d? < 1. The displayed theorem is pointwise
in x and does not assert A < 1. A uniform restriction § < Rp < 1 — § gives
A < (1 —26)? < 1; conversely d, = 1 forces A = 1 by (13A.1b). So A < 1 is equivalent
to a uniform zero-free strip of positive width along both boundaries of the critical strip
— not to the one-sided Js < 1 — J of earlier editions, which names the wrong region and,
read literally, excludes the line the known zeros are on. No such strip is known. And
A =0is RH (Dossier §49). Proofs: (48.31)—(48.32).

Two consequences.  The high-scale statistic is strictly weaker: (48.33) gives
lim sup, o (42 — Ry) = imsup),| o0 (28 — 1)2, and a zero value there leaves finitely many
off-line exceptions, or displacements tending to zero, untouched. And at the verified
height H = 3,000,175,332,800,

1 1
< =
~ 4H?+1  36,004,208,110,166,363,023,360,001
Conditional on the carried height input, the displayed amount bounds the gap between the
two suprema. It is an error estimate, not a lower bound on computational distinguishability

or a numerical-impossibility theorem. A uniform source estimate is still required to force
A=0.

0<d?-A <28 x107% (13A.2a)

So the Euler product, whose absolute convergence stops at the parabola, reaches the deficit 1
and not one digit further — 1 is the width of the critical strip in these units, (23 —1)?> <1 —
and the whole of the hypothesis at scale z is the last unit of R,. The deficit records
extremal transverse displacement and nothing else; relating it to zero-density estimates or
growth hypotheses needs a separate theorem with explicit quantifiers, which the radius identity
does not supply. (23.1) is the statement that a source-side argument claims the whole unit.
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R14. One prescribed scale and the Hausdorff theorem 54

1.0

0.5 1

0.0 10-161
107204 — d=0.8
—0.51 — d=0.4
10244 == d=0.1
=««« envelope 1/(4y? + 1), uniform in d

-1.0

A. what one orbit at height t = 45 takes off the radius B. positive remainder with a uniform error bound

= on the line
Positive off-line remainder (13A.1a).

0 4
— B=09 10 % The envelope bounds error; it does not
—="g=0.75 N prove a computational limitation.

B=0.6

unconditional ceiling (13A.2)

square: blind radius x = |q|
dot: maximum at x = 2|q| - Rq

10741
verified height H
d?2-A=28x10"%

(2B-1)2=0.64

108+

10—12 4

exact remainder d2 — D(q)

10-28 r T T
—60 —-40 -20 0 20 40 60 10° 102 104 10° 108 1010 1012

scale offset x —|q| (|q| =t%=2025) height y

Figure 14: The last unit of radius. A: the deficit 4z — |z, (¢)| for one on-line orbit and three planted
off-line orbits at height 45. The blind-radius value 2(|g| — R¢) and the larger maximum at
x = 2|q| — Rq approach (23 — 1)? as height tends to infinity. B: the strictly positive single-orbit
remainder d? — D(q), with envelope 1/(49? + 1) and the carried height marker. The weak global
comparison 0 < d? — A < (4H? + 1)1 is an error bound, not a computational-impossibility statement.
A uniform boundary strip would imply A < 1; no such source estimate is proved.

Where the series comes from. With a; = (42)*W;,(2)/(2k — 1)! = >0l mpts(g,)* and
w = sin?(p/2),

h(xe ) — h(xe'® .
> ag(x) wk = dzw (we _A) (@e ) = 2tan 2 S h(ze?) |, h = xS¢ (13A.3)
=1 e~ — xet¥ 2

The factorization 1 — t,(q)w = (¢ + xe*?)(q + ze~%)/(x + q)? and cosp = 1 — 2w prove
the identity in its Taylor convergence disk, with meromorphic continuation where defined.
The rungs are its Taylor coefficients in w. Here h is the function whose Pick property is at
issue, not an unconditionally known Pick function. The conjugate-node formula retains the
reflection data that Section R20 requires. The Euler-source representation (9.5) applies where
Rsyeie > 1; its domain is not a proof of the full Pick sign.

R14. One prescribed scale and the Hausdorff theorem

Fix any z¢p > 0 and define

Wit (550)

hn (o) = (4x0)nm

(14.1)

Then
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RH <= (hn(20))n>0 is a Hausdorff moment sequence on [0, 1] ‘ (14.2)

Equivalently,

(=1)"A"hy(x9) >0 (n,r >0) (14.3)

With Ah,, = hp+1 — hy, Figure 12 supplies the difference weights:

(—1)" A hn(20) = 3 e jhny (0)- (14.3a)
§=0

Thus row r tests difference order r; the seed row r = 0 simply returns h,,. The weights alone
do not determine the sign of the sum.

The theorem holds at any one scale chosen in advance, but it requires all orders at that scale.
It is not a finite stopping rule.

Part V. Li data, Lowner matrices, and the
source-energy construction

The boundary values pg_1 = Wy (0)/(2k — 1)! connect the rungs to Li’s coefficients through
(15.2). Section R15 gives that dictionary and the positive reserve with its explicit arithmetic
defect. Sections R16—-R17E separate the completed Gamma—prime matrix from its comparison
models. Sections R17TF-R17H express the same fixed-scale source as a polynomial norm. The
all-order sign or growth bound remains unproved; the changes of basis do not supply it.

R15. The central-Pascal boundary dictionary

Write £ for the completed function of §R9 and let p run over its zeros with multiplicity, folded
as in §R9 so that p and 1 — p share the single point g, = p(1 — p). Li’s coefficients are

Ap = z,; {1 - <1 - ;)n] = (n_ll)' % s 10g§(s)]8:1 (15.1a)

the symmetrically grouped zero sum agreeing with the derivative definition [5]. The normal-
ization is Li’s: A, is n times Keiper’s coefficient [57-58]. The first is the one this volume uses,
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R15. The central-Pascal boundary dictionary 56

because it is a sum over the very orbits that carry the rungs: pairing each zero with its mirror
gives p 7t +(1—p)~t = q;l, soatn =1

m
M= 20 = 5(0) = o (15.1b)
[P]

which is the value already used in §R10A. The rung chain and the Li chain are therefore two
readings of one set of folded data, and (15.2) below is the conversion between them.

Li’s coefficients satisfy

RH <= X\, >0 (n>1) (15.1)

The two chains are related by a single alternating transform on a doubled row index. It is an
identity, proved from (15.1a) and the folded resolvent, and it is insensitive to where the zeros
lie: the folded moments pg_1 satisfy

k
e = S (-1 (,f_’“ ].) N W(0) = (2K = 1y (152)
j=1

The first six rows are printed because the indexing matters:

Ho = A1
w1 =4X1 — Ao
=151 — 62+ A
H2 1 2 3 (15.3)
M3 = 56)\1 — 28)\2 + 8)\3 - )\4
Ha = 2101 — 1200 + 45A3 — 10A4 + A5
s = T92A1 — 4959 + 2203 — 664 4+ 12X5 — Ag
These are exact segments of Figure 12, with a doubled row index:
k
pp—1 = (=1 D Conp—jAs- (15.3a)
j=1

Read columns k& — 1,k — 2,...,0 of row 2k, then apply the common sign (—1)**!. For
k = 6, row 12 contributes (—792,495, —220,66, —12, 1); reversing the common sign gives
(792, —495,220,—66,12, —1) in the us line. The —220 at column 3 equals the reflected entry
at column 9 in (SW.4h), Dossier §173, and becomes +220A3 here. The seven-term resolvent
row for Wy is row 6; its six-term Li boundary row is this segment of row 12.

Thus W5(0) <> w4; the row ending +12X\5 — Ag is us = Wg(0)/11!, not the W5 row. This
alternating transform is exact but increasingly ill-conditioned, so it is a dictionary rather than
a stable numerical inversion method.
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One row, three readings. At k = 6, the signed grid Figure 12 gives these linked but
distinct expressions:

W,

1—16' = Zg — 6327 + 150> Zg — 202° Zy + 1524 Z1g — 62°Z11 + 257215 (SW.4a)
W = —3326405®) — 33264025 — 118800225 — ... — 26511 (12.2a)
[15 = T92X1 — 495Xg 4 2203 — 6604 + 12X5 — A (15.3)

The first two use row 6, 1, —6, 15, —20, 15, —6, 1; the last uses row 12, columns 5 down to 0.
In the differential row, the factorial weights 11!/(5 + j)! are 332640, 55440, 7920, 990, 110, 11, 1.
The derivative conversion Zg,; = (—1)>7S0+7) /(5 + 5)! cancels the column alternation and
leaves the common negative sign; a global sign alone cannot cancel alternating columns. The
first expression is the scalar rung, the second is the source-derivative basis, and the third is
their Li boundary dictionary. A coefficient conversion does not introduce an evaluated-source
sign.

The same boundary moments occupy the confluent matrix; this is the precise connection
between the triangular coefficient image and the matrix image. Locally at the origin,

Bl+i+1) L
O iy, (15.4)

Se(z) = Z(_l)rﬂr37T7 m =

r>0

With indices 4,5 = 0,...,N — 1, set Hy = [u;1;] and Dy = diag((—1)’). The normalized
confluent matrix is Cy(0) = DyHy Dy, so it has the same inertia as Hy. For example,

Ho M1 H2
Wai+1(0 .
Hs3=pm p2 p3|, (H3)is = (4;1%')7 1=0,1,2 (15.5)
M2 H3 4

Thus the first five boundary rungs determine every entry of Hs. Positive entries alone do not
prove its principal minors positive; for example, the first 2 x 2 condition is pgus — M% >0. At
positive nodes the owner is the Lowner divided-difference matrix £, of (10.3), with diagonal
Wi (x;); its off-diagonal compatibility is the source comparison in §R16. The all-size Hankel
condition and the all-node Lowner condition are RH-equivalent, whereas the finite scalar table
in §R12 is already proved.

The reflected odd form. Define Py =1, P; =3 — y, and Ppt1 = (2 — ¥)Pim — Pm—1, with
Pm(y) =22, dm ¥’ and dpj = (—=1)7(2m + 1)(m + 5)!/((m — §)!(27 + 1)!). Dossier Section
155A proves

Ky =CnvHNCY,  Krs= Aot — Apespp Kmm = Xomr1, (15.6)

where C = [d, ;] and A9 = 0. Its determinant is &1, so the two matrices have identical inertia.
For example, A3 = 9ug — 61 + po: an odd Li diagonal already tests original off-diagonal
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information. For the actual £, all odd Li signs, even eventual ones, are RH-equivalent (Theorem
155A.2). They are not the already positive boundary rung values.

Beta filtering pi; — b?uj makes every fixed block with positive diagonal positive at sufficiently
large depth. Only one depth fixed before all ranks retains the criterion (Section 104A). Signed
recovery uses 2m + 1 observations for Ao, 11; positive outputs alone need not give a positive
value. Section 166E controls common-source error at positive scale, not the regularized
boundary of Section 155B.

An explicit positive comparison. Section 155C now constructs

log 2
Ky=Ry—-Dy, Ry>=0, co=f+—0--

1. (15.7)

The reserve is a Catalan-density Gram form weighted by a resolvent trace of the even triangular
sine modes. Its linear anchor is ¢, rather than Aj; the full cost (¢, — A1)(2min(r, s) + 1) stays
in the arithmetic defect. The original positive scalar reserve is indefinite as a matrix already
at rank two. All-rank domination Dy =< Ry remains unproved. Section 155D proves that
any finite, polynomial, or all-rate subexponential upper relative bound would suffice. Under
RH the upper extreme tends to one and the absolute norm grows linearly; a nonreal folded
point forces both signs at an exponential rate. Only a constant absolute bound is ruled out.
Section 155E’s cosine basis makes the compensation §1 and the remaining matrix explicit in
one curvature sequence.

The recurring diagonal pictures now have a precise crosswalk:

construction diagonal operation exact value or owner
factorial extension (§R3) identify the two input coordinates the triangular value T3
Widder array (§R13) select (n,k) = (j —1,7) Fi_1,; =W;

boundary Hankel matrix set i =7 p2i = Wair1(0)/(4i + 1)!
positive-node Lowner matrix coalesce the two nodes W (x;) = Wi(z;)

Fach picture records its own exact specialization. The derivative and moment identities above
supply the links between them; matching diagonal values alone does not settle the off-diagonal
source comparison.

R16. What Lr and Lp actually mean

Split the safe-axis formula (9.5) as

Se(z) = + + G() — P(a) (16.1)

where

Glz) = »((1+ R;gl) —logm Plz) =

> AVX(") R=+1+4z (16.2)
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Define the scalar channel owners

hr(z) = zG(x) hp(x) = xP(x) h(z) =1+ hr(z) — hp(z) (16.3)

Lt and Lp are the ordinary Lowner divided-difference matrices of the Gamma owner and the
prime owner. Explicitly,

hr(z;) — hr(z;) ., .
[Lr]i; = vi—a; 7 (16.4)
h/F(xl)v =7

and the same formula with hp gives Lp. Since the constant 1 drops out of divided differences,

|Ln=Lr—Lp] (16.5)

The open statement is therefore a comparison:

‘c* (Lr — Lp)c >0 for every finite positive node set and every c‘ (16.6)

Neither channel is asserted positive separately. In fact Lr already has a negative 1 x 1 value
near x = 0O:

lim J () = — 22+ 108U4T)

0 16.7
)0 2 < ( )

Completion is therefore cancellation-first. The theorem, if proved, must control the difference
rather than dominate a negative prime matrix by an independently positive Gamma matrix.
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Li coefficients » boundary moments

- matrix compatibility
Exact dictionaries; distinct positivity proofs

A. Central-Pascal rows B. Moment indices add

Mo- 1

Mo M1 M2
Hy= U1 M2 M3
H2 H3 Ha

Diagonal: normalized
W1(0), Ws(0), Ws(0)

uz‘ 15 '6 1

-120 1
CN(O) = DyHnDy

-495 220 12 -1 Same inertia. Positive entries
alone do not prove PSD.

All AIZ AI3 AI4 AIS AIG
W(0)/(2k — 1) = 1

C. Status: reader §12 D. Completed source
analytic
iz PROVED ' o irce [Lhlii = W1i(x))
Wo-Wy4 PROVED source A-CAT
zero-assisted Lh=Lr—1Lp
Ws PROVED A-CAT
Ws: source  qpen F19) route All finite positive node sets:
proof Lr=0
allorders/  opey RH-equivalent h#
all nodes ol RH-equivalent: OPEN
Verified sector theorem: Finite matrix gates through
W;>0forl=<j=<Ky rank eight remain certified.

Figure 15: One dictionary, two levels of positivity: the central-Pascal rows identify the boundary
moments, and the Hankel and Lowner matrices test their compatibility. The rung status is controlled
by §R12; the completed all-node sign remains open.
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R17. The Gamma triangular scaffold—and why it is not Lp

Antisymmetrize the Gamma logarithmic derivative across the two reflection sheets. The result
is the exact Cauchy transform

1 &
@)=Y ——— 17.1
2 = +2T2m (17.1)

Its poles are

g = —2Tym =0, —6,—20, —42, —72, ... (17.2)

and its normalized owner has an all-order positive Lowner Gram representation. This is a
genuine triangular theorem. It is nevertheless a different object from the one-sheet safe-axis
hr in (16.3). In the completed function, the elementary and zeta terms cancel every pole of
(17.1). Substituting the positive scaffold for Ly would therefore discard the very completion
coupling that the source problem requires.

PP179: exact Gamma-triangular scaffold and cancellation firewall

Negative-even poles fold triangularly All-order positive Loewner geometry Completion cancels the scaffold
Il 1.00

i
fold 1x': s=1/2 5
i net residue = 0 at every scaffold pole

i
-2 Fl
)

q=0%4-2T

! 4
i
-2-1 : 3
° : ° 025

q=-6F-2T,

:
q6.4(q)
w

residue

ar(q)

q=-20=-2T,

&

-0.25
-0.50

-0.75

:
i
q=-43=-2T;
h

|
P
IS
® o
-

1
i

q=-74=-2Ts oo , -1.00
i
i

= clementary Wmm [ wem {

L
-75 =50 =25 0.0 2.5 5.0 7.5 10?2 107! 10° 10! 10? 0 -6 -20 -42 -72
two s-sheet representatives safe scaffold coordinate g > 0 folded pole address q

The scaffold has genuine all-order geometry, but it is canceled before the completed source is formed; L_Gamma - L_P remains open.

Figure 16: The Gamma triangular scaffold is positive before completion; completion cancels its
apparent triangular poles.

The quarter shift makes this normalization explicit: C(q) =I'(s/2)I'((1 —s)/2), ¢ = s(1 — s),
satisfies —(log C')’ = 2G . Dossier Section 133A derives its even-triangular product and a
positive Li comparison model; neither replaces the completed source.
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R17A. The completed spectral zeta and its source signature

The sequence A,, = 1/(2T%,) of (TR.2) and the folded Riemann sequence define two different
spectral zeta functions:

Zalp) =D 2Tm)",  3elp) =D mueq,” = Z(p; 1/4) (VZ.1)
n>1 o]

Both series converge absolutely for Rp > 1/2. The first is built from positive triangular
numbers. The second uses the principal powers of possibly complex, conjugate-paired g,;
positivity of those locations is exactly the RH question. Their common critical exponent does
not identify their spectra.

For 1/2 < Rp < 1, the scalar Mellin resolvent identity gives

sinTp [ _ sinTp [ &)
3 = / 27 PSe(x)dx = / s(s—1)]? ds VZ.2
) =" [T ey de = T [ ls(s - )G (vz.2)
In the second integral z = s(s — 1) = 2T5_; and dx = (2s — 1)ds: the source Jacobian cancels
exactly. Completion must be combined before integration near s = 1; its separate elementary
and prime poles cancel there.

Subtracting the large-x terms of (OP.1) continues this expression across the critical exponent.
With p=1/2 +¢,

3:0/2+6) = o~ B o), 3(0) =

(VZ.3)

7
8

These are classical formulas of Voros [56, equations (40)—(41)], recovered here from the
completed source. The value at zero is an analytic continuation value, not the ordinary trace
of an infinite identity operator. The two Laurent coefficients test more than the exponent 1/2
alone.

Voros normalizes his completed function as Zy = 2, so Zy(0) = Ey(1) = 1. This normaliza-
tion leaves logarithmic derivatives unchanged but matters when comparing determinants.

R17B. Regularized triangular values: the fraction sequence

The continuation of (VZ.1) has a particularly simple triangular relation at nonpositive integers.
Let the signed Euler numbers be defined by

%
secht = ZEgjw FEy,E», By, Eg, Fg =1,—1,5,—61,1385 (TV.1)
Jj=0 '
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Triangular trace identity. For every integer m > 0, the analytic continuations satisfy

(—12’”“ Za(—m) (TV.2)

1
3¢(—m) = §5m0 +

The first values make both the sign pattern and the factor of two visible:

m completed value 3¢(—m) triangular value Z4(—m)
0 7/8 —3/4
1 ~1/16 ~1/8
2 ~1/16 1/8
3 —5/32 ~5/16
4 ~13/16 13/8
5 —227/32 —227/16

These are finite regularized values of divergent power sums. The negative signs do not
contradict positivity of an ordinary positive spectrum: analytic continuation is not a positive
summation operation.

Proof. The centered triangular identity gives

N 1

-) - = TV.3
(n + 4) 16] (TV.3)
Expanding in the constant shift and continuing by the Hurwitz zeta function yields, at
p=—-m,

2T, =4

aem =S (0) () (amen) v

Here the Hurwitz series is being continued as a family before the integer is substituted. The
Bernoulli-polynomial and Hurwitz identities [2, §25.11]

Byr11(a)
_9 — _Pr+1\%
2r + 1) FEo,
Bar11(1/4) = et LB 42T+)1 (TV.5)
Ey. —4

C(—2735/4):W

reduce (TV.4) to a finite rational sum. Independently, the completed Stirling expansion in
(VZ.2), or Voros’s trace formula [56, §6.1 and Table 1], gives

3e(=m) = 6mo — Tnlﬁl > (1) (T]n) Es; (TV.6)
=0
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Substitution proves (TV.2), including the separate constant term at m = 0. Thus the result
is an exact cross-identification of classical continuation formulas with our triangular scaffold,
with no claim of literature priority.

Replacing p by —1 before continuing would suggest 4¢(—2)+2¢(—1) = —1/6. The continuation
of Z4(p) instead gives Z4(—1) = —1/8. In an uncentered binomial continuation a coefficient
vanishing at p = —1 multiplies a zeta pole and leaves +1/24. Equation (TV.4) keeps this
contribution correctly. Formal linearity between different regularization families would lose it.

The value ((—1) = —1/12 of Dossier §172 reappears in that tempting calculation; it does not
by itself define the continuation of a quadratic triangular family.

The identity at integers does not assert 3¢(p) = 1(—1)P*1Z4(p) as a function of p. In fact

their poles at p = 1/2 have different orders. It also does not assert that a completed zero
equals a triangular scaffold pole.

R17C. The odd-coordinate pole ladder and the determinant

The shifted family makes another coefficient sequence visible. At p = 1/2 — m, the coefficient
of the double pole of Z(p;v) is

1 T(m+1/2) ,, 1 (2m) [v\™
Cnl®) = gy ¥ 87T<m> (4) (PC.1)

This follows by shifting the leading double pole of the centered family [56, equations (91)—(94)].
At v =1/4, write Cy,,(1/4) = ¢, /(87). Then

™) 1 3 5 35
Cm 16m7 ¢p,C1,C2,C3,C4 787 1287 10247 32768 ( C )
Figure 12 makes this pole chain explicit: ¢, = (—1)"comm/16™, and Cp(v) =

(—1)™com,m(v/4)™/(8m). Here the one-index ¢, denotes the scaled pole coefficient, while the
two-index ¢ ; denotes a signed grid entry. In particular, the value ¢y = 1 uses the newly
printed grid seed cgg = +1.

The recurring odd index has a direct coefficient role:

Cm+1 2m +1 Im
= = PC.3
Cm 8(m+1) 8m+1) ( )
Compare the two recurrences horizontally, with m > 1 in the Widder row:
’ J

Widder differential ladder

central-binomial pole ladder

s=o+ 1t Volume I — Reading Volume, v4.2 — RH OPEN



R17D. What the triangular—Volterra benchmark establishes 65

They expose the same odd integer 2m + 1, through different operations. One recurrence does
not prove positivity of the other. At the first lower pole, for example,

1 3log(2n) +4
3e(-1/24¢8) = -5 - Ogg(ﬁzz +0(1) (PC.5)

There is also a logarithmic companion to (TV.2):

1 1 1 1
Z,(0) = —3 log(2m), 3¢(0) = 1 log(87) = 3 log2 — §Zf4(0) (PC.6)

For completeness, differentiating the centered Hurwitz expansion of Z4 at zero gives

o) ="2 / ¢(@r,5/4)
Z;(0) = log4+2¢'(0,5/4) + 22:1 o
= zlogll —log(2m) +1logI'(3/2) + log I'(1) (PC.7)

1
=3 log(2m)

The Gamma product identity sums the absolutely convergent series in the first line, using
¢'(0,a) = logI'(a) — 3log(2m) [2, equation 25.11.18]. Voros gives the completed value in
(PC.6) [56, equation (41)]. Both statements concern specified regularized determinants, not
ordinary products of infinitely many positive numbers.

More strongly, the full shifted derivative is

£(s2)
£(1)

Indeed, differentiating the left side in « gives —S¢(x); its value at z = 0 is (PC.6). Thus a
proposed positive model must match the full z-dependent function on the safe axis, or its
logarithmic derivative together with the normalization at x = 0. The determinant £(s;)/£(1)
is entire in x; its logarithm is not entire. Matching a finite list of regularized constants does
not establish this identity.

1
WZp;x+1/4)],_o = 1 log(8m) — log (PC.8)

R17D. What the triangular—Volterra benchmark establishes

The scaffold can be enlarged to have the correct critical pole order. Let A be the diagonal
with entries A, = 1/(27%,) from (TR.2), and let B, have eigenvalues [7%(n + a)?]~%, n > 0,
a > 0. Then

Z 9B, (p) = Za(p)m *P((2p, a) (BM.1)
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Keep the auxiliary model and completed source distinct

TRIANGULAR-VOLTERRA BENCHMARK COMPLETED RIEMANN SOURCE
Positive model Se(x) for every x>0
Specified scalar calibrations Gamma-prime compensation
Its own measure and spectral zeta Exact equality still required

A matching coefficient or scalar is a calibration, not a function identity.

Figure 17: Two spectral objects: the triangular—Volterra benchmark can match specified scalar data,
whereas an exact realization of S¢ must match the whole function and its completed source.
Calibration does not supply that equality.

Define the convergent constant

_YE— log 2 1 B 1 )
K = 5 +§< 5T on (BM.2)

The double-pole coefficient of (BM.1) agrees with (VZ.3). Its simple-pole coefficient agrees
exactly when

7
Y(ays) =log2 + 2k, g <o < 2 (BM.3)

Strict monotonicity of v gives uniqueness. The bracket is supported by an exact rational
interval certificate; a, ~ 1.75164355 is only a numerical orientation. It is not the exact
quarter-step 7/4.

At zero, however,
3 7 3a, — 5
ZAwB,,(0) = Z(a* - 1/2), ZazB,, (0) — 3= 0:= 1

An exact infinite-row adjustment matches this coefficient: replace the first row A;B,, by
A1 By, where b = a, + 6 = (Ta. — 5)/4. Its zeta correction is

€(1/16,1/4)  (BM.4)

AR [((2p, b) — (2D, ax)] (BM.5)

The correction is regular at p = 1/2 and equals —d at p = 0. The row perturbation has entries
O(n~3) and belongs to S, for p > 1/3; it is infinite rank. Replacing a finite list of positive
entries by another list of the same length leaves all three regularized data unchanged. By
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choosing a sufficiently long list, its sum can also be adjusted to A\; while the untouched tail
stays fixed.

Consequently positive models can match the two critical Laurent coefficients, the value 7/8,
and the trace A;. The benchmark is exact; it does not select the source: redistributing two
positive replacement entries at fixed sum changes Tr D? and therefore changes the resolvent.
The derivative (PC.6), lower poles such as (PC.5), and the exact fractions in (TV.2) are
additional tests. The decisive target remains (PC.8) for every x, together with an independent
proof of positivity.

The raw triangular—Volterra tensor is still easier to exclude. For (Vf)(u) = [5' f(t)dt on
L?[0,1], V*V has kernel 1 — max(u,v) and trace 1/2. Thus

log 2

Tr(A® V*V) = £\ (BM.6)

Its positivity is exact; its scalar source is different. No inference here requires the particular
tensor architecture to be unique.

R17E. What the continuation retains about primes

The regularized fractions and polar coefficients are unusually explicit because log((s) is
exponentially small as real s — 400. It contributes no term to the algebraic Stirling expansion
used in (TV.6). Therefore even an entire ladder of those asymptotic coefficients does not
determine the prime-dependent remainder of the source.

Voros supplies a complementary integral that retains that remainder. Let Z.(p) = Z(p;0)
and distinguish the linear half-step zeta function

Si2(2) = (2n+1/2)7% =277((2,5/4) (VP.1)

n>1

For 0 < Rp < 1/2, his regular-integrand continuation is

_ Si2(2p)
Z:p) = - 2cosTp (VP.2)
sinp o [¢ 1 '
+T/o ¢ p[<(1/z+t)+t_1/2 dt

The apparent singularity of the bracket at ¢ = 1/2 is removable: the zeta logarithmic derivative
has residue —1 at its pole. Keep the two terms inside the bracket combined. This is an
unconditional continuation formula [56, equation (74)], with a different centered parameter
from 3¢(p) = Z(p; 1/4).

Equation (VP.2) is useful for deriving a completed source remainder before seeking a sign. It
does not display a positive kernel. The prime series for ¢’/((1/2 + t) converges only when
t > 1/2, so termwise use of that series throughout the integral is invalid. Voros’s separate
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raw prime-cutoff resummation in equation (79) explicitly invokes RH; it cannot serve as an
unconditional forcing step here.

The same center gives another odd-index sequence [56, equation (81)]:

o ) +0(1/2) = CoR 02— 1yc(am 1) 4

|Bom|, m>1 (VP.3)

For example, the third and fifth derivatives are 7¢(3) 4+ 73/4 and 372¢(5) + 57° /4. These are
derivatives in the real s direction at 1/2. They express the vanishing odd derivatives of log¢
at its reflection center. They do not fix the even derivatives or the all-node Léwner sign.

The first Stieltjes cumulant is v§ = 1 + v%/2 ~ 0.093773116 [56-57]. The normalization is
Li’s. These conventions govern the sequence tables.

R17F. Reconstructing discrete measures from the completed
derivatives

The positive benchmark leaves an identification problem: how can the particular completed
source produce its own positive measure? A useful starting point is already present in the full
Widder array. Fix one prescribed scale a > 0, distinct from the benchmark parameter a,, and
set

J(N —j)!

Every entry is a derivative of S¢ at a. No zero position is needed to define it. Each row is an
antidiagonal of the existing two-index array, weighted by binomial coefficients and including its
derivative endpoint. For j < N, By, = (];.Z)Gj’N_j_l; at the endpoint, By y = aNZny1(a).
Substituting (SW.3) gives its exact Figure 12 row:

By j(a) = Fin-ja) 0<j<N (BR.1)

N—j
N\ .
By,j(a) = (j )aj Z CN—j,ZCLZZj-&—Z-&—l(a)- (BR.1a)
=0

The inner weights are row N — j; the outside binomial is the unsigned entry |cn ;|. At j =N
the inner row is the single seed cg g = 1, which explains the derivative endpoint. At N = j =0,
it gives Bog = Se(a).
The Bernstein coordinate explains the new organization. Write § = a/(a + ¢q), with complex
values allowed. Then

m N\ . .
By j(a) = Z a +pr <j >0ﬁ)(1 - Hp)N :
(o]

ta(q) =40(1 —0) = —8T g =1 — (20 — 1)*

(BR.2)
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The familiar triangular reflection is still present: the scalar t, identifies § and 1 — 8. The full
row keeps their separate powers. Folded conjugate pairs make each By ; real; they need not
make it positive. Bernstein reconstruction and moment sequences have a classical literature
[60]; the use here is a specialization to the full completed source, not a claim of priority for
that machinery.

The reflected positions can be read directly. With v = 26 — 1, the Bernstein basis is

by;(0) =27 (7) 1T+uf(1=uwN77  by;(1—0)=byn_;(0) (BR.2a)

Thus the centered sign reversal from §R1 becomes reversal of the row’s positions, while
t, = 1 — u? keeps only the squared coordinate. This is an identity of the basis; it does not
assert that the weighted completed row is symmetric under j — N — j.

The mass is conserved, while signed cancellation can grow:

N N

Z By j(a) = Se(a), Vn(a) == Z |Bn,j(a)]
i j=0 (BR.3)
Vn(a) = Se(a)=2 Y |Byj(a)l

j:BN,j(a)<0

This is why absolute values are useful here. They measure the negative mass left after
the completed terms have been combined. Applying them separately to the Gamma and
prime channels changes the quantity being measured. Section 166A proves the separate
analytic estimate needed to make channel comparison valid for subexponential norm growth;
exact row mass and endpoint cancellation still use completion. Degree elevation proves
Sela) < Vn(a) < Vi (a) (§163).

The first row reads By = Wi(a) and By = —aSé(a). More generally the odd degree 2k — 1
locates the existing Widder rung at one of the two central entries:

ak—l

BQk—l,k—l(a) = m

Wi (a), E>1 (BR.3a)

Indeed Fj_1j = (—1)k"1D?*~1[zFS] = Wj. Consequently Wi,...,Ws occupy entries
B, B3, Bs.2, Br 3, By 4, B11,5, with the displayed scale factors. Reader §R12 supplies their
proof-channel status. Its boundary dictionary also gives lim, alikBQk;_l,k_l(a) = (zkkjll) Ihk—1-
This identifies the scalar ladder and its moments inside the full array; a selected central entry
does not control the variation of the whole row.

The verified-height rectangle proves that every entry is positive for N < Ky — 1. Hence
VN = Se¢(a) on this very large finite prefix. The remaining question concerns all degrees.
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Exact growth criterion. The proof in §164 gives

1/N
@\ atlgl
Se(a) o] la+ gl
In particular, RH is equivalent to subexponential total variation at one prescribed a > 0.

The source estimate required by this criterion remains open; Theorem 164.2 supplies the
ordinary limit.

lim
N—oo

The quantifier is essential:

Ve>03C,c <00 VN >0: Vy(a)<Cue(l+e) (BR.4)

An exponential bound with one fixed factor greater than 1 does not supply (BR.4), however
close that factor is to 1. A polynomial bound would suffice, but is also unproved. Section 164
gives the analytic convergence, genuine-pole argument, and energy proof.

The rows define actual signed discrete measures ny = 3_; By j0;/n for N > 1. Their ordinary
moments converge to a” Z,41(a) for each fixed r. If their total variations are uniformly bounded,
compactness gives a unique limiting measure; the argument in §165 identifies its Stieltjes
transform with the completed source and forces positivity. This is a concrete candidate for
the discrete route left open by §161. Its missing estimate remains visible.

COMPLETED COEFFICIENTS, EXACT ENERGY, ONE OPEN ESTIMATE

COMPLETED SOURCE DERIVATIVES
By,j=aFjnj/[j' (N =)!]
The Widder rung is the entry at degree 2k—1, position k—1

v
EXACT LAGUERRE AND CIRCLE ENERGY

2
En=9n l2(etan = ZB/%/,/
i

&y ~ k(@R @MV
v
MISSING UPPER BOUND AT FIXED a
Ve>0: &y=C,e(l+e)N
The Gamma estimate is proved; the full prime estimate is open

The stated subexponential upper bound would prove RH

Figure 18: The new construction begins with completed derivatives. Fixed row mass is exact;
controlling the growth of total variation is the missing source step. The limiting representation is
positive if the source bound is proved.
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R17G. The row’s exact energy and its fixed-scale growth

The same completed coefficients have an exact Laguerre realization:

N a’ (r) a
ZBN,J LV =% <N> ifl)z()tr (BE.1)

r=0 r

The Laguerre coefficients are factorially scaled rows of Figure 12. The Bernstein change of
basis uses its columns instead:

ra(m)
N\ a" S (a
1O ZCW o dgzv):< )f()

r r!
(BE.1a)

By = Z crgd™, (UN)jr = ey
r=j
Thus Uy is the transpose of the finite signed grid, including its seed row and column. The
identity (1 —2)" = 3_; cr;2) gives By = Und™N); applying 2 + 1 — z twice gives U = I.
The same seed gives Léo) =1and (Un)oo = 1.
Dossier §163A proves the coefficient identity and the isometry

é&n(a) ;:/0 e~ |Qn (t: a)2dt = ZBNJ
VEN < VN < VN \/gN

Thus the growth question can be expressed through a smooth quadratic quantity with
coefficients already supplied by the completed source. The norm is positive at every finite
degree. The upper bound on its growth is what matters.

(BE.2)

The quadratic formula also returns directly to Dossier §171: after grouping the source
derivatives into d\) = (Jf)arsé”( )/r!, its matrix entries are ("F*) = (—1)"¢, 45, S0 each is a
reindexed entry of Figure 12 with its sign removed. At r = 2, the entries are cs402 = Tsy1: the
matrix’s third row is the grid’s triangular column, 1,3, 6,10, . ... Equations (163A.6)—(163A.9)
give this Pascal Gram matrix and the involution z — 1 — z that converts the derivative vector
into the completed row. The matrix is universally positive; its vector’s growth still depends
on the source.

Theorem 164.2 proves the stronger asymptotic &x(a) ~ K(a)R(a)?N /V/N, with 0 < K(a) < oo
Here R(a) = sup,(a+|q|)/|a+q| is the growth rate, distinct from the Jacobian R(z) = /1 + 4.
Both the variation root and the energy root have ordinary limits. Under RH the energy
decays like K(a)/v/N; an off-line folded pair forces exponential growth.

Corollary 164.3 makes the two outcomes into a boundedness criterion:
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RH < én[S¢)(a) — 0 «—= ]svu>% En[Sel(a) < oo (BE.2a)

Here a > 0 is one fixed basepoint and the limit is N — oco. A bounded subsequence at
unbounded degrees also suffices. These are consequences of the proved asymptotic, not
established bounds on the completed source. Section R21B compares this degree limit with
the off-line heat defect, which vanishes at each positive heat time under RH.

The source obligation is consequently

Ve>03C,c <o VN >0: &n(a) <Che(l+ 6)2N (BE.3)

The basepoint a > 0 stays fixed. An infinite polynomial bound even along degrees N = 2F
would suffice, by the ordinary limit. Moving « to infinity with degree can produce root growth
one unconditionally; §166A proves the distinction quantitatively.

Lemma 166A.1 proves the subexponential estimate for 1/x+G(x) from its cut-plane analyticity.
The still-open estimate can therefore be isolated in the full prime term P, using S = 1/2+G—P
and norm inequalities in both directions. This reduction has a proved analytic premise. It
does not discard the completed cross terms when evaluating exact energies or measures, and
it does not assume the prime term has the required continuation.

The cut-plane lemma alone transfers only the subexponential criterion. Dossier §166B proves
the additional ingredient: the specific G has a signed Stieltjes measure on [1/4, 00) with finite
weighted variation. Its energy tends to zero. The elementary term 1/x retains the Laguerre

endpoint a_ng\?), so the full prime energy has a different limit from the completed energy:

RH — ]Svlg())gN[P](a) < 00
= é‘}\;[P](a) — a2 (BE.4)

< én[P —1/z](a) — 0

Here a is any prescribed positive scale. The same proof identifies the leading correction:
&En[P)(a) —a=? ~ K(a)R(a)?>N /v/N. Under RH the prime energy approaches its elementary
level from above at leading order; an off-line folded pair forces exponential growth. Both
conclusions retain the full source and its cross terms.

At a = 2, the explicit equivalent target is

YN >0: 6&n[P)2)< (1 +log2 + 2)2 (BE.5)

Theorem 166B.1 proves the equivalence with RH, not satisfaction of the cap. Proving this
bound for the full prime source at every degree remains open. Its constant reconnects to the
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early triangular sums through (166B.12). The limiting level a=2? = 1/4 at this scale comes
from the elementary Laguerre endpoint; it is not the value of 37}, 2.

For orientation, the verified height gives a sharper all-degree bound at fixed a in (164.4b).
At a = 2, its per-degree excess is below 1.235 x 1079, with an exact rational upper bound
printed first. It remains one fixed exponential factor greater than one; it does not supply the
arbitrary-epsilon statement (BE.3).

R17H. What the prime-cutoff attack proves

The cap in (BE.5) is a statement about the full prime source at every degree. Dossier §166C
examines the natural attempt to pass to it from finite Euler sums Pyx. The sums include
prime powers n < X. For each fixed degree their derivatives converge to those of P. That
convergence is not uniform over all degrees.

The sharp distinction appears in the last Bernstein coefficient:

B n[P(a) = % Ban[Pxl(a) = 0 (X fixed) (CUT.1)

Both statements are unconditional. The full endpoint comes from the pole 1/z after completion;
the finite sum has only its signed continuous cut measure. Their energy-norm distance therefore
has lower limit at least 1/a. A fixed cutoff cannot approximate all degrees, even if RH is true.

The positive contributions to this endpoint define an exact probability distribution on prime
powers. Theorem 166C.3 proves that their logarithms have center (N + 1)/a, variance
(N 4+1)(2/a + 1/a?), and a normal limit. At a = 2, half the endpoint mass is asymptotically
captured near X = exp((INV + 1)/2); fixed normal quantiles occur at

N+1 5(N +1 (v
tog Xy = YL o AN g e g2y o 20

oy (CUT.2)

Here @ is the standard normal distribution function. This theorem comes from the moving
pole at = w(1 + w) = 2T}, of the shifted source —('/((s; — w)/Ry. It needs neither RH nor
the prime number theorem. The triangular coordinate is part of the residue calculation.

There is a second, stronger restriction on the cutoff strategy:

sup En([Px](2)

— " =0 CUT.3
X>2, N>0 (1.01)2N ( )

Theorem 166C.4 proves this by the exact row generating function and the pole of zeta at one.
A uniform bound over all raw cutoffs would force bounded Euler partial sums at s = 3/4 +i/4,
contradicting that pole by Abel summation. The obstruction is independent of zero locations.

Theorem 166D.1 now proves the full-row error bound for the prescribed schedule Xy = 20V+!
at a = 2, with an explicit remainder tending to zero. Endpoint recovery alone is insufficient,
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but this entire-row approximation is proved. What remains open is the RH-equivalent bound
supy [|QN[Poon+1](+52) |2 (e—tar) < 00 of (166D.2). Section 166E transfers the same error to
fixed-degree filtered outputs at a positive scale, not to unregularized boundary data.

Growing approximations at one fixed scale. Section 166D also proves whole-row
convergence for Xy = 13V¥*1. Direct Cauchy estimates in Section 166E control every
recovered degree 2m < N at 5V, These are different bounds. For the full degree-below-d
mixed jet block, Section 166F uses the sharper constant Y3 = 9(9¢ — 97%) /128 4 3d/8 and
cutoff Xy = 524=1. Tts reserve-normalized common error tends to zero. The target there is a
separately defined completed matrix at a = 2, not a boundary Li matrix. A polynomial upper
bound on its largest normalized cutoff-defect eigenvalue would imply RH; that bound remains
unproved. Neither convergence nor a finite computed prefix supplies it.

Part V1. Translation defects and reflection
contours

The defects record what an off-line zero would leave behind. Sections R18-R18B compare the
translation, Beta and varying-endpoint forms; R19 gives stationary-symbol blindness; R20
gives the reflection contour and the missing conjugation. Sections R21-R21B connect strict
one-node defects, heat and signed-row growth. The completed detectors vanish under RH,
but none has been forced to vanish from the source.

R18. Positive defects with a negative scalar anchor

On the resolvent test span, the archimedean channel admits the exact translation-defect form

v/2

with

ap:;(w(jJ —logﬂ) = C(;<2> <0 (18.2)

The identity is exact; the right side is not manifestly nonnegative because the scalar anchor is
negative. The equality in (18.2) uses analytic continuation at the functional-equation center.
It is not the divergent prime mass > A(n)/y/n.

The compact Beta measure 2(1 — u) du of (4.5) and the Gamma defect density in (18.1) are
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different measures with different supports, total masses, and moment growth. Their shared
triangular language does not make them interchangeable.

Two triangular-looking measures: exact, useful, and not interchangeable
A. Different supports and different total masses B. Reciprocal-triangular and polygamma ladders diverge immediately

— dvsldu=2(1-u) 1061 == UTis
r/dv = e2/(2sinhv) i —(k+ 1)

] —— kl2 Clk+1,1/4)
10%+

,_.
A

10%
10

- 10° 1
102+

Beta density v,
=
o
o
Gamma density (log scales)
moment value (log scale)

107 -
F107t 10°+

1071+

probability mass = 1 infinite ma\s atvio

102 107! 10° 10* 1 2 3 4 5 6 7
compact variable u €[0,1] moment order k

Figure 19: Compact Beta moments and the infinite Gamma translation-defect measure must remain
separate.

R18A. Beta and Volterra forms side by side

The compact triangular moment measure and the Volterra operator are both positive, but
they produce different quadratic forms. For F' € L?[0, 1], put

wazzﬁil—mumemL Q[F] = 2|V F|3 (VG.1)

With K (u,v) =1 — max(u,v), their exact difference is

1
mm—qmzzjvwﬂﬂmwu o
2

1 1
+/0 /0 K (u,0)|F(u) — F(v)[2dudv > 0

for nonzero F. To check the coefficients, use fol K(u,v)dv = (1 — u?)/2 and expand the
square. The strict difference supplies an exact comparison, not an equality with the completed
Gamma-—prime form.

For logarithmic characters ey (u) = e?™*%%, use the inner product conjugate-linear in its first
slot, and set E(t) = fol e?™dy. The Volterra Gram entries are

E(M—L)— E(—L)— E(M) + 1
2m2 LM

Q(L,M) :=2(Ver,Vey) = (VG.3)
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The values at L = 0 or M = 0 are defined by continuous extension. In particular,

1 —sin(27L)/(2nL) 2
0,0) == VG.4
i) Q.0 =2 (VG.1)
The negative phases in (VG.3) are the conjugates of the positive phases; Q(M, L) = Q(L, M).
Positivity follows from its Gram definition. Nevertheless, normalized adjacent entries satisfy

Q(LvL) =

Q(log n,log(n + 1))
v Q(logn,logn)Q(log(n + 1), log(n + 1))

The fixed interval therefore leaves neighboring logarithmic frequencies strongly coherent.
Positivity alone does not give the cancellation required by the completed source.

(VQ.5)

R18B. A varying-endpoint Gram candidate

One way to change that coherence is to let the interval length vary with the integer label.
Define

) L )
On(u) = n*1/21[07n] (u)eQm(log”)“ Jr(a) = / 2™y, (EG.1)
0

Its exact Gram matrix is

Kmn - <¢mu ¢n> - il Knn = 17 Knm = Kmn (EG2)

For every fixed positive integer k,

k _
Ktk = =5+ Ok(n %) (EG.3)

Indeed, nlog(l + k/n) = k — k?/(2n) + O(n~?); the leading phase is an integer multiple of
2m. This gives a contrasting pair of adjacent limits: fixed-interval Volterra coherence tends to
1, whereas the varying-endpoint Gram entry tends to 0.

The estimate is for fixed k and is not a uniform bound on growing matrices. For any fixed
signed nonzero integer k, its leading term is —|k|/(2n); (EG.3) uses k > 0. Also, the 27
frequency scale and endpoint length must be transported together: removing 27 while leaving
the endpoints unchanged destroys the integer-phase cancellation.

Candidate boundary. The Gram positivity in (EG.2) is proved. Section 161 now
excludes its fixed ordinary tensor-norm translation lift as the completed owner, for finite
sums and strongly convergent series. Singular form limits or a different source-defined
realization remain open and must match the complete source, with a specified domain
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and topology.

For example, expanding a candidate norm involving ¢, ® (I — Tiogp)F' introduces mixed
translations log(n/m). Equal reduced ratios must be grouped before a coefficient is declared
noncancellable. The stronger obstruction in §161 uses the absolutely continuous Fourier
density of the regular lift; mixed shifts alone do not prove a no-go theorem.

R19. Why stationary symbols are blind

Put
§'(s) .
P(s) = , s=o0+1t 19.1
0 =50 (19.1)
Away from zero ordinates, £(1/2 + it) is real, so
.
%@(2 + zt> =0 (19.2)

In the distributional boundary value, a functional-equation pair at 5 = 1/2+ 6 cancels exactly.
The surviving stationary symbol is

Q) =7 Y mpdg,(t) >0 (19.3)
p: Rp=1/2

unconditionally. Thus a construction that collapses internally to this scalar multiplier has
erased the off-line information. The no-go is scoped: it rejects premature stationary compres-
sion, not the translation covariance of the final Weil form.

The scalar-weight class is closed too, and by an inequality rather than a can-
cellation. For real o # 0, —agr(v) = 3||(I — ar)F|3 — 1+20‘2 | F'||3, so rewriting the prime
channel with per-frequency scalar weights a,, > 0 forces a coefficient of ||F||? equal to
S Am(am + o) /2 > 3, A = +oo, with Ay, = A(m)/y/m, because a +a~! > 2. The
divergence of the scalar defect is therefore not an artifact of the unit weight; it is forced by the
arithmetic-geometric mean. The surviving class is the operator-weighted one, and it is open.

R20. Reflection contour and the missing conjugation
For a finite positive node set and real coefficients define
Ci

Ux(q) = Z P ZLr(s) = q(s)¥x(q(s))? (20.1)
i=1 "t

Use the explicitly meromorphic carrier Fx(s) = (1—s)¥x(q(s)), so Lr(s) = Fx(s)Fx(1—s).
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The real-frequency symbol is its boundary restriction F(t) = Fx(1/2+it). Here the convention
is F(t) = [z F(u)e ™" du for the real resolvent combination F' =Y, ¢; f;, defined in (153.5).

The positive-sign transform is F(¢) and has numerator 1/2 + it in each summand. Only the
meromorphic carrier is evaluated at complex zeros; a real-frequency Fourier formula is not
silently continued there.

The test symbol is reflection-even, while ® is reflection-odd:

Lr(1—s)=Zr(s) O(1—s)=—P(s) (20.2)
For
| < 0p < min V1A% V12+4x" (20.3)
the exact folded zero form is
1
Qx(0) =Y mpZilp) = 5 | Zr(5)2(s)ds (20.4)
] o)
At s =1/2 +it,
L. NT L. .
Lr §+Zt =|F(t)]*>0 ¢ §+zt c€iR (20.5)

The positive terminal object and the pairing are orthogonal. The critical-line integral is zero
only as a symmetrically indented principal value; the integrand is not zero. The RH content
lies in shifting the contour and collecting residues.

The type mismatch can now be stated without shorthand:

Fx(p)Fx(1—p) versus Fx(p)Fx(p) (20.6)
—_—
reflection; bilinear conjugation; Hermitian

For a fixed real-coefficient test and 0 < Rs < 1, away from the test poles, their pointwise
agreement is exactly

Fx(8)Fx(1—5)=|Fx(s)]> < o=1/20r Ux(q(s)) =0 (20.6a)
For example, nodes (1,2, 3) and coefficients (1289, —5330,4553) give

_ 512[(q —19/16)2 + 1/4]
X = D 9@+ 3

which annihilates the synthetic off-line point s = 1/4 4 4. This point is not asserted to be a
zeta zero. A single multinode test can therefore hide an off-line orbit. The RH equivalence

(20.6b)
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requires a separating family; a nonzero one-node carrier has no such accidental zero. A
successful source construction must create the identification

s—>1—s with s—s (20.7)

without assuming RH.

Completion before positivity: the RH content lives in the contour shift

A. Reflection contour, not a boundary multiplier B. Exact jump law; sign of individual jumps is the frontier
1.6 partner
shift the contour| collect residues 1
34
1.4+
1
21 ° ° 1.2 critical
1 ® 2 1.0 -
=
0
A o
o E 0.8
-~ £
£
g 0.6 1
-1 off-line
0.4
° °
=21
0.2
3- 1K(02) = I(01) = ¥ moA(p)
Al 1 S) Mslprfb— sl=—P(s) 0.0 —
-0.50 -0.25  0.00 0.25 0.50 0.75 1.00 1.25 1.50 0.0 0.2 0.4 0.6 0.8 1.0
o=®Rs contour abscissa 0o

Figure 20: The reflection contour, principal-value center, and jump law. The plotted jump profile is
schematic; the identity is exact.

R21. The one-node strict defect

For the one-node carrier u,(q) = q/(z + q)? of (11.1), define the Hermitian comparison

1
A= 5 3" mplFalp)? (21.1)
p all

Pairing every zero with its reflected-conjugate partner gives the exact global square

= Wiw) = 3 3 m, | Falp) - Foll=p)

p all

2
>0 (21.2)

For this carrier the defect is individually strict for every off-line quartet, so equality is
equivalent to RH. For a general multinode test, accidental agreement is possible (§R20).

The same one-node carrier produces a positive measure on zero abscissae. Put

q(s)

= 7[:6 )P (21.3)

wy(s)
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and group conjugate ordinates at each real part:

dvy(o) = Z ( Z mpwx(p)) dp(do) (21.4)

B8 \Xp=p
Then

dvy > 0, vz(R) = 2Wy(x) (21.5)

The positivity is termwise after conjugate pairing. If ¢ = a + b, a > 0,

g  2[a(z+a)?+ (a+ 22)b?]
(z+q)? [(z +a)? + 6?2

2R >0 (21.5a)

The weights are absolutely summable: they are O(y~2) at large height and the zero-counting
function is O(T'logT"). Thus grouping conjugate ordinates does not depend on a conditional
ordering.

The topology must be stated with its closure:

Atoms(v,) = {Rp} supp vy = {Rp : {(p) = 0} (21.6)

Reflection centers this measure at 1/2. Its unnormalized centered second moment is

1 2
My, = / (0 — 2) dvy(o) >0 M, =0 < RH (21.7)

The probability measure v, /[2W; ()] has variance My ,/[2W1(z)]. Nonnegativity is automatic
on the zero side; forcing this moment to vanish from the source is the hard direction.

Exact regularized Riesz/Green representations are available. With

U=logle]  dals) = |Fals) - Foll —5)| (21.8)

one has, as improper distributional pairings over admissibly truncated strips,

1

e 47

(AUIRP) A Wile) = - (AU ) (21.9)

Also, for
hit(s) = <3‘Es - ;)2 §R<[S(1_S)) (21.10)
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My, = % (AU, b} ) (21.11)

)

These are source representations; they do not provide the missing reverse sign. No one-variable
meromorphic function can equal |F,(s)|> on an open set, since ds|F,|? is generically nonzero.
The surviving source owner must therefore remain two-variable, nonlocal, distributional, or
discrete.

For the one-dimensional source contour, begin with the meromorphic weight w, in (21.3) and
define, on zero-free vertical lines,

1 T
I,(c) = — lim wy (o +it)P(o + it) dt (21.12a)

27 Tj—o0 ~T;
The heights T); avoid zero ordinates and make the horizontal contour remainders vanish.
On lines through zeros, symmetric indentation and midpoint boundary values specify the
principal-value representative. The residue theorem then identifies that source contour with

1.(0) = ~Wi(@) + 12((0,0)) + g2a({o}) (21.12)
Then
Mo, = W12(x) 4 1; (a - ;) I.(0)do (21.13)

The first unsupported reverse forcing line is

/1; (a - ;) L(0) do > VL&) (21.14)

The positive zero measure gives the opposite inequality. An independent source proof of
(21.14) would force equality and RH.

s=o+ 1t Volume I — Reading Volume, v4.2 — RH OPEN



R21A. Strictness, the Green boundary, and higher moments 82

Reflection is not conjugation: the exact one-node defect
A. Two sheets, two involutions B. The carrier defect vanishes only on the line  C. The missing conjugation in one picture

1-5

s 10754
°

° HOLOMORPHIC PAIR

10764 Tels)T(1—5)
=q/(x+q)’
reflection-even; enters Wy

10774

one-node square defect

~ 04 HERMITIAN PAIR
1078 5
T(S)T(s)
nonnegative norm square
—1- -9 4 uses conjugation
10
=24 1-s 5 107104 —— x=2
o | ° — x=5
l-s=3onlyato=1/2 —_— x=11 A=Fx(p), B=Fx(1-p)
-3 T ' T ) T 1 1071 T 1 T T 22 A=hl_eolllRY
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.4 0.6 0.8
o zero abscissa 8

Figure 21: The two reflection sheets, the strict one-node defect, and the bilinear versus Hermitian
pairings.

R21A. Strictness, the Green boundary, and higher moments

The one-node strictness can be checked before any contour argument. Write f(s) = (1 —
s)/(x +q(s)) and g(s) = s/(z + q(s)). Then

oz + (1 —s)5)

de(s) = 1£(s) =9I = (1~ 20 S

(GM.1)

For0<o<1l,2+(1—-5)5=x+0(l—0)—1t>—it. If t # 0 its imaginary part is nonzero; if
t = 0 its real part is  + o(1 — o) > 0. Thus the remaining factor never vanishes and d; = 0
precisely at o = 1/2. Moreover,

_ 5)2 2
Bl Gl R (GM.2)

Ad, =4 /2+ |2 > 0, F = _
N e

For a bounded admissible domain €2 avoiding the carrier poles, the distributional Green
identity is

23" myda(p) = / UAd, dA
peQ ¢ (GM.3)
+ / (doOnlU — Udpdy)ds U = log €|
o0

One then takes the specified strip and good-height limits. The boundary term is essential.
Replacing U by U + C shifts the bulk by C [, Ad, and the boundary by its negative, while
the zero sum stays fixed. A bulk sign by itself therefore cannot force the defect to vanish.
The positive Laplacian in (GM.2) also cannot be written locally as a finite factor times a
primitive that vanishes on the whole center line; it is strictly positive there.
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The heat-resolvent gap (HT.7) has a particularly short Green weight. Define

_ 1 1 B (gq)2
= x + Rq(s) o 8%3;4_(](8) N (x + Rq)|z + q|? (GM.3a)

rz(s)

On the critical strip,  + %¢ > 0 and r, > 0. Since both Rq and R[(z + ¢)~!] are harmonic
away from the carrier poles, differentiation gives

A 2|1 25|2 2’]’371‘2 GM.3I
(S) [-T + §Rq(s)]3 [.CU — 21 5—1]3 ( )

Thus the centered triangular Jacobian reappears in the heat-defect Laplacian. The exact
owner is Senv(z) — Se(x) = (47) (AU, r,), with the full Green boundary retained. This
simpler weight may be useful for source estimates, but its nonnegative Laplacian supplies no
reverse sign by itself. At the triangular scale x = 2 = 277, the strip —1/2 < 0 < 3/2 avoids
all weight poles and has its right boundary in the absolutely convergent prime half-plane.
That is a concrete source-comparison domain; the required upper bound remains open.

The abscissa measure carries an entire moment sequence. For m > 1, put

M-
Mo = [(0 =12 (o) anla) = g, w=1 (GMA)
Integration by parts using the midpoint cumulative form (21.12) gives
2W 1
Moy o = 4ix)—4nl (0 —1/2)* " (0)do (GM.5)
1/2

The case m = 1 is (21.13). Every a,, is the mth moment of the pushforward probability
measure under y = (o — 1/2)? € [0,1/4]. In particular, for fixed x > 0,

lim a,,(z)Y%™ = sup |Rp —1/2| = T¢ (GM.6)

Mmoo &(p)=0

This is the standard LP limit for a bounded random variable, and its support is the closed
support in (21.6). Under RH every a,, with m > 0 vanishes. Without RH one also has
sl Qm — rg; this ratio is not defined in the RH branch where both moments vanish. The
weaker limit 4™a,, — 0 is unconditional, because no zero has real part 0 or 1; it does not imply
RH. Thus a vanishing rescaled sequence and a zero support radius must not be conflated.

R21B. Heat, transverse distance, and signed-row growth

An off-line zero leaves several exact traces of the same transverse coordinate. Put ¢ = A + b,
r = |q|, and retain the conjugate value A — ib. For a nontrivial zero p = § + i,
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b=~(1-28)=—-23T,_1, b =49*B—1/2)* (HG.1)

The nonzero-height justification in §R6 ensures that b = 0 exactly on the critical line. The
ordinary heat trace is nonzero even under RH. The off-line heat defect of §R10B is the quantity
that must vanish:

Eg(h) =Y mpbde e E4(h) =0 < RH (h>0) (HG.2)
(o]

The Bernstein growth factor R(a) of §R17G has an exact comparison with the resolvent
version of this defect. Define

a+r
R,(a) = ——
! la +q] (HG.3)
da(a) = 1 b? ‘
WTav A Tavg T (a+Aa+qP
Subtracting the two squares and using r — A = b%/(r + A) gives
2ab? 2a(a + A)
Ry(a)? — 1= = da HG .4
q(a) (r+A)|a+q\2 7"—|—A (q) ( )

Every prefactor is positive. Thus the excess growth and the resolvent heat defect detect
exactly the same squared imaginary folded coordinate. This connects the new array to the
heat question without claiming that either nonnegative quantity has been forced to zero from
the source.

At the scale a = r, the contrast with a single scalar rung is sharp: R,(r) = sec(argq/2),
whereas t,.(q) = sec?(argq/2) > 1 for b # 0. The scalar quadratic coordinate is real at that
scale; the full Bernstein row still retains the conjugate phase. Section 164 explains why that
retained phase matters.

The higher transverse moments also identify the dilation threshold already present in §143.
With r¢ = sup, [Rp — 1/2|, symmetry gives sup, Rp = 1/2 + r¢. Therefore (GM.6) yields

Arit = 14 2r¢ = 142 lim

Moy, o\ 1/@m)
m%o( 2m, ) (HG.5)

2Wh (z)

Here A labels the dilation family in §143, not the polynomial T,. Finite moment orders give
lower bounds on the threshold; they do not give the upper bound At < 1 required for RH.
The source energy makes the same transverse geometry visible in an ordinary asymptotic
ratio:

2abg

. Enti(a)
lim ——~% =su
P (el + Ala + g

1
N—o0 @@N(a) q +

(HG..6)

s=o+ 1t Volume I — Reading Volume, v4.2 — RH OPEN



85

Theorem 164.2 proves this identity, and Corollary 164.3 identifies bounded completed energy
with RH, as (HG.2) does vanishing off-line heat defect. Both detectors share the transverse
coordinate of (HG.1) but vanish in different limits, and neither bound has been forced from

the source; the remaining subexponential prime estimate is stated in §166A.

Part VII. Results and the research

boundary

Section R22 records results with their quantifiers; R23 states the first unsupported source
inequality; R24 maps the reading routes. Comparison positivity and finite certificates remain
distinct from the all-order completed-source assertion.

R22. Results and their quantifiers

mathematical layer

established result

status, and what is still required

Triangular arithmetic

Completion and exact criteria

Source rungs

Verified-height rectangle

Finite matrices
Positive comparison and reserve

growth

Reflection and heat defects

s=o0+41t

primitive, factorial, reciprocal, cyclic
and Pell identities

heat, Stieltjes, Widder, Hausdorff, Li
and Loewner criteria; scalar curvature
and admissible progressions

W1—Wy4 > 0 globally from the source

F,r>0forallz >0,n< Ky —1,
k< Kg

global order eight; rank twelve at
x = 56

triangular sine projection,
compensated Catalan reserve, exact
linear/exponential defect alternatives

Reader §§R1-R5E and
the Dossier arithmetic chapters.
empirical spacing
comparisons remain separate (§168).
its stated full quantifier; Sections
155D-155E and 166F add growth
targets, not their source bounds.

analytic Wi;

Wa-Wy; status table
in §R12. the independent
Wy~ F(10) proof.

K = 4,712,664,392,502; includes
Ws, We > 0 with zero-assisted input
(§R13).

with different
quantifiers. global order nine
and the all-node sign (§§92-93, 138).
Sections 12A-12B, 614,
95A, 155C-155D. the
one-sided arithmetic upper bound.

exact nonnegative detectors; vanishing H3#sEIDOLEIRZ:N A NG N0 =) M\

is RH-equivalent

contour and Green representations
exist; the reverse forcing signs do not
(§§R20-R21B).
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mathematical layer established result status, and what is still required
Realization constraints regular translation-energy obstruction JJI{OAAINBE but scoped to ordinary

multiplier and strong-vector limits;
discrete and singular-form routes
remain (§161).

Completed and prime energy exact rows, Pascal/Laguerre norm, 1503004 01B] signed Gamma measure.
boundedness equivalence and prime RH-EQUIVALENT J OPEN K%
plateau full-prime all-degree cap (BE.5),

§§163-166B.
Prime cutoffs full-row remainders at 20V *1 and 150304 DIB] Sections 166C-166F.

13N+1; full mixed-jet remainder at (0) NN the required uniform or

52d—1 polynomial source bounds; the whole
row and mixed block are different
objects.

Radius deficit exact single-orbit remainder, two-sided §§R13A, 48A.
chain, and the separation of A from its A < 1, equivalently a uniform zero-free
high-scale limsup boundary strip.

Rung tests as Weil functionals every rung test has at least k Fourier all orders, Dossier
sign changes and is never positive Theorem 22A.1. It closes the
definite pointwise-positivity route, not the

completed Weil form.

One entry in the second row now has a machine-checkable statement of record: the Li criterion
has been formalized in Lean against the ambient library’s own Riemann-hypothesis predicate,
stated without hypothesis binders and reporting only the three standard axioms [71]. It is
recorded here as read and not built: the project was not compiled in the course of this work, so
this is a report of someone else’s certificate and not a certificate of this volume. It formalizes
the equivalence, and it asserts nothing about the sign of the coefficients.

A finite certificate proves its stated finite region. None replaces the all-order quantifier in an
RH criterion. The table separates an open statement from an open independent proof of an
already established sign.

R23. The first unsupported line

All exact identities above compress to one principal absent forcing statement:

OPEN equivalent to RH; not proved here or anywhere in the Dossier

No source-side argument presently proves
Lr—Lp >0 (23.1)

for every finite positive node set

\ J

Equivalently, no source-side argument proves

> mp,Lr(p) >0 (23.2)
(o]
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for every rational-resolvent test. The surviving design target is a positive two-sheet form
before compression that preserves reflection information, whose final compression recovers the
reflection contour and the translation covariance of the Weil functional.

A distinct compact-window problem. Zhu [72] reports a certified bound Q(f) >
8.9 x 1078||f||? for supp f C [-0.8,0.8], with autocorrelation support 1.6, and discusses
frequency-resolution costs and an empirically reported margin scale exp(—272N/In N). The
stated scope is positivity arguments operating inside a window [—L, L]. The rung transforms
here are not compactly supported, so no support substitution based on a heuristic 2k/t scale
is justified. That bound does not apply to them as stated, and no claim is made here that it
does or that this volume evades it. The external result was read, not independently verified
here.

At one node the same boundary is (21.14), or equivalently the missing independent upper
sign in the Green identity for d,. At the first scalar rung not yet owned directly by the source,
it is (z9W)) < 0. These are different compressions of the frontier; the zero-assisted positivity
of W5 must not be cited as its source proof.

For a positive trace-class model D, the corresponding concrete target is

£(s2)
£(1)

Differentiation would identify its resolvent with S¢ and yield the positive Gram form in §R10A.
The continued zeta identities and the triangular—Volterra benchmark constrain this target;
they do not establish it. Section 161 rules out the ordinary strongly convergent tensor lift of
the varying-endpoint Gram in §R18B, even on all one-node diagonals. Singular form limits
and source-defined discrete realizations remain candidates; their domains, limits, and exact
source identities must be proved.

det(I + zD) = (x> 0) (23.3)

Section R17F now supplies a specific source-defined discrete sequence. Its next source target is
(BR.4): for one fixed a > 0, bound the completed row variation by C, .(1+4¢)" for every ¢ > 0
and every N. By the growth criterion of §164, quoted above, that bound at one prescribed
a > 0 is not merely sufficient for RH but equivalent to it. Equivalently one may bound the
exact Laguerre energy in (BE.3). Lemma 166A.1 supplies the elementary /Gamma growth
estimate. The signed measure in §166B further reduces the question to the explicit bounded
full-prime criterion (BE.5). That all-degree source inequality remains open. The heat identity
(HG.4) shows that the excess growth detects the same squared imaginary folded coordinate as
the off-line heat defect. This gives a common coordinate for two distinct source obligations.

A proposed transfer, not an identified theorem. The growth exponent of Theorem
164.1 invites comparison with the regular-arithmetic-function framework [67-69] and its
Tauberian/Volterra methods [73]. The differential rung recurrence Wy = —ji W, — aW}/
does not by itself verify the hypotheses of a rank-by-rank arithmetic transfer theorem.
Applicability to (BR.4) is open. It is not claimed here in either direction; these external
statements were read, not verified.

Two concrete source targets. The curvature already defined in Section 155B is I, =
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' e*“M(u)LSLOJ)rl(u)du, with M (u) = ¥(e") — e* + 1. Section 155E proves that a one-sided
polynomial upper bound on either parity separately would suffice. Its progression argument
uses an explicit pole-angle condition to prevent cancellation; it does not license arbitrary
sparse scalar sampling. Independently, Section 166F defines the cutoff defect at fixed scale
a = 2 and proves its growing-block error tends to zero. The remaining alternatives are

Iy < C(m+1)"  (m sufficiently large),

= / 23.4
or [y <C'(1+ )Y (d>1). (23.4)

Each alternative requires fixed finite constants; each would imply RH. Neither is established.
The odd-curvature alternative uses Io;,+1. The original full-row cap (BE.5), the bounded cutoff
norms in (166D.2)/(166D.4), and the one-sided reserve growth theorem remain valid routes
to the same obligation. The compensation, complete prime-error kernel and its regularization
stay present throughout. A smaller cutoff, a positive comparison model, or a finite sign list
does not supply the missing uniform source estimate.

R24. Proof map and reading routes

The Dossier chapters follow mathematical dependencies: triangular arithmetic and geometry,
completion, flux and source rungs, moment and matrix criteria, arithmetic cancellation, and
the completed discrete energy. Reader sections carry an R prefix and Dossier sections keep
their existing identifiers, so section numbers need not increase at every chapter boundary; the

convention is stated in full in the notation table of the study spine.

question

reader entry

full proof or comparison

What does the triangular primitive
generate?

How do reflection and the complex fold
connect?

Which scalar signs are proved from the
source?

Why do moments become matrices?

Which positive Gamma models match
the source?

What remains in prime oscillation?
What do finite Weil models establish?

Where does conjugation enter?
What is the fixed-scale source-energy
task?

What degree growth would force the
source sign?

Which cutoff approximates its own
matrix target?

§§R1-R1A, R3-R5E
§§R6-R10

§§R11-R13

§§R14-R16

§§R17-R17E

§R13 and the source split
§§R10A, R18-R18B

§§R18-R21B
§§R17F-R17H, R21B

Sections R15, R23

Sections R17H, R23

Dossier §§5-14, 76-78, 94-98
(including 95A), 156, 162, 167-168
§§12A, 16-18, 20-31, 61A, 152-153

§§32-38, 74-75, 55; §49 supplies the
general negative-rung converse
§§48-54, 104, 136, 145; finite gates in
§§85-93 and 138

§§131-133; compare the source split in
§54 and the reserve/defect in §155C
§§56-61, 105-113, 118, 129; each route
states its own limit and uniformity
§§19, 44, 123-125; cutoff, band and
prime limits remain separate

§8103, 137, 148-149, 154, 157-161
§§163—-166E; the all-degree full-prime
cap (166B.11) is open

Sections 155D—-155E: reserve growth,
curvature and progression proofs
Sections 166D—166F: whole row,
common recovery, matched
positive-scale block
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R24. Proof map and reading routes 89

v3.0 - THE COMPLETED OBJECT AND ITS RH CRITERIA
Go=p(1—p), Sgx),  h(x)=xSe(x)
RH OPEN - Each criterion below retains its full quantifiers

FOLDED SUPPORT LI SEQUENCE
g, > 0 for every folded zero Ap=0foreveryn=1
Technical §§16-18 Reader §R15; technical §155
MOMENT MATRICES STIELTJES / HEAT
[pi+ ;1= O for every size S¢ Stieltjes; heat completely monotone
Technical §17 Every derivative and every heat time
WIDDER SIGNS ONE PRESCRIBED SCALE
Wi(x) =0 forevery k=1, x>0 Complete Hausdorff sequence at fixed scale
Technical §33 All finite-difference orders; §§50-51
CBF / LOEWNER DILATION ENDPOINT
h CBF; Lp(X) =0 Tyh CBF along A; L 1
Every finite positive node set Technical §§143-145
BERNSTEIN-LAGUERRE ENERGY
Ata=2: &y[P1(2)=(1+log2+ n/6)?2 for every N=0
Full-prime cap open; new cutoff theorems in §166C
EXACT SOURCE IDENTITY; OPEN ALL-NODE SIGN
Lp(X) =Lr(X) — Lp(X)
Gamma energy estimate proved; the full fixed-scale prime estimate remains open

Figure 22: The proof map for this volume. Each criterion retains its full quantifiers. The source
identity is exact; its all-node sign and the fixed-scale prime bound are open.

The map uses the same completed object S¢, with h = 2S¢. Auxiliary Gamma and triangular
models retain their own measures. Reproducibility details and the section review are in the
source package.
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